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Preface to the Second Edition 


I was gratified by the very positive responses and reviews the first edition of this 
text received. Nonetheless, I wished to modify the text or exercises at a number of 
points; this second edition is the result. The fundamental purpose of the text has 
not changed — it still provides a direct route, with a minimum of prerequisites, to 
the most important topics in the basic theory and applications of complex variables. 

The greatest changes from the first edition occur in Chapter 2, principally in 
the presentation of the all-important Cauchy’s Theorem. In Section 3, 1 give only 
the Green’s Theorem proof of Cauchy’s Theorem (which assumes the continuity of 
the derivative); the Goursat version of Cauchy’s Theorem is now in the special 
starred subsection 2.3.1. In the remainder of Section 3, 1 discuss simple connectivity 
(but not star-shaped domains) and derive some of the consequences of Cauchy’s 
Theorem. These parallel developments, one assuming continuity of the derivative 
and the other not, are brought together in the first theorem of Section 4, where I 
derive the power-series representation of an analytic function. In Sections 5 and 6 
of Chapter 2, 1 have made other rearrangements and clarifications in the presenta- 
tion of residues, Laurent series, and the use of the Residue Theorem to evaluate 
definite integrals. 

In Chapter 4, 1 have made a number of alterations in the discussion of flows. 

Moreover, I have modified the text and many of the exercises, through- 
out — adding here and deleting or rearranging there — all for added clarity. Other- 
wise, I have done my best to correct typographical errors that were brought to my 
attention by readers and teachers of the first edition. I would like to thank several 
people who heeded my invitation to send me suggestions for improved exposition 
on one topic or another; their comments and discoveries were instrumental in the 
development of this edition. My colleagues at Northwestern, John Franks and 
Sandy Zabell, were especially generous with their time in this regard. Other impor- 
tant comments came from Ireena Erteza, Albert G. Fadell, Thomas W. Gage, Jeffrey 
Nunemacher, James Okon, and Richard Troxel. Additional comments from Martin 
Billik, R. Carmichael, F. W. Carroll, Fred Goodman, Abel Klein, Steven Krantz, 
Michel Lapidus, A. Matheson, Philip McCartney, Justin Peters, Walter Rudin, 
J. C. Taylor, John Wermer, Alvin White, Robert Whitley, and Joan Wyzkoski 
were also helpful. I would like to thank the manuscript reviewers: Frank Forelli, 
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University of Wisconsin; Tom Garrety, Williams College; B. Frank Jones, Jr., Rice 
University; Yue-Kuen Kwok, Hong Kong University of Science and Technology; 
David Minda, University of Cincinnati; Burt Rodin, University of California, San 
Diego; and Mitchell Tableson, Washington University. 

Once again it is a pleasure to thank my editor at Wadsworth & Brooks/Cole, 
John Kimmel, for his sustained interest and thoroughly professional approach. 

As before, I will appreciate it if readers call my attention to any typographical 
and mathematical errors. 


Stephen D. Fisher 



Preface to the First Edition 


This textbook is intended for undergraduate or graduate students in science, mathe- 
matics, and engineering who are taking their first course in complex variables. 
Its only prerequisite is a three-semester course in calculus; no prior knowledge of 
Green’s Theorem or line integrals is needed. A previous course in differential 
equations would be useful but is not necessary. 

The presentation and level of rigor in this book fit this background in several 
different ways. First, I have not given definitions and theorems in their greatest 
possible generality, and I have presented only results that are of central importance 
to elementary complex variables. (However, many important secondary topics are 
to be found in the exercises that appear at the end of each section.) 

Second, although virtually all of the theorems are proved in full there are a 
few places where I refer the reader to other sources for a fact or a complete proof 
(for instance, the theorem that a continuous real-valued function on a closed and 
bounded set attains its maximum and minimum). 

Third, the presentation in Chapters 1 and 2 emphasizes areas of complex 
variables that have much in common with concepts that the student has studied 
before; for instance, limits of sequences, continuity of functions, and convergence of 
series. The exponential function is developed from its representation in terms of e x , 
siny, and cos y so that the known continuity and differentiability of these functions 
can immediately be brought to bear. Furthermore, once analytic functions are 
defined and their basic properties are developed, I devote a section to complex 
power series; this includes a derivation of the fact that a convergent power series is 
an analytic function within its disc of convergence, whose derivative is given by the 
expected power series. This fact can be obtained later by a different and shorter 
route, but I have found it more sound pedagogically to begin in areas in which the 
student has had some previous experience and later move into newer areas. 

Fourth, there is a plethora of solved examples (more than 220 altogether) in 
the text, which illustrate exactly how each concept or theorem is to be applied. In 
addition to the examples, there are numerous exercises at the end of each section, 
a total of 730 throughout the book. The easiest reinforce basic concepts, while the 
more challenging extend or expand upon themes in the section or relate ideas from 
that section to earlier sections. Sections and topics within the exercises marked with 
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a star can be omitted with no loss of generality; they are not needed for future 
developments. 

There is more material in this book than can be included in a course lasting 
a single quarter or semester. In teaching this material at Northwestern University 
I have found that in a ten- week quarter I can cover all of Chapters 1, 2, and 3, and 
many topics from the final two chapters. The variety and extent of the applications 
and techniques presented in Chapters 4 and 5 allow the instructor to pick his or 
her favorites and permit ambitious students to read others on their own. 

Complex variables is, simultaneously, a practical tool of great utility in the 
hands of a skilled practitioner and a mathematical structure of enormous beauty 
and elegance. I hope that readers of this book will retain a residue of each of these 
facets of the subject. 

This preface would not be complete without acknowledging those people who 
assisted me during the writing of this book. Professor Robert B. Burckel, Kansas 
State University, provided me with an infinitude of improvements in the grammar 
and style of the first draft. Various other helpful stylistic and pedagogical sugges- 
tions were made by Professors M. D. Arthur, Michael Beals, Steven Bell, Carlos 
Berenstein, Bruce Berndt, James Brennan, David Colton, Michael Cullen, Abel 
Klein, Steven Krantz, Michael O’Flynn, James Osborn, Kent Pearce, Thomas 
Porsching, Glenn Schober, Daniel Shea, and Howard Swann. The computer gra- 
phics were produced by Benjamin Slivka using the Control Data CYBER 170 model 
730 at Northwestern University’s Vogelback Computing Center. Randall Kamien 
provided detailed solutions to the exercises in Chapters 1, 2 and 3; his contribution 
is very much appreciated. I also want to express my thanks to Professor Ezra Zeheb 
of the Department of Electrical Engineering, Technion, Haifa, Israel, for two very 
informative conversations on the Z-transform and related matters. I also had helpful 
talks with Professor Danny Weiss of the Department of Aeronautical Engineer- 
ing, Technion, and Professor Nadav Liron of the Department of Mathematics, 
Technion. They all helped to increase my knowledge of the applications of complex 
variables. 

Special thanks go to my editor at Wadsworth & Brooks/Cole, John Kimmel, 
who not only got me started on this book but stuck with me in what at times seemed 
to be an endless task. Michael Michaud of Unicorn Productions saw the book 
through its production; his technical expertise is in evidence throughout. 

Typographical errors and mathematical slips are the bane of any author. I 
would appreciate any such being called to my attention. 


Stephen D. Fisher 



A Note to the Student 


This textbook presents an introduction to the theory and applications of complex 
variables. The presentation has been molded by my belief that what you have 
already studied in calculus can be successfully applied to learning complex variables, 
which at its basic level is just the calculus of complex-valued functions. Where there 
are strong, and even obvious, analogies between the new material and calculus, I 
have pointed them out and arranged the presentation to emphasize these analogies. 
However, there are critical points at which the study of complex variables differs 
intrinsically from the calculus that you know, and at these points I have provided 
more details to explain the new material. At all times, your comprehension of the 
subject will be aided greatly by reading with a pencil and paper close at hand. Write 
things down, fill in computations that may be omitted or only partially worked out, 
and work through the examples by yourself. By all means, do as many exercises 
(assigned or not) as you can. Mathematical knowledge is not gained passively — you 
must be an active participant in the learning process. 


xt 
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1 

The Complex Plane 


1.1 The Complex Numbers and the Complex Plane 

The theory and utility of functions of a complex variable ultimately depend in large 
measure on viewing the usual x- and y-coordinates in the plane as separate com- 
ponents of a single new variable, the complex variable z. This new variable z can 
then be manipulated in the same way as conventional numbers are. 

The familiar numbers, such as — 1, y, y/2, and n, which are represented by 
points on a line, will be referred to as real numbers. A complex number is an 
expression of the form 


z = x + iy, 

where x and y are real numbers and i satisfies the rule 

( 0 2 = ( 0(0 = - 1 . 

The number x is called the real part of z and is written 


x = Re z. 


The number y, despite the fact that it is also a real number, is called the imaginary 
part of z and is written 


y = Im z. 

Thus, for instance, we have 1 = Re(l + 3i) and 3 = Im(l + 3i). The modulus, or 
absolute value, of z is defined by 

\z\ = V * 2 + y 2 , z = X + iy. 

Each complex number z = x + iy corresponds to the point P(x, y) in the 
xy-plane (Fig. 1.1). The modulus of z, then, is just the distance from the point P(x, y) 


1 
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to the origin, which in complex-number notation is 0. In this way, we see that we 
have three inequalities relating x, y , and |z|, namely 

1*1 < \z\, \y\ < \z\, and \z\ ^ |x| + \y\. 

The first two of these are obvious; the third is obtained by noting that 

|z| 2 = x 2 + y 2 ^ x 2 + 2|x| \y\ + y 2 = (|x| 4- |y|) 2 . 

The complex conjugate of z = x + iy is given by 

z = x — iy. 

Occasionally in engineering books, one encounters the notation z* for z, as well as 
the use of j instead of i ; we shall not use either of these. For the specific complex 
number z = 1 + 3 i, 

z = 1 — 3/ and |z| = 

(see Fig. 1.2). 



Figure 1.2 
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Addition, subtraction, multiplication, and division of complex numbers follow 
the ordinary rules of arithmetic. (Keep in mind that i 2 = — 1, and, as usual, division 
by zero is not allowed.) Specifically, if 

z = x + iy and w = s + it, 

then 

z + w = (x + s) + i(y + t) 

z — w = (x — s) + i(y — t) 

zw = (xs — yt) + i(xt + ys) 

z vvz (xs + yt) + i(ys — xt) ^ A 

w ww s + 1 

Here, to obtain the formula for the quotient of z and w we used the device of 
multiplying both numerator and denominator by vv = s — it. 

Example 1 To illustrate these rules in a particular case, let us take 

z = 1 + 3i and w = —2 + 5 i. 

Then 

z + w= -1 + 8 i 

zw = [(1)( — 2) - (5) (3)] + i[( 1)(5) + (3) ( — 2)] 17 - f 

z _ vvz _ 13- Hi 13 11. 

w ww 29 29 29 1 

Two facts are of particular importance. The first, which is used repeatedly, is that 
zz = (x + iy)(x — iy) = x 2 + y 2 = |z| 2 . 

The second is that z and z have the same absolute value: 

\z\-y/*+7=\z\. 

Another useful relation is derived with the following computation. 

\zw\ 2 = ( xs — yt) 2 + (xt + ys) 2 

= x 2 s 2 + y 2 t 2 + x 2 t 2 + y 2 s 2 
= (x 2 + y 2 )(s 2 + t 2 ) 
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so after taking square roots, we obtain 

\zw\ = |z||w|. 

In a similar vein, we compute zw: 

zw = (xs — yt) — i(xt + ys) 

= (X - iy)(s - it) 

= ZW. □ 


Polar Representation 

The identification of z = x + iy with the point P(x, y) in the xy-plane has further 
interest and significance if we make use of the usual polar coordinates in the 
xy-plane. The polar coordinate system gives 

x = r cos 9 and y = r sin 6 , 

where r = Jx 1 + y 2 and 9 is the angle measured from the positive x-axis to the line 
segment from the origin to P(x, y). We immediately see that r = |z|, so 

z = |z|(cos 9 + i sin 9). 

This is the polar representation of z (see Fig. 1.3a). 


Example 2 Find the polar representation z = — 1 -hi. 
Solution |z| = yjl and 9 = 37t/ 4. Thus, 


- 1 + i = 



which you can easily verify as correct, since cos f 7r = — and sin (see 

Fig. 1.3b). □ 


By now you have probably noticed that 9 could equally well be replaced in 
the formulas by 9 + 2rc, by 9 — An, or, indeed, by 9 + 2nn, where n is any integer. 
This ambiguity about the appropriate angle to use in the polar representation of a 
complex number is not just a question of semantics. Later we shall see that this 
causes some fundamental problems. Putting this aside for the moment, let’s proceed 
with other properties of the polar representation. Suppose that 


z = |z|(cos 9 + i sin 9) and 


w = |w|(cos ij/ + i sin ij/) 
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are two complex numbers. Then 

zw = |z| |w|{(cos 0 cos ij/ — sin 0 sin t/r) + /(cos 0 sin ^ -h cos i// sin 0)} 

= |zw|{cos(0 + i//) + i sin (0 + ^)}. 

Moreover, 

z _ |z|(cos 0 + i sin 0) 
w | w | (cos \j/ i sin i/r) 

{cos 0 cos \j/ + sin 0 sin ^ -h /(cos \j/ sin 0 — cos 0 sin ^)} 

= {cos(0 -\p) + i sin(0 - ip)}. 

Here we have made use of the trigonometric identities for the sine and cosine of the 
sum and difference, respectively, of two angles. Hence, the polar representation of 
the product (or quotient) of two complex numbers is found by multiplying (or 
dividing) their respective moduli and adding (or subtracting) their respective polar 
angles (Fig. 1.4). In other words, multiplying w by z = |z|(cos 0 + / sin 0) produces 
a rotation of w in the counterclockwise direction of 0 radians and stretches (or 
shrinks) | w| by a factor of |z|. 

Example 3 Find the polar representation of zw and z/w if z = — 1 + / and w = 

y/3 + /. 

Solution From Example 2, the polar representation of z is 

3 n . 3nl 

cos — + i sin — . 

4 4 J 
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Figure 1.4 


The polar representation of w is 


w 


ri n . . n 

= + i = 2 cos — + i sin — , 

L 6 6 J 


since |w| = 2 and \j/ = n/6. Therefore, 


(-v/3 - 1) + i(J 3 - 1) = zw = 


- /-r 1 ITT . . 1 1 7 T 

2 V 2 cos iy + Isin 77 


— \/3 4- 1 
4 


+ 


i>/3 - 1 


z In . In 

= - = ^— cos — + i sin— . 
w 2 12 12 


□ 


The foregoing is now used to derive De Moivre’s Theorem*: 


(cos 9 + i sin 9) n = cos nO + i sin nO , 

for any positive integer n and any angle 9. The formula is clearly true when n= 1; 
we shall use mathematical induction to prove it true for all n. Suppose there is a 
positive integer m for which 

(cos 9 + i sin 9) m = cos m9 + i sin m9. 


Then 


(cos 9 + i sin 0) m+1 = (cos 9 + i sin 0) m (cos 9 + i sin 0) 


Abraham De Moivre, 1667-1754. 


= (cos m9 + i sin m0)(cos 0 + i sin 0) 
= cos(m + 1)0 + i sin (m + 1)0, 
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by invoking the formula derived above for the polar representation of the product 
of two complex numbers. Thus, if the equality holds for m, then it holds for m + 1. 
Since we know it is true for n— 1, it is true for all positive integers n. 


Example 4 Let 9 = rc/4; then cos 9 = sin 9 = y/2/2. Thus, 



= cos n + i sin n = — 1. 


□ 


Example 5 De Moivre’s Theorem can be used to derive trigonometric identities for 
cos nO and sin nO. For instance, by cubing, 

(cos 9 + i sin 9 ) 3 = cos 3 9 + 3 i cos 2 9 sin 0 — 3 cos 9 sin 2 9 — i sin 3 9 

= (cos 3 9 — 3 cos 9 sin 2 9) + i{3 cos 2 9 sin 9 — sin 3 9). 

However, De Moivre’s Theorem gives (cos 9 + i sin 9) 3 = cos 39 + i sin 39. After 
equating the real and imaginary parts of these expressions, we find that 

cos 39 = cos 3 9 — 3 cos 9 sin 2 9 = 4 cos 3 9 — 3 cos 9 

sin 39 = 3 cos 2 9 sin 9 - sin 3 9 = 3 sin 9 - 4 sin 3 9. 

Similar formulas can be derived for cos 49, sin 49, cos 59, and so on. (See Exercise 
19.) □ 

We define an argument of the nonzero complex number z to be any angle 9 
for which 

z = |z|(cos 9 + i sin 9), 

whether or not it lies in the range [0, 2n); we write 9 = arg z. To repeat, 

arg z = 9 is equivalent to z = |z|(cos 9 + i sin 9). 

A concrete choice of arg z is made by defining Arg z to be that number 9 0 in 
the interval l~n,n) such that 

z = |z|(cos 9 0 + i sin 0 O ). 

We may then write 

Arg(zw) = Arg z + Arg w (mod 2n), 

where the expression (mod 2n) means that the two sides of this last formula dif- 
fer by some integer multiple of 2n. For example, if z = — 1 + i and w = i, then 
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zw = — 1 — i, so Arg(zw) = — 3^/4. However, Arg z = 37r/4 and Arg w = rc/2, so 
Arg z + Arg w = (5/4) n = — 3n/4 + 2n. 


Complex Numbers as Vectors 

If z = x + iy and w = s + it are two nonzero complex numbers, then 
\z-w\= ^/(x - s) 2 + (y - t) 2 

is nothing but the distance in the xy-plane from the point P(x, y) to the point g(s, t). 
Moreover, the sum z + w = (x + s) + i(y + t) and the difference z — w = (x — s) + 
i(y — t) correspond exactly to the addition and subtraction of the vectors OP and 
OQ (Fig. 1.5). 



Note also that the angle a between the vector OP and the vector OQ is found 
by using the usual dot product of two vectors: 

cos a = (OP*OQ)/|OP| |OQ| 
xs 4- yt 

y/x 2 + y 2 y/s 2 + t 2 

_ Re(zvv) 

\z\\w\ * 

In particular, OP and OQ are perpendicular if and only if Re(zvv) = 0. The relations 
among the lengths of the sides of the triangle formed by z, w, and z — w, which is 
just the law of cosines, is formulated here as 

\z - w\ 2 = (x - s) 2 + (y - t) 2 

= x 2 + s 2 + y 2 + t 2 - 2 (xs + yt) 

= \z\ 2 + |w| 2 — 2 Re(zvv). 
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In summary, the usual xy-plane has a natural interpretation as the location 
of the complex variable z = x + iy 9 and all the rules for the geometry of the vectors 
P(x, y) can be recast in terms of z. Henceforth, then, we refer to the xy-plane as the 
complex plane, or simply, the plane. The x-axis will be called the real axis, and the 
y-axis will be called the imaginary axis. 

EXERCISES FOR SECTION 1.1 

1. Let z = 1 + 2i, w = 2 — i, and ( = 4 + 3 i. Compute (a) z + 3w; (b) — 2w + (; 

(c) z 2 ; (d) w 3 + w; (e) Retf' 1 ); (f) w/z; (g) C 2 + U + 3. 

2. Use the quadratic formula to solve these equations; express the answers as 
complex numbers, (a) z 2 + 36 = 0; (b) 2z 2 + 2z + 5 = 0; (c) 5z 2 + 4z + 1 = 0; 

(d) z 2 — z = 1; (e) z 2 = 2z. 

3. Sketch the locus of those points w with(a)|w| = 3;(b)|w — 2| = l;(c)|w + 2| 2 = 

4; (d) |w + 2| = |w — 2|; (e) |w 2 -2w-l| = 0; (f) Re[(l - i)z] = 0; 

(g) Re[z/(1 + i)] = 0. 

4. Find Re(l/z) and Im(l/z) if z = x + iy, z / 0. Show that Re(iz) = — Im z and 
Im(iz) = Re z. 

5. Give the polar representation for (a) — 1 + i; (b) 1 +iyfi;(c) —i; (d) (2 — i) 2 ; 

(e) |4 + 3 ( |; (f) ^5 - i; (g) - 2 - 2 i; (h) ^2/(1 + i); (i) [(1 + 

6. Give the complex number whose polar coordinates (r, 9) are (a) ( v /3, tc/4); 

(b) (1/^/2, 7 i); (c) (4, - 7 c/ 2); (d) (2, - tc/ 4); (e) (1, 4n); (f) (fi, 9ti/4). 

7. Let a, fc, and c be real numbers with a / 0 and b 2 < 4 ac. Show that the two roots 
of ax 2 + bx + c = 0 are complex conjugates of each other. 

8. Suppose that A is a real number and B is a complex number. Show that 

|z| 2 + X 2 = |z + A\ 2 — 2 Re(Az) 

and 

| z | 2 + 2 Re(Bz) = | z + B\ 2 - \B\ 2 . 

9. Show that |z| = 1 if and only if 1/z = z. 

10. Let z and w be complex numbers with zw = 0. Show that either z or w is zero. 

1 1. Show that | z + w| 2 — |z — w| 2 = 4 Re(zvv) for any complex numbers z, w. 

12. Let z u z 2 , ..., z n be complex numbers. Establish the following formulas by 
mathematical induction: 

(a) |z 1 z 2 ...zj - | z i 1 1 z 2 1 ... | z n | 

(b) Re(zj + z 2 + * • • + z n ) = Re(zj) + Re(z 2 ) + * * * + Re(z w ) 

(c) ^(z! + z 2 + • • • + zj = Im(z!) + Im(z 2 ) + • • • + Im(z w ) 

(d) z l z 2 ...z H = z l z 2 ...z m . 

13. Determine which of the following sets of three points constitute the vertices of 
a right triangle: (a) 3 + 5i, 2 + 2 i, 5 + i; (b) 2 + i, 3 + 5i, 4 -f i; (c) 6 -f 4/, 7 + 5i, 
8 + 4i. 

14. Show that cos 0 = cos ij/ and sin 0 = sin ij/ if and only if 9 — ^ is an integer 
multiple of 2n. 

15. Show that the triangle with vertices at 0, z, and w is equilateral if and only if 
| z | 2 = |w| 2 = 2 Re(zvv). 
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16. Let z 0 be a nonzero complex number. Show that the locus of points tz 0 , 
— oo < t < oo, is the straight line through z 0 and 0. 

17. Show that if w / 0, then |z/w| = |z|/|w|. 

18. Prove the identity l+z + z 2 + --* + z n = (l - z n+1 )/(l - z) valid for all z, 
z / 1. 

19. Show that cos nO can be expressed as a combination of powers of cos 9 with 
integer coefficients. (Hint: Use De Moivre’s Theorem and the fact that sin 2 8 = 
1 — cos 2 6.) 


The Schwarz* Inequality 

20. Let B and C be nonnegative real numbers and A a complex number. Suppose 
that 0 ^ B — 2 Re(Xy4) + |A| 2 C for all complex numbers A. Conclude that 
\A\ 2 ^ BC. (Hint: If C = 0, show that A = 0. If C ^ 0, then choose A = A/C.) 

21. Let a l9 ..., a n and b u . .., b n be complex numbers. Establish the Schwarz 
inequality: 




Ujbj 


(Mb 


z 

j = 1 


\bj\ 


(Hint: For all complex numbers A, we have 0 ^ £" =1 \a } — Afy| 2 . Expand this 
and apply Exercise 20 with A = ajb j9 B = |^| 2 , C = l^l 2 - 

22. Verify the Schwarz inequality directly for the case n = 2. 

23. When does equality hold in the Schwarz inequality? 

24. Use the Schwarz inequality to establish that 



(Hint: Expand £" =1 \dj + bj\ 2 and apply the Schwarz inequality.) 


1 .1 .1 A Formal View of the Complex Numbers* 

The complex numbers can be developed in a formal way from the real numbers. A 
complex number z is defined to be an ordered pair (x, y) of real numbers; we write 
z = (x, y). Two complex numbers z x = (x 1# y x ) and z 2 = (x 2 , y 2 ) are equal when 
x x = x 2 andy t = y 2 . The basic arithmetic operations of addition and multiplication 
are defined, respectively, by, 

addition: z x + z 2 = (x x + x 2 , y x + y 2 ) (1) 

multiplication: z x z 2 = (x x x 2 — y x y 2 , x x y 2 -f x^). (2) 


* Hermann Amandus Schwarz, 1843-1921. 
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The additive identity is 0 = (0, 0), since (0, 0) + (x, y) = (x, y) + (0, 0) = (x, y) for all 
(x, y). The multiplicative identity is 1 = (1, 0), since (1, 0)(x, y) = (x, y)(l, 0) = (x, y) 
for all (x, y). Further, it is elementary but somewhat tedious to show that the 
arithmetic operations of addition and multiplication are commutative: 


Zi +z 2 — Z 2 “I" Zjj ^1^2 — ^2^1 


and associative: 

(Zj + z 2 ) + Z 3 = Zj + (z 2 + z 3 ); = z,(z 2 z 3 ). 

Each z = (x, y) has a unique additive inverse — z = ( — x, — y), since z + ( — z) = 0. A 
nonzero z = (x, y) necessarily satisfies the condition x 2 + y 2 > 0, and its unique 

multiplicative inverse is 


{x* + y 2 ’ x* + y*)’ 


since (z)(z -1 ) = (1, 0) = 1 . 

The mathematical system of the complex numbers so constructed is one 
example of a field. There are many other examples of fields besides the complex 
numbers; for instance, the real numbers themselves form a field, as do the rational 
numbers. 

The complex number (0, 1) has the interesting property that its square is 
— 1 : (0, 1)(0, 1) = (—1,0). Further, (0, 1) and (0, —1) are the only two complex 
numbers with this property (see the exercises that follow). We denote (0, 1) by the 
symbol 1 . Each complex number then can be written 

z = (x, y) = (x, 0) + (0, y) 

= (x, 0) + (y, 0) (0, 1) 

= (x, 0) + (y, 0)/. 

Complex numbers of the form (a 9 0) are just the real numbers with their usual rules 
of arithmetic: 


( 0 , 0) + (b 9 0) = (a 4- b 9 0) 

(a, 0 )(b 9 0 ) = (ab 9 0), 

and it is entirely natural to identify (a, 0) with a. In this way we may write 
Z = (*, y) = (*, 0) + i(y, 0) = x + iy. 

This brings us back to the point where Section 1 began. 
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EXERCISES FOR SECTION 1.1.1 

Throughout, the usual rules of arithmetic are assumed for the real numbers; in 
particular, a 2 > 0 for any nonzero real number a. 

1. Show directly from rule (2) for multiplication that z 2 = ( — z) 2 . 

2. Suppose that z = (x, y) and z 2 = ( — 1, 0). Show that z = / or z = — i. 

3. Solve the equation z 2 = (0, 1). 

4. Suppose that z 2 is real and negative; that is, z 2 = (a, 0), a < 0. Show that 
z = (0, b) and find b in terms of a. 

5. Show by computation that addition of complex numbers is associative: 
(z x + z 2 ) + z 3 = Zj + (z 2 + z 3 ); and commutative: z l + z 2 = z 2 + z x . 

6. Show by computation that multiplication of complex number is associative: 
(z 1 z 2 )z 3 = z 1 (z 2 z 3 ); and commutative: z x z 2 = z 2 z x . 

7. Define the absolute value, |z|, of z = (x, y) by |z| = ^/x 2 + y 2 . Show directly 
that | z ! z 2 1 = |z x | |z 2 |. 

8. Define the complex conjugate, z, of z = (x, y) by z = (x, — y). Show that zz = 
(M 2 ,0). 

9. Show that z x z 2 = 0 implies that either z x or z 2 is zero. 

10. Let z = (x, y). Show that (a) |x| ^ |z|; (b) |y| ^ |z|; (c) |z| ^ |x| + |y|. 


1 .2 Some Geometry 

The Triangle Inequality 

Let us begin with an important inequality that has a simple geometric interpreta- 
tion. Suppose z = x + iy and w = s + it are two complex numbers. Then 

| z -h w| 2 = (x + s) 2 + (y + t) 2 

= x 2 + s 2 + y 2 + r 2 + 2(xs + y0 
= |z| 2 + |w| 2 -h 2 Re(zvv) 

^ | z | 2 + | w | 2 4- 2|zvv| 

= | z | 2 + | vv | 2 + 2|z| | w| 

= (lz| + |w|) 2 . 

Taking the square root of both sides yields the inequality 

|z -h w| < |z| + |w|. 

This is the triangle inequality, since it simply expresses the fact that any one side of 
a triangle is not longer than the sum of the lengths of the other two sides (see Fig. 1.6). 
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If C and £ are two (other) complex numbers, then by putting z = ( — £ and 
w = £ we get |CI ^ 1C — £1 + If I or 

ici-id<ic-d. 


Likewise, 


Id-IfKIf-d. 

which together yield a variation of the triangle inequality, 

lld-ldl<lf-d. 


Straight Lines 

The equation of a (nonvertical) straight line, y = mx 4- h, m and b real, can be 
formulated as 


0 = R e((m + i)z + b). 

More generally, if a = A + iB is a nonzero complex number and b is any complex 
number (not just a real number), then 

0 = Re(az + ft) 

is exactly the straight line Ax — By + Re(h) = 0; this formulation also includes the 
vertical lines, x = Re z = constant. (See Fig. 1.7.) 

Roots of Complex Numbers 

The computation of the fractional powers of a nonzero complex number is possible 
with the techniques developed in Section 1 of this chapter. It was in an attempt to 
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find the roots of such equations as x 2 + 1 = 0 that the whole subject of complex 
numbers first arose; here, a certain “completeness” will be evidenced by the complex 
numbers but not by the real numbers. Suppose w is a nonzero complex number and 
n is a positive integer. A complex number z satisfying the equation z n = w is called 
an nth root of w. We shall determine all the distinct nth roots of w. 

Let w = | w | (cos i// + i sin ij/) be the polar representation of w, where we specify 
that ij/ lies in the range [ — n, n). Let z = |z|(cos 9 + i sin 9 ); the relation z” = w and 
De Moivre’s Theorem from Section 1 then yield three equations: 

\z\ n = |w|, cos(«0) = cos and sin (n9) = sin t/r. 

Thus, we must have |z| = | w| 1/n ; 9 is not so well determined. Of course, one possibil- 
ity for 9 is 9 = \jj/n ; however, there are others. We define 

0 k = ^ + k (^)' k = 0, 1, ..., n - 1. 

Then n9 k = ^ + 2nk and so cos n9 k = cos \f/ and sin n9 k = sin i//. Complex numbers 
z 0 , . . . , z n _ x are defined by the rule 

z k = | vv| 1/w (cos 9 k + i sin 0 k ), k = 0, 1, . . . , n — 1. 

Then each of z 0 , . . . , z n _ l is distinct (see Exercise 14, Section 1), and each satisfies 

zjj = w, k = 0, 1 , ..., n — 1 . 

Moreover, these complex numbers z 0 , ..., z n . l are the only possible roots of the 
equation z" = w. For if 


cos n9 = cos \j/, 


sin n9 = sin 
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then (again by Exercise 14, Section 1) we have nO = ij/ + 2 nj for some integer j. The 
values j = 0, . . . , n — 1 yield distinct numbers cos 0j + i sin 0 j9 whereas other values 
of j just give a repetition of numbers already obtained. The geometric picture of the 
nth roots of w is very simple: the n roots lie on the circle centered at the origin of 
radius p = |w| 1/n ; the roots are equally spaced on this circle, with one of the roots 
having polar angle 9 0 = Arg w/n; for instance, see Figure 1.8. 

Example 1 Find the 12th roots of 1. 

Solution Since w = 1 = cos 0 + i sin 0, the modulus of all the 12th roots is 1. The 
roots are equally spaced on the circle of radius 1 centered at the origin. One root is 
z 0 = 1; the others have polar angles of 2n/12, 4n/12, 6n/12 , . . . , 22n/\2, respectively. 

□ 


Example 2 Find the 5th roots of i + 1. 
Solution The polar representation of 1 + i is 


1 + i = ^(cos^ 


. n 
+ i sin - 
4 


so the modulus of all the 5th roots of i + 1 is 2 1/10 = 1.0717, the real, positive 10th 
root of 2. One of the roots is located with polar angle n/20, and the others have 
polar angles of n/20 + 27t/5, n/20 + 47t/5, n/20 + 6tc/ 5, and n/20 + $n/5, respec- 
tively. (See Fig. 1.8.) □ 



Example 3 Solve the equation 

z 4 _ 4z 2 + 4 - 2 i = 0. 


Solution The equation may be rearranged as 

z 4 -4z 2 +4 = 2 i 
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or 


(z 2 — 2) 2 = 2i = (1 + i) 2 . 


This has solutions 


z 2 — 2 = 


1 + i 
- 1 - i. 


Equivalently, 


z 


2 



These may be solved to give the four solutions of the original equation, 
z 1 = ^/lO(cos 0 O + i sin 0 O ), 


z 2 = — f/lO (cos 0 O + i sin 0 O ), 0 O = ^arctan^ 


and 


z 3 = ^2 (cos 0 X + i sin 0J, 

1 7Z 

z 4 = — ^/2(cos 0 X + i sin 0J, 0 X = -arctan(— 1) = □ 


Circles 

A circle is the set of all points equidistant from a given point, the center. If z 0 is the 
center and r the radius, then the circle of radius r and center z 0 is described by the 
equation |z — z 0 | = r. There are, however, other ways to use complex numbers to 
describe circles. 

If p and q are distinct complex numbers, then those complex numbers z with 

|z — p| = |z q\ 

are equidistant from p and q. The locus of these points is precisely the straight line 
that is the perpendicular bisector of the line segment joining p to q. However, if p is 
a positive real number not equal to 1, those z with 

\z-p\ =p\z-q\ 

form a circle. To see this, suppose that 0 < p < 1 (otherwise, divide both sides of 
the equation by p). Let z = w + q and c = p — q; then the equation becomes 
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|w - c| = p\w\. 

Upon squaring and transposing terms, this can be written as 
|w| 2 (l — p 2 ) — 2 Re wc + \c\ 2 = 0. 

We complete the square of the left side and find that 

(1 - p 2 )\w\ 2 - 2 Re wc + ~ j = \ C -- P ~ 2 ‘ 

l — p 1 — p 

Equivalently, 


w -■ 


1 


= \c\ 


1 


Thus, w lies on the circle of radius R = \c\p/{\ — p 2 ) centered at the point c/(l — p 2 ), 
and so z lies on the circle of the same radius R centered at the point 


Zo = 


p q 


l 


i - p 2 i - p 


p- 


i -p 2 


Example 4 To confirm in one special case what was just done, let us look at the 
locus of points z with 


|z-i|=-|z- 1|. 


After multiplying both sides by 2 and squaring, 

4{|z| 2 - 2 Re(zi) + |i| 2 } = |z| 2 - 2 Re z + |1| 2 , 
or after simplifying, 

3|z| 2 — 8y + 2x = -3. 


More algebra yields 


, 2 „ 1 , , n 16 , 17 8 

3x 2 + 2x + - + 3y 2 - 8y + — = —3 + — = 



Thus, the locus is 
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This is a circle of radius 2( v /2/3) centered at — 1/3 + 4i/3. Now, in the notation 
that preceded the example, p = i,q = 1, and p = The radius should be 

„ _ \P - 9\P _ V2(i) 2^2 

R ~~^ r — l r- 


and the center at 


_P~P 2 <1 _ -i + i _ 1,4. 

Z ° 1 -p 2 ~ | “ 3 3 1 ’ 

which, of course, is just what was previously found. Note that the center of the circle 
is on the line through 1 and i (Fig. 1.9). Q 



We now apply the information just derived to produce a beautiful geometric 
pattern: two families of mutually perpendicular circles. 

Let C t be the family of circles of the form 

\z - p\ = p\z - q |, 0 < p < oo, 

where we include the case p = 1 (which yields a straight line) for completeness. Let 
L be the perpendicular bisector of the line segment from p to q. Take C 2 to be the 
family of circles through p and q and centered on the line L. We shall show that 
each circle in the family C x is perpendicular to each circle in the family C 2 at their 
two points of intersection. The computation is considerably simplified by locating 
the origin at the point of intersection of the line L and the line L', which passes 
through p and q. L' can then be taken to be the real axis and L to be the imaginary 
axis; in this way, we may assume that 0 < p = — q. A circle from the family C t is then 
centered at a point on the real axis, and because there is no loss in assuming 
0 < p < 1, the center of that circle is at the point s = p( 1 + p 2 )/(l — p 2 ). The center 
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of the circle from the family C 2 is at the point t = ict (a real), and this circle must 
pass through p and — p. Let z = x + iy be on both circles (see Fig. 1.10). 



Since z is on the circle C l9 


I z p\ = p|z + p|. 


and consequently, 

x 2 (l - p 2 ) - 2px(l + p 2 ) + p 2 (l - p 2 ) + y 2 (l - p 2 ) = 0. 

For notational convenience, set v = (1 + p 2 )/(l — p 2 ); the above equation then 
becomes 


x 2 — Ipvx + p 2 + y 2 — 0. 

On the other hand, since z = x + iy is also on the circle C 2 , 

I z - ia| = |p - ia| = |-p - ia| = ^/p 2 + a 2 , 

and so 

x 2 + y 2 — 2ay = p 2 . 

In order to prove that the segm ent fro m iot to z is perpendicular to the segment s to 
z, it must be shown that the Re[(z — ia)(z — s)] = 0; this follows from the discussion 
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of perpendicularity near the end of Section 1. However, using s = pv, 
2 Re[(z — ia)(z — s)] = 2x(x — s) + 2 y(y — a) 


= 2(x 2 + y 2 — pvx — cl y) 


= x 2 + y 2 — 2 pvx + x 2 + y 2 — 2cty 


= -p 2 + p 2 = 0 . 


This is the desired conclusion. 

An illustration (with p = —q= 1) of several circles from each of these families 
is shown in Figure 1.11. This pattern is often called the Circles of Appolonius. These 
will come to your attention again later in the book. 



Figure 1.11 


EXERCISES FOR SECTION 1.2 


In Exercises 1 to 10, describe the locus of points z satisfying the given equation. 


1. |z+l| = |z-l| 

3. Re [(4 + i)z + 6] = 0 
5. |z + 2| + |z — 2| = 5 
7. Re(z 2 ) = 4 
9. |z 2 — 1| =0 


2. |z — 4| = 4|z| 

4. Im(2zz) = 7 
6. | z — z'| = Re z 
8. |z — 1| 2 = |z + 1| 2 + 6 
10. |z+ 1| 2 -h 2|z| 2 = |z — 1| 2 


1 .2 Some Geometry 21 


In Exercises 1 1 to 17, write the equation of the given circle or straight line in complex 

number notation. For example, the circle of radius 4 centered at the point 3 — 2 i is 

given by the equation |z — (3 — 2i)| = 4. 

11. The circle of radius 2 centered at 4 + i. 

12. The straight line through 1 and — 1 — i. 

13. The vertical line containing — 3 — i. 

14. The circle through 0, 2 + 2 i, and 2 — 2 i. 

15. The circle through 1, i, and 0. 

16. The perpendicular bisector of the line segment joining — 1 + 2i and 1 — 2 i. 

17. The straight line of slope —2 through 1 — i. 

18. Show that the two lines R e(az + b) = 0 and Re(cz + d) = 0 are perpendicular 
if and only if Re(ac) = 0. 

19. Let p be a positive real number and let T be the locus of points z satisfying 
|z — p\ = cx, z = x + iy. Show that T is (a) an ellipse if 0 < c < 1; (b) a parabola 
if c = 1; (c) a hyperbola if 1 < c < oo. 

20. Let z x and z 2 be distinct complex numbers. Show that the locus of points 
tz 1 + (1 — t)z 2i — oo < t < oo, describes the line through z x and z 2 . The values 
0 ^ t < 1 give the line segment joining z l and z 2 . 

21. Let a be a complex number with 0 < |a| < 1. Show that the set of all z with 

(a) |z — a| < 1 1 — az| is the disc {z: |z| < 1} 

(b) |z — a| = 1 1 — az| is the circle {z: |z| = 1} 

(c) |z — a| > 1 1 — az| is the set {z: |z| > 1}. 

(Hint: Square both sides and simplify.) 

22. Let z and w be nonzero complex numbers. Show that |z + w| = |z| + |w| if and 
only if z = sw for some positive real number s. 

In Exercises 23 to 26, follow the technique outlined in the text to find all solutions 

of the given equation. 

23. z 5 = i 24. (z + l) 4 = 1 - i 25. z 8 = - 1 26. z 3 = 8 

27. Suppose that n is an odd integer and w is a negative real number. Show that 
one solution of the equation z" = w is a negative real number. (For instance, 
— 2 is a root of z 3 = — 8.) 

28. Let a , b, and c be complex numbers with a / 0. S how that the solutions of 

az 2 + bz + c = 0arez l5 z 2 = — b ± Jb 1 — 4ac),just as they are in the case 

when a, b, and c are real numbers. 

29. Let b and c be complex numbers. Show that the roots of the quadratic equation 
z 2 + bz + c = 0 are complex conjugates of each other if and only if the quantity 
b 2 — 4c is real and negative, b is real, and c is positive. 

30. Let A be a complex number and B a real number. Show that the equation 
|z 2 | + Re(Az) + B = 0 has a solution if and only if \A\ 2 ^ 4 B. If this is so, show 
that the solution set is a circle or a single point. 

31. Let C be a circle and let A and B be any two distinct points on C. Show that if 
P is selected on the smaller arc of C joining A to B 9 then the angle from the 
segment AP to the segment BP is independent of P. This angle is rc/2 if A and B 
are on opposite ends of a diameter. The result remains true if “smaller” is 
replaced by “larger.” 
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32. Let z u . .., z n be complex numbers. Show by mathematical induction that 

Ul + ••• + Zn\ < 1*1 1 + "* + l*J- 

Translation and Scaling* 

33. Let C be a circle or a straight line. Show that the same is true of the locus of 
points z + ftzeC, and /? a fixed complex number. 

34. Let C be a circle or a straight line. Show that the same is true of the locus of 
points a z, zeC, and a a fixed nonzero complex number. 

Inversion* 

35. Let L be the line y = a, a > 0. Show that the locus of points 1/z, z e L , is the 
circle of radius l/2a centered at —i/2a. 

36. Let L be a line through the origin. Show that the locus of points 1/z, z e L , is a 
line through the origin. What is the relationship of the slopes of the two lines? 

37. Let C be the circle \z — c\ = r 9 0 < r < c. Show that the locus of points 1/z, z e C, 
is the circle centered at c/(c 2 — r 2 ), of radius r/(c 2 — r 2 ). 

38. Let C be the circle \z — r\ = r, r > 0. Show that the locus of points 1/z, z e C, is 
the vertical line through l/2r. 


1 .3 Subsets of the Plane 

To understand the fundamentals of complex variables, it is necessary to single out 
several special types of subsets of the complex plane that will be used in our 
discussion of analytic and harmonic functions in subsequent chapters. This section 
gives the definitions and basic properties of these sets. 


Open Sets 

The set consisting of all points z satisfying |z — z 0 | < R is called the open disc of 
radius R centered at z 0 . A point w 0 in a set D in the complex plane is called an 
interior point of D if there is some open disc centered at w 0 that lies entirely within 
D (see Fig. 1.12). A set D is called open if all of its points are interior points. 



An open disc of 
radius R centered 
at Zo 

Figure 1.12 



of D 
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Example 1 Each open disc D = {z:\z — z 0 \ < R} is an open set. For if r = 
|w 0 ~ z o\ < choose e = (R — r)/ 3. Then, for any z with |z — w 0 | < e, we have 

|z - z 0 1 < |z - w 0 | + |w 0 - z 0 | < e + r = (R - r)/ 3 + r < R, 

by the triangle inequality. Thus, the open disc of radius e centered at w 0 lies within 
the set D. Hence, each point of D is an interior point, so D is open. □ 

Example 2 The set R = {z: Re z > 0} is an open set. To see this, let w 0 e R; 
then <7 0 = Re w 0 > 0. Let e = i<7 0 and suppose that |z — w 0 | < e. Then — e < 
Re(z — w 0 ) < e, so 


Re z = Re(z — w 0 ) + Re w 0 > — e + or 0 = - a 0 > 0. 

Consequently, z also lies in R. Hence, each point w 0 of R is an interior point, so R 
is open. □ 

Example 3 The set {z: |Im z| > 1} is an open set. This can be shown in the manner 
of Example 2. □ 

Example 4 The set of all points z = x + iy, with x 2 < y, is also an open set. Let 

z 0 = x o + iyo this set; then there is a positive 5 with Xq + 5 < y 0 . We may also 

assume that 5 is so small that 2x 0 8 + 5 3 < 1 + S. (The latter inequality will be 
needed only at one rather technical point.) Suppose now that z = x + iy satisfies 
| z — z 0 1 < 5 2 . Then 8 2 > \x — x 0 |, and S 2 > \y — y 0 1. Therefore, 

x 2 < (x 0 + S 2 ) 2 = x£ + 2x 0 S 2 + 8 4 

< yo — <5 + 2x 0 (5 2 + (5 4 

< y — <5 2 — 8 + 2x 0 <5 2 + ^ 4 . 

However, the choice of <5 gives — <5 2 — (5 + 2x 0 <5 2 -f 5 4 < 0, so x 2 < y whenever 
z = x + iy satisfies |z — z 0 | < 8 2 . □ 

Example 5 The set of all z with Re z ^ 6 is not an open set. □ 

The Boundary of a Set 

The set just described in Example 5 is not open because, for instance, the point 
w 0 = 6 is in it, but every open disc centered at w 0 , no matter how small the radius, 
must contain a point z with Re z > 6. The point w 0 = 6 is called a boundary point 
because it is located on the edge of the set, at the place where the set “almost” meets 
its complement. The precise definition follows. 
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A point p is a boundary point of a set S if every open disc centered at p contains 
both points of S and points not in S. The set of all boundary points of a set S is 
called the boundary of S (Fig. 1.13). 

Let us find the boundary of each of the sets in the preceding examples (see 
Fig. 1.13). 



Figure 1.13 


Example 6 The boundary of the open disc of radius R centered at z 0 is the circle 
of radius R centered at z 0 . □ 

Example 7 The boundary of the set of those z with Re z > 0 is the imaginary axis. 

□ 



1.3 Subsets of the Plane 25 


Example 8 The boundary of the set of those z with |Im z| > 1 is the set of those z 
with |Im z| = 1. □ 

Example 9 The boundary of the set of those z = x + iy with x 2 < y is the parabola 

y — x 2 . □ 

Example 10 The boundary of the set of those z with Re z ^ 6 is the vertical line 
Re z = 6. □ 

Closed Sets 

You have observed by now that the open sets just discussed contain none of their 
boundary. Indeed, this is an elementary theorem, which is set out below. However, 
what about exactly the reverse situation? A set C is called closed if it contains its 
boundary. These definitions prepare us for the following result. 

THEOREM A set D is open if and only if it contains no point of its boundary. A set C is 
closed if and only if its complement D = {z: z $ C} is open. 

Proof To establish the validity of this theorem, we start by supposing that D is an 
open set. Let p be a boundary point of D. If it happens that p is in £>, then (because 
D is open) there is an open disc centered at p that lies within D. Thus, p is not in the 
boundary of D. This contradiction shows that p is not in D. Conversely, suppose D 
is a set that contains none of its boundary points; we must show that D is open. If 
Zq e D, then z 0 cannot be a boundary point of D, so there is some disc centered at 
z 0 that is either a subset of D or a subset of the complement of D. The latter is 
impossible, since z 0 itself is in D. Hence, the disc lies in D, and we have shown that 
each point of D is an interior point; therefore, D is open. 

The second assertion of the theorem follows immediately from the fact that 
the boundary of a set coincides exactly with the boundary of the complement of that 
set; this in turn is a direct consequence of the definition of boundary point. ■ 

Be wary here — there are many sets that are neither open nor closed, since they 
contain part, but not all, of their boundary. For example, the set D of those z with 
Re z ^ 6 and Im z > 2 is neither open nor closed, since its boundary consists of those 
w with either Re w = 6 and Im w ^ 2 or Im w = 2 and Re w ^ 6 (Fig. 1.14). 

There is also one technical point here: The complex plane itself has no 
boundary and so by definition is both open and closed. It happens to be the only 
nonempty subset of the plane that is both open and closed. (The truth of this 
statement depends on a fundamental property of the real numbers.) Since what 
follows makes no use of this fact about the plane, we will not prove it here. 

Connected Sets 

A polygonal curve is the union of a finite number of directed line segments P^, 
P 2 P 3 , ..., P„-iP ni where the terminal point of one is the initial point of the next 
(except for the last) (see Fig. 1.15). An open set D is connected if each pair p, q of 
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points in D may be joined by a polygonal curve lying entirely with D. That is, there 
are points P 2 , . . . , P n -i in D such that all the line segments pP 2 , P 2 P 3 , ...» P„-iq lie 


in D. 

Example 11 An open disc is connected. □ 

Example 12 The set of those z with Re z > 0 is connected. □ 

Example 13 The set of those z = x + iy with x 2 < y is connected. □ 

Example 14 The set of those z with |Im z| > 1 is not connected. □ 

Example 15 The set of those z with Re z < 6 is connected. □ 

Example 16 The set of those z with Re z ^ 0 is not connected. □ 


For instance, in Example 16 the points p = 1 and q = — 1 lie in the given set, 
but any polygonal curve joining p to q must necessarily cross the imaginary axis 
(where Re z = 0), so this curve cannot lie entirely within the set Re z ^ 0. 
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An open connected set is called a domain. Domains are the natural setting for 
the study of analytic and harmonic functions. 

A set S is convex if the line segment pq joining each pair of points p,qinS also 
lies in S. In particular, it is immediately clear that any convex open set is connected 
(Fig. 1.16). 


This line 
contains points 
not in S 


A convex set A set S that 

is not convex 

Figure 1.16 

Example 17 Each open disc is convex. □ 

Example 18 The set of those z = x + iy with x 2 > y is not convex. □ 

Example 19 Both of the sets Re z > 0 and Re z ^ 6 are convex. □ 

An open half-plane is defined to be those points strictly to one side of a straight 
line — that is, those points z for which Re(uz + b) > 0, say. Each open half-plane is 
a convex set and an open set as well. A closed half-plane is the open half-plane plus 
the defining line — that is, those z with Re(uz + b) ^ 0. Each closed half-plane is 
convex as well as closed (Fig. 1.17). 





Figure 1.17 


It is instructive to see why each half-plane (open or closed) is convex. If p and 
q are two points, then 
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tq + (1 - t)p , 0 < t ^ 1 

describes the line segment from p to q\ see Exercise 20, Section 2. If p and q are in 
the open half-plane given by R c(az + b) > 0, then 

R e(a(tq + (1 — t)p) + b) = t R e(aq + b) + (1 — t) R e(ap + b) > 0, 

so the line segment from p to q lies in the same open half-plane. The case of a closed 
half-plane is almost identical. 

The Point at Infinity 

A helpful and frequently used convention is to add the point at infinity to the 
complex plane. This is understood in the following way. A set D contains the point 
at infinity in its interior if there is a large number M such that D contains all the 
points z with \z\ > M. For instance, the open half-plane Re z > 0 does not contain 
the point at infinity, but the open set D = {z: \z + 1 1 + \z — 1 1 > 1} does. One 
“reaches” the point at infinity by letting |z| increase without bound, with no restric- 
tion at all on arg z. One way to visualize all this is to let w = 1/z and think about | w| 
being very small; an open set containing the point at infinity will become an open 
set containing w 0 = 0. Further, the statement “z approaches infinity” is identical to 
the statement “w converges to zero.” The point at infinity is denoted by the usual 
symbol for infinity: oo. 

EXERCISES FOR SECTION 1.3 

For each of the sets in Exercises 1 to 8, (a) describe the interior and the boundary, 
(b) state whether the set is open or closed or neither open nor closed, (c) state whether 
the interior of the set is connected (if it has an interior). 

1. A = {z = x + iy: x ^ 2 and y ^ 4} 

2. B = {z: |z| < 1 or |z — 3| ^ 1} 

3. C = {z = x + iy: x 2 < y} 

4. D = {z: Re(z 2 ) = 4} 

5. E = {z: zz — 2 ^ 0} 

6. F = {z: z 3 — 2z 2 + 5z — 4 = 0} 

7. G = {z = x + iy: \z + 1 1 ^ 1 and x < 0} 

8. H = {z — x -h iy: — n ^ v < n) 

9. Let a and /? be complex numbers with / 0. Describe the set of points az -f /? 
as z varies over (a) the first quadrant, {z = x -h iy: x > 0 and y > 0); (b) the 
upper half-plane, {z = x -f iy: y > 0}; (c) the disc {z: \z\ < R}. Show that in each 
case the resulting set is open and connected. (Hint: First investigate the set az.) 

10. Describe the set of points z 2 as z varies over the second quadrant: {z ~ x f iy: 
x < 0 and y > 0}. Show that this is an open, connected set. (Hint: Use the polar 
representation of z.) 

11. A set S in the plane is bounded if there is a positive number M such that |z| ^ M 
for all z in S; otherwise, S is unbounded. In Exercises 1 to 8, six of the given sets 
are unbounded. Find them. 
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12. Which, if any, of the sets given in Exercises 1 to 8 contains oo? 

13. (a) Show that the union of two nonempty open sets is open. Do the same, 

replacing “open” with “closed.” Do the same replacing “union” with 
“intersection.” 

(b) Repeat part (a) replacing “two” with “finitely many.” 

14. Let £>! and D 2 be domains with a nonempty intersection. Show that u D 2 is 
a domain. 

15. Let = {z: 1 < |z| < 2 and Re z > — ^} and Cl 2 = {z: 1 < |z| < 2 and 
Re z < |}. Show that both and Q 2 are domains but n Cl 2 is not. 

16. Let D be a domain and let p and q be points of D. Show that there is a polygonal 
curve joining p to q whose line segments are either horizontal or vertical (both 
types can be used). (Hint: Replace a “slanting” segment by (perhaps many) 
horizontal and vertical segments; see Fig. 1.18.) 



entirely of vertical/ horizontal segments. 


Figure 1.18 


17. Fix a nonzero complex number z 0 . Show that the set D obtained from the plane 
by deleting the ray {tz 0 : 0 ^ t < oo} is a domain. 

18. An open set D is star-shaped if there is some point p in D with the property 
that the line segment from p to z lies in D for each z in D. (a) Show that 
the disc {z: |z — z 0 | < r} is star-shaped, (b) Show that any convex set is star- 
shaped. 

19. Determine which of the following sets are star-shaped: 

(a) D = {z: |z - 1| < 2 or |z + 1| < 2} 

(b) D = {z = x -h iy : x > 0 and |z| > 1} 

(c) D = {z: |z| > 1} 

(d) D = {z = x + iy: x > 0 and [x>y+lorx>l — y]} 

20. Show that each star-shaped set is connected. 
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Separation of a Point and Convex Set* 

Let C be a closed convex set and z 0 a point not in C. It is a fact that there is a point 
pin C with r = \z 0 — p\ ^ |z 0 — q\ for all q in C. (This last statement requires a bit 
of proof, but let us assume its validity.) 

21. Show that the only point of C in the disc |z 0 — z\ ^ r is the point p. 

22. Let L be the perpendicular bisector of the line segment from z 0 to p. Show that 
no point of C lies on L or in the half-plane, determined by L, which contains z 0 . 

23. Conclude from Exercise 22 that L separates z 0 from C: z 0 and C lie in the two 
open half-planes determined by L, but not in the same open half-plane. 

24. Show that each closed convex set is the intersection of all the closed half-planes 
that contain it. 

Topological Properties* 

25. Show that the boundary of any set D is itself a closed set. 

26. Show that if pe D, then p is either an interior point of D or a boundary point 
of D. 

27. Show that a set D coincides with its boundary if and only if D is closed and D 
has no interior points. 

28. Show that if D is a set and E is a closed set containing D, then E must contain 
the boundary of D. 

29. Show that if D is a set and S is an open set that is a subset of £>, then S must be 
composed entirely of interior points of D. 

30. Let C be a bounded closed convex set and let D be the complement of C. Show 
that D is a domain. 

1 .4 Functions and Limits 

A function of the complex variable z is a rule that assigns a complex number to each 
z within some specified set D; D is called the domain of definition of the function. The 
collection of all possible values of the function is called the range of the function. 
Thus, a function / has as its domain of definition some subset of the complex plane 
and as its range some other (usually entirely different) subset of the complex plane. 
We frequently write w = /(z) to distinguish the independent complex variable z from 
the dependent complex variable w. 

Example 1 f(z) = 4 z 2 + 2z + 1 has as its domain of definition the entire complex 
plane. Its range is also the entire complex plane, for if w is any complex number, 
then the equation /(z) = w is nothing but the quadratic equation 

4z 2 + 2z + 1 — w = 0. 

This equation is solved by use of the quadratic formula. Its solutions are 

— 2 -j- s : 

• 7 . — — 


8 


j - 1, 2, 
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where s lf s 2 are the two square roots of 4 — 16(1 — w) = — 12 -h 16w. (It is possible 
that s t = s 2 ; this occurs only when w = f .) □ 

Example 2 f(z) = l/(z — 1) has as its domain of definition all complex numbers 
except z = 1, where it is not defined. Its range consists of all complex numbers w 
except w = 0, since f(z) = w = l/(z — 1) is solved by z = 1 + (1/w); this is a complex 
number as long as w ^ 0. □ 

Example 3 g(z) = \z\ 2 has the complex plane as its domain of definition; its range 
consists of all nonnegative real numbers. □ 

Example 4 h(z) = i(2 — (Im z) _1 ) is defined for all z except those on the real axis. 
For a pure imaginary number w, a solution of w = h(z) = i(2 — (Im z) -1 ) is any 
complex number z with Im z = (2 + iw)" 1 . This defines many complex numbers as 
long asw^ 2 i. Hence, the range of h is all purely imaginary numbers except w = 2 i. 

□ 


Example 5 Show that the range of the function w = T(z) = (1 + z)/(l — z) on the 
disc |z| < 1 is the set of those w whose real part is positive. 

Solution Compute the real part of w: 


Re w = Re 



= Re 


(1 + z)( 1 - z) 
|l-z| 2 


l-M 2 

|l-zf 


This last quantity is positive when |z| < 1. This shows that the range of T is a subset 
of those w with Re w > 0. Now let w' be any point with Re w' > 0; we shall show 
that z' = (w' — l)/(w' + 1) satisfies |z'| < 1. Indeed, 1 > |(w' — l)/(w' + 1)| exactly 
when |w' + 1 1 2 > | w' — 1 | 2 . We expand both |w' + 1| 2 and |w' — 1| 2 and obtain 

|w'| 2 + 2Rew' + l> |w'| 2 - 2 Re w' + 1. 


This is a correct inequality because Re w' > 0. Thus, z' = (w' — l)/(w' + 1) lies in 
the disc |z| < 1, and 


7z' = 


1 + z' 
1 - z' 


1 + 


w' - 1 
w' + 1 


w' — 


w' + 



□ 


(NOTE: T(z) = (1 + z)/(l — z) is an example of a linear fractional transformation, 
which will be studied in some detail in Section 3 of Chapter 3.) 

As with functions of a real variable, the domain of definition of a function is 
usually easier to determine than the range. In many cases, this text will provide only 
a general description of certain properties of the range rather than an explicit rule 
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for each point in it. For instance, we may be able to state that the range is open or 
connected or convex. 


Graphs 

For real-valued functions of a real variable, like those studied extensively in calculus, 
the device of displaying the graph of the function is an extremely useful tool in 
visualizing the behavior of the function. Such a technique is not as readily available 
for functions of a complex variable. If the function / has only real values, its graph 
in 3-space (x, y, £), t = f(x + iy), can be sketched (see Fig. 1.19). However, if the 
function has complex values, this type of picture is not possible (at least in our 
world!). Moreover, almost all the functions dealt with here have complex values. One 
way to proceed is to graph |/|, but a more useful way is to use two complex planes: 
one for the domain variable z and a second for the range variable w = /(z). For 
instance, we saw in Example 5 that the function T(z) = (1 + z)/(l — z) maps the disc 
{z: |z| < 1} onto those w with Re w > 0; this can be “graphed” as shown in Figure 
1.20. This type of picture is very helpful in understanding the behavior of the 
complex-valued function of a complex variable and we will employ it frequently. 



Figure 1.19 
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Figure 1.20 


Limits 

The concepts of the limit of a sequence of complex numbers, or the limit of a function 
of a complex variable, or even of continuity of a function of a complex variable, are 
almost identical to those for a real variable. Let us begin with the limit of a sequence. 

Let {z„}® =1 be a sequence of complex numbers. We say that {z„} has the 
complex number A as a limit, or that {z„} converges to A, and we write 

lim z n = A or z„ -> A 

n~* oo 

if, given any positive number e, there is an integer N such that 
I z„ — A\ < e for all N. 

A sequence that does not converge, for any reason whatever, is called divergent. If 
z n = x„ + iy n and A = s + it , then z n -> A if and only if x„ -* s and y„ -* t. This is due 
to three inequalities noted in Section 1, namely 

|x„-s| <|z„- A|, \y a - f| < \z„ - A\, 

and 

|z„ - A\ < |x„ - s| + |y„ - t\. 

We can equivalently state that the sequence {z„ } of complex numbers converges to 
the complex number A if and only if, whenever D is any open disc centered at A, all 
but a finite number of the points {z„} lie in D. 

Example 6 The sequence z n = 1 + ( i/n ) converges to 1 . □ 

Example 7 The sequence z„ = ( — j) n + i (1 — (l/2n)) converges to i. □ 
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Example 8 The sequence z n = (l/n)(cos(n7r/4) + i sin (nn/ 4)) converges to zero. □ 

Example 9 The sequence z n = n — (\/ri) diverges. □ 

Example 10 The sequence z n = i” diverges because its terms are i, — 1, — i, 1, in that 
order, repeated infinitely often. □ 

One simple consequence of the definition of convergence is this: 

If z n -*A, then |zj \A\. 

The converse of this assertion is generally false; for example, |(— 1)" + i/n\ -> 1, but 
the sequence {(—1)" + i/n} itself has no limit. 

You will no doubt recall from calculus results about the sum, product, and 
quotient of convergent sequences of real numbers. Similar statements hold for 
sequences of complex numbers; we collect these results in the next theorem. 

THEOREM 1 Let { z n } and {w„} be convergent sequences of complex numbers with limits A 
and B , respectively. Let X be a complex number. The sequences {z„ + Aw n } and 
{z n w n } then also both converge with limits A + A.B and AB , respectively. Further- 
more, if B 0, the sequence {z n /w„} converges to A/B. | 

Proof The proof of each of these results is quite direct. For example, to show that 
z n w n -* AB , we write z n w n — AB = ( z„ — A)B + (w„ — B)z n . Let N x be chosen so big 
that | z n — A\ < e' if n ^ N x and N 2 chosen so big that |w„ — B\ < e' if n ^ N 2 - Then 
\z n \ ^ e' -h \A\ < 1 -h \A\ if e' < 1; and for n ^ N = N t + N 2 , we obtain 

|z n w„ - AB\ ^ \z n - A\ \B\ + K - B\ |zj 

< e' \B\ + e'(l + | >4 1 ) 

= e'(\ + \A\ + \B\) 

< e, 

if e' is chosen initially to satisfy e'(l + \A\ -h \B\) < e. ■ 

Example 11 The sequence z n = 1 + i[l — (2/n)] converges to 1 -h i as n cx). 
Hence, the sequence 



converges to 2i = (1 + i) 2 as n oo. □ 

Example 12 Suppose that a 0 , a l9 a 2i and a 3 are complex numbers and {z„} is a 
sequence with z n >4. Then the sequence {a 0 -l- -h u 2 z^ -h u 3 z^}® =1 converges 
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to a 0 + a x A + a 2 A 2 + u 3 y4 3 as n -* oo, as can be seen by several applications of 
results in Theorem 1. □ 

Suppose next that / is a function defined on a subset S of the plane. Let z 0 be 
a point either in S or in the boundary of S. We say that / has limit L at the point 
z 0 , and we write 

lim f(z) = L or f(z) -* L as z -* z 0 

z->z 0 


if, given e > 0, there is a S > 0 such that 

|/(z) — L| < e whenever zeS and |z — z 0 | < <5. 

It is worth stressing here that / has the limit L at the point z 0 exactly when the 
numbers /(z) approach L as z approaches z 0 in any manner whatsoever from within 
S. This is substantially different from the case of a function of a real variable, where 
the real variable can approach only from the left or right. The complex variable z 
may approach z 0 from infinitely many directions. Once again, it will be informative 


to look at some examples. 

Example 13 The function /(z) = |z| 2 has limit 4 at the point z 0 = 2 i. □ 

Example 14 The function g{z) = 1/(1 - z) has limit (1/2)(1 + i) at z 0 = i . □ 

Example 15 The function h(z) = Re(z 4 + 4) has limit 0 at z 0 = 1 + i. □ 

Example 16 The function f(z) = (z 4 — l)/(z — i) has limit —4/ at z 0 = i, since 

z 4 — 1 = (z — i)(z + i)(z - l)(z + 1), so /(z) simplifies to (z + i)(z + l)(z — 1) so 
long as z i. □ 


Example 17 The function /(z) = z/z, z ^ 0, has no limit at z 0 = 0. For if z is real, 
then f(z) = 1, while if z is purely imaginary, z = iy, then f(iy ) = — 1. Such a function 
cannot have a limit at z 0 = 0. □ 

We say that the function / has a limit L at oo, and we write 


lim /(z) = L 

Z-» 00 

if, given e > 0, there is a large number M such that 


|/(z) — L| < e whenever |z| ^ M. 


Note that we only require that |z| is large; there is no restriction at all on arg z. 
Example 18 lim^^ l/z m = 0 if m = 1, 2, . . . . □ 
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Example 19 lim z _ 00 [(z 4 + l)/(z 4 + 5 z 2 + 3)] = 1, since the ratio can be written as 




all of whose terms except the l’s go to zero as |z| -* oo. □ 

Example 20 lim z _ 00 [(x + y 3 )/(x 2 + y 3 )] does not exist; for if we take z = x, then 
the expression goes to zero, but if we take z = iy , then the expression is identically 1. 

□ 


The following theorem on the sum, product, and quotient of functions that 
have limits at z 0 is a counterpart to Theorem 1. 

THEOREM 2 Suppose that / and g are functions with limits L and M, respectively, at z 0 . 
Let X be a complex number. The the functions / + kg and fg have the limits L + IM 
and LM, respectively, at the point z 0 ; and, if M ^ 0, the function f/g has the limit 
L/M at the point z 0 . ■ 


Continuity 

Suppose again that / is a function defined on a subset S of the complex plane. If 
z 0 g S, then / is continuous at z 0 if 

lim f(z) = f(z 0 ). 

Z~>Z 0 

That is, / is continuous at z 0 if the values of /(z) get arbitrarily close to the value 
/(z 0 ), so long as z is in S and z is sufficiently close to z 0 . If it happens that / is 
continuous at all points of S, we say / is continuous on S. The function / is continuous 
at oo if /(oo) is defined and lim z _ 00 /(z) = /( oo). 

Let us review Examples 13 to 17 in the context of “continuity.” 

Example 21 /(z) = |z| 2 is continuous at every point of the complex plane. □ 

Example 22 g(z) = 1/(1 — z) is continuous at all points of the plane except z = 1. 

□ 

Example 23 h(z) = Re(z 4 + 4) is continuous at all points of the plane. □ 

Example 24 /(z) = (z 4 — l)/(z — i) is continuous on the whole plane if we define 

f(i) = — 4i. □ 

Example 25 h(z) = zfz is continuous everywhere except z = 0. Further, there is 
no way to define h( 0) to make h continuous at z 0 = 0, since h(z) = 1 for all z that 
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are real and h(z) = — 1 for z that are purely imaginary. Such a function cannot 
be continuous at z 0 = 0, the point where the real axis meets the imaginary axis. 

□ 

Example 26 The function g(z) = l/(|z| + 1) is continuous at all points of the plane 
and at oo as well, if we set g(oo) = 0. 

You will no doubt recall that the sum and product of continuous functions is 
continuous. This follows, in fact, directly from Theorem 2. We state this formally in 
the next theorem. 

THEOREM 3 Suppose that / and g are functions, both of which are continuous at the point 
z 0 . Let A be a complex number. Then the functions / + Xg and fg are also continuous 
at the point z 0 . Further, if g(z 0 ) ^ 0, the function f/g is continuous at z 0 . Finally, 
if h is a function continuous at each point of some disc centered at the point 
w 0 = /(z 0 ), then the composition h(f(z)) is continuous at z 0 . ■ 

The proofs are left to the exercises at the end of this section. These facts allow 
us to conclude that each polynomial 

p(z) = a 0 + a x z + ••• + a n z n 

is continuous on the complex plane; here a 0 , . . . , a n are complex numbers. Further, 
if p and q are two polynomials, their quotient r = p/q is also continuous at all points 
at which q(z) ^ 0. The ratio of two polynomials is called a rational function. 

Each complex-valued function / can be written as / = u + iv 9 where u and v 
are real-valued functions: u(z) = Re /(z), v(z) = Im /(z). In this way, the statements 
about limits, continuity, etc., of / can be recast as statements about u and v. For 
example, / is continuous at a point z 0 if and only if both u and v are continuous at 
z 0 . Some exercises on these topics are included at the end of this section. 

Infinite Series 

Just as the notion of the convergence of a sequence of complex numbers is almost 
the same as the convergence of a sequence of real numbers, so the notion of the sum 
of an infinite series of complex numbers is virtually the same as that of the sum of 
an infinite series of real numbers. Specifically, if the numbers z l9 z 2 , . . . , are complex 
numbers, we define their /ith partial sum by 

n 

S„ = X Zj = Zj + • + z„, n= 1,2,.... 

;=i 

We then examine the behavior of the sequence {s„}. If the sequence {s n } has a limit 
s, then we say that the infinite series Yj=i z j converges and has sum s; this is written 

00 

I z i = s - 

;=i 
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If for any reason the sequence {s n } does not have a limit, we say that the series 
Y,T=i z j diverges. The convergence (or divergence) of the infinite series Yj=i z i 
complex numbers can be formulated in terms of the convergence (or divergence) of 
two infinite series of real numbers. This follows directly by writing z } = x } + iy j9 so 

n n n 

S„ = Z Zj = Yj X j + * Z yj = °n + K- 

j = i j- 1 y=i 

As noted earlier in this section, the sequence {s„} converges if and only if both of the 
sequences {o n } and {t„} of real numbers converge, and, this being the case, 

s = lim s n = lim o n + i lim t„. 

However, the convergence of the two sequences {<7„} and {t„} is exactly the state- 
ment that the two infinite series Yj=i x j a °d Zi=i converge. We thus arrive 

at this result: Let Zj = Xj + iy/, j = 1, 2, 3, ... . The infinite series Y,7=i z j converges, 
Zj = Xj + iy j9 if and only if both 


Z Xj and Z y, 

j= 1 J= 1 

converge. Furthermore, if converges, then 

00 00 00 

Z z ; = Z Xj + * Z 37- 

7 = 1 J = 1 7 = 1 

There is more that can be said here. Since 


l*;l < \ z j\> \yj\ < l z ;l» 


the convergence of the series Yj=i l z 7 'l nonnegative numbers implies, by the use 
of the usual comparison test for infinite series of real numbers, the convergence of 
both the series 

00 00 

Z |X,| and X \yj\. 

7=1 7=1 

Hence, both the series 

00 00 

Z Xj and X yj 

7=1 7=1 

converge, so 


Z + ty) 

7=1 


also converges. Furthermore, 
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|s„l = 


i = i 


< Z \ z j\ 

/= 1 


for all n. We conclude that if £j° =1 |z 7 -| converges, then z, converges, and 


Z z ; 

j= 1 


< Z l Z 7-|- 

i=i 


This is a useful criterion for convergence, since there are several tests available from 
calculus (comparison, ratio, root, integral; see the exercises) for the convergence of 
an infinite series of nonnegative numbers. When Y,\ z j\ converges, we say that the 
series Zj is absolutely convergent. 


Example 27 If a is not equal to 1, the identity 


1 + a + ••• + a" 


- a n+1 
1 -a 


is easily verified by multiplying both sides of the equation by 1 — a. If |a| < 1, then 
a n+1 -* 0 as n -► oo, with the result that 


1 + a + a 2 + ••• = V ot J = — — - , |a| < 1. 

j = o 1 — a 

This is the geometric series, with ratio a. 

Example 28 The series 


converges, since 


and the series 



□ 


converges, as can be seen by use of, say, the ratio test. 


□ 


Example 29 The series 
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converges, even though the series 


diverges. Note that 


i k = < 


0 ° | 

I - 
hk 


f i iffc= 1,5,9,... 
-1 if fc = 2, 6, 10, . .. 
— i if fc = 3, 7, 11, ... 

1 if Jk = 4, 8, 12, 


Hence, 


a i* ( 1 1 l \ 1 l l \ 

* “C _ 2 + 4“6 + "V + , (' _ 3 + 5 _ 7 + )• 

and each series in the parentheses converges by the alternating-series test. 
Example 30 The series 


I ?(1 + o 2 ‘ 

k = 1 ^ 


diverges, since 


r (1 + 0" = 


(l + 0 2 


= i\ 


so the terms of the series do not go to zero. Thus, the series must diverge (see Exercise 
30). □ 

Some Sums* 

The identity at the beginning of Example 27 has significance beyond the geometric 
series. Let x be any real number not equal to 1. Then 

i 2 3 1 X n + 1 

1 + X + x 2 + x 3 + ••• + x" = — . 

1 — X 


This identity can be manipulated to obtain other useful identities. For instance, 
differentiate both sides with respect to x, then multiply both sides by x, and add 1. 
The result is the identity 


^n+1 1 

1 + x + 2x 2 + 3x 3 + 4x 4 + ••• + nx" = 1 — (n + 1)- 1- x— 

1 - x (1 - x) z 
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Repeating this three-step process yields another identity, this time for 1 + x + 
4x 2 + 9x 3 + • • • + n 2 x n . 


EXERCISES FOR SECTION 1.4 


Limits 


In Exercises 1 to 8, find the limit of each sequence that converges; if the sequence 
diverges, explain why. 



a fixed 




9 fixed 


0 fixed 


In Exercises 9 to 14, find the limit of each function at the given point, or explain 
why it does not exist. 

9. f(z) = 1 1 - z| 2 at z 0 = i 10. /(z) = Arg z at z 0 = - 1 

11. f(z) = (1 - Im z)' 1 at z 0 = 8 and then at z 0 = 8 + i 

12. /(z) = (z — 2) log|z — 2| at z 0 = 2 

Izl 2 

13. /(z) = — , z^O, at z 0 = 0 

z 

z 3 — 8i 

14. f(z) = — — — , z — 2i, at z 0 = -2/ 

z + 2i 


Continuity 

In Exercises 15 to 20, find all points of continuity of the given function. 


^z 3 + i 


z — l 


z ^ i 


i5. m = \ 

— 3, z = i 
17. /(z) = (Im z — Re z) _1 
iq . n J z if M < 1 

19 - W!| = Lp if izi > i 


16. /(z) = 4 


z — l 

4i, 


Z ^ i 


Z = l 


18. 0(z) = (l-|z|T 3 
20 . fc(z) = z 3 


In Exercises 21 to 24, find the limit at oo of the given function, or explain why it 
does not exist. 


21. f(z) = 


1 


z I - 1 


22. h(z) = — , z ^ 0 
z 
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4 z 6 — 7z 3 

21 0 ^ = j z 2^ 4)3 24 fe ( z ) = Ar g 1 * 0 

25. Let / and # be continuous at z 0 . Show that / + g and /<? are also continuous at 
z 0 . If g(z 0 ) ^ 0, show that \/g is continuous at z 0 . 

26. Establish the following result. A function / is continuous at a point z 0 of its 
domain of definition S if and only if, given e > 0, there is a S > 0 such that 
|/(z) — /(z 0 ) | < a for all z e S with |z — z 0 | < <5. 

27. Let 0 be defined on a set containing the range of a function /. If / is continuous 
at z 0 and # is continuous at /(z 0 ), then g(f(z)) is continuous at z 0 . 

28. Suppose that / = u + iv is continuous at z 0 . Show that each of the functions u, 
u, u — iv, and (u 2 + i ; 2 ) 1/2 are also continuous at z 0 . Conversely, show that if u 
and i; are continuous at z 0 , then so is /. 

29. Let u be a continuous function on a domain D. Suppose that u has this property: 
For each point p e D, there is a disc A centered at p on which u is constant. 
Conclude that u is constant throughout D. You will have to use the fact that D 
is a domain. 


Infinite Series 

30. Suppose that a n converges. Show that lim,,.^ a n = 0. 

In Exercises 31 to 39, determine whether the given infinite series converges or 
diverges. 


31- I 


1 + 2 iV 


32 l,4)' 


33. £ 


34 

n=l Z. + l 


35. £ n(n - 1)/?” 


2 + A" 

V5/ 

l)?l <1 


36 - £ ^ 37. £ VLtiY 

n = l n + J n = l ^2 / 

oo oo i ■ 

38. £<**-*■*■ > 

n=0 k = l (AC + ij 

40. Show that each of the following series converges for all z. 


41. Suppose that the series a n converges. Let |z| < 1. Show that the series 
a n z n is convergent — indeed, that ]T^ =1 \a n z n \ converges. (Hint: By Exercise 
30, \a n \ ^ M for some M and all n.) 


(c) Y 

V ’ h (2n + 1)1 


The Root and Ratio Tests* 

In Exercises 42 and 43, {c„} is a sequence of positive numbers. 

42. (Root test) Suppose that lim n - 00 (c„) 1/ " = A exists. Show that the series £c n 
converges if 0 ^ A < 1 and diverges if A > 1. (Hint: If A < 1, there is a B with 
A < B < 1. Hence, c n < B n if n ^ N. (Why?) If 1 < A, then c n ^ 1 for all n ^ N'. 
(Why?)) 

43. (Ratio test) Suppose that 
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lim — = C 

n~* oo Cfi 

exists. Show that the series £c n converges if 0 ^ C < 1 and diverges if C > 1. 
(Hint: If C < 1, then for D,C < D < 1, we have c n+l ^ Dc n for all n^N. (Why?) 
Therefore, c n+k ^ D k c n , k = 0, 1, 2, ..., and Y, c j converges. If C > 1, then 
C n+ 1 ^ for all n ^ AT. (Why?) So {c k } does not converge to zero.) 


1.5 The Exponential, Logarithm, and Trigonometric Functions 
The Exponential Function 

The exponential function is one of the most important functions in complex analysis. 
Its definition is simple: 

e z = e x (cos y + i sin y), z = x + iy. 

The form exp(z) is used sometimes, especially if z itself has some complicated form. 
The definition of e z allows us immediately to derive one of its most significant 
properties: For any two complex numbers z and w, 

e z+w = e z e w . 

To see this, write (as usual) z = x + iy and w = s + it. Then, making use of two basic 
trigonometric identities for the sine and cosine of the sum of two numbers, 

e z+w = e* +s [cos(y + t) + i sin(y + r)] 

= e x e s [(cos y cos t — sin y sin t) + i( sin y cos t 4- sin t cos y)] 

= e*(cos y + i sin y)e s (cos t -h i sin t) 

= e z e w . 

The basic definition allows several more conclusions about the exponential 
function. First, e z is a continuous function of z. The functions e x , cos y, and sin y 
are continuous functions of x and y. Consequently, Re(e z ) = e x cos y and Im(e z ) = 
e x sin y are both continuous, so e z is continuous at all points of the plane. Second, 


because 


\e z \ = ((e x cos y) 2 + (e x sin y) 2 ) 1/2 


= e x = e Rcz . 
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In particular, 


\e u \ = \ 9 freal. 

Since e lt = cos t + i sin £, t real, we see that as t increases, e il moves on the circle of 
radius 1 centered at the origin in a counterclockwise direction, making one complete 
circuit when t increases by 2n (Fig. 1.21). In particular, of course, 

e 2nim _ J for m — 0, + 1, . . . 



Figure 1.21 

Second, the function /(z) = e z never has the value zero, since neither e x nor e iy is 
ever zero. On the other hand, if w is any nonzero complex number, the equation 

e z = w 

has infinitely many solutions. This can be seen, for example, by writing w in polar 
form: 


w = r(cos i// + i sin ip), 

and then setting x = In r and y = \j/ + 2nm , where m is any integer (positive or 
negative) and In r is the natural logarithm of r; In is log to the base e , studied in 
calculus. Thus, 


e x + iy — e \nr e i(\lt + 2nm) 

= r[cos \jj + i sin (/^] 
= w. 


Furthermore, every solution z of the equation e z = w has the form given above. For 
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if e z = w, then 


r — |w| = \e z \ = e x . 


so x = In r. Consequently, 

cos y + i sin y = = cos ij/ + i sin ij/. 

Thus, y = i// + 27rm for some integer m (see Exercise 14 in Section 1). 

The mapping of f(z) = e z thus carries the complex z-plane onto the complex 
w-plane with the origin deleted; each point w 0 has infinitely many pre-images z, each 
of the form z 0 + 2nim, m = 0, ±1, + 2, . . . , where z 0 is any solution of e z ° = w 0 . In 
particular, /(z) = e z carries each strip y 0 ^ Im z < y 0 -f 27r, — oo < Re z < oo,onto 
the w-plane with the origin removed. The function f(z) = e z is one-to-one on that 
strip — that is, distinct points have distinct images. For e Zi = e Zl if and only if 
e Zl ~ Z2 = 1; this occurs exactly when z x — z 2 = 2nik for some integer k (Fig. 1.22). 



The function /(z) = e z maps each horizontal line y = c onto a ray from 
the origin to infinity — specifically, the ray {r cos c + ir sin c: 0 < r < oo}, since 
exp(x + ic) = e x cos c + ie x sin c, and e x increases from 0 to oo as x increases from 
— oo to oo ; of course, e x is always positive. Furthermore, e z maps each vertical line 
x = c onto the circle centered at the origin of radius e c . This is because exp(c + iy) = 
e c {cos y + i sin y), and cos y -f i sin y travels along the circle of radius 1 centered at 
the origin in a counterclockwise direction as y increases. Each point on this circle 
is the image of infinitely many points on the vertical line, since both cos y and sin y 
are periodic, with period 2n. 


The Logarithm Function 

The inverse of the exponential function is the logarithm function. For a nonzero 
complex number z, we define log z to be any complex number w with e w = z. 
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The preceding discussion of the exponential function leads immediately to the 
relationship 


log z = ln|z| + i arg z, z ^ 0. 

However, it is obvious that this is not a single complex number, but rather a set of 
complex numbers, each two elements of which differ by an integer multiple of 2ni. 
One way to be definite is to use 

Log z = ln|z| + i Arg z. 

Be wary here; it may happen that Log(z 1 z 2 ) ^ Log z x + Log z 2 exactly because 
Arg(z x z 2 ) need not equal Arg z x + Arg z 2 . The function Log z is called the principal 
branch of the logarithm of z. Other choices of arg z yield other values of log z (more 
on this later). To investigate the continuity of log z, delete from the plane any ray 
beginning at the origin (for example, delete all the nonpositive real numbers) and 
let D be the domain remaining. Let z 0 be any point of D and choose and then 
fix any value for arg z 0 , say arg z 0 = 6 0 . We then define in D a branch of log z 
by the rule log z = ln|z| + i arg z, with the additional specification that log z 0 = 
ln|z 0 | + i0 o . Then within D the values of arg z lie in a uniquely determined open 
interval of length 2n , which contains 0 O ; furthermore, arg z is continuous in 
D with this specification. The function ln|z| is a continuous function on D as well, 
so the branch of log z determined by the specific choice arg z 0 = 0 o is continuous 
on D. For example, if we delete the nonpositive real axis (see Fig. 1.23) and pick 
z 0 = 1 + i and 6 0 = f 7t, then the branch of log z that is determined has arg z in 
the range ( n , 3n). Clearly, there are infinitely many possible branches of log z in D, 
each continuous. 


deleted 

\ 


Figure 1.23 


The definition of log z allows us to complete the discussion of roots begun in 
Section 2. For a nonzero complex number a, we define a z by the rule 



1.5 The Exponential, Logarithm, and Trigonometric Functions 47 


This results in many values, but it does agree with the usual definition in the special 
case when a and z are both positive and real. 

Example 1 Find the values of (— 1)\ 

Solution Using the relation log( — 1) = {In + \)ni , n = 0, ± 1, . . . , we obtain 

(- 1) £ = e n °g( - i) = g-(2»+n* n = 0, ±1, ±2,.... □ 


Example 2 Find the solutions of z 1+I = 4. 
Solution Write this equation as 

^(l+i) log z __ 4 


so (1 + i) log z = In 4 + 2nni, n = 0, ±1, Hence, 

log z = (1 — i) [In 2 + nni~\ 

= (In 2 + nn) + i(nn — In 2). 


Thus, 


z = 2e nrt {cos(nn - In 2) + i sin(nn - In 2)) 

= 2e nn {{ — 1)" cos(ln 2) + i{ — 1)” +1 sin(ln 2)} 

= (— ly^e^lcosfln 2) — i sin(ln 2)}, n = 0, ± 1, . . . 
Example 3 Establish the formula 


lim 1 + - = e z 9 z a complex number 

n 


Solution Look at n Log(l + z/n) for large n. Write 


n Log ( 1 + - ) = n In 


1 +- 
n 


+ in Arg( 1 + - I. 


The real part satisfies 
n In 


n 


1 f 2x x 2 + y 2 l 

= -nln 1 + — + 2 — \ -+x, 

2 f n n j 


as n oo by l’Hopital’s Rule, for example. Next, if z = r(cos 9 + i sin 9) and {//„ = 
Arg(l + z/n), then from Figure 1.24, 
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r 

- sin 9 
, n 

tan tA„ = 

1 + - cos 9 
n 


and so 


n tan i/r„ = 


r sin 9 
r 

1 + - cos 9 
n 


Because {//„ -* 0 as n -* oo, we know that \j / n /( tan 1 (say, l’Hopital’s Rule again). 
Hence, 


ml/ n = (n tan \j/ l 


■>(^) 


► r sin 9 = y, as n -> oo. 


Consequently, 


n Log^l + ^ -> x + iy = z, 


as n -* oo, 


so (1 + (z/ri)) n -* e z , as intended. 


Trigonometric Functions 

The trigonometric functions of z are defined in terms of the exponential function. 
We begin with the cosine and the sine of z: 

cos z = ^(i e iz + e~ iz ) 

sin z = ^-(e iz — e~ iz ). 

2i 
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The other four trigonometric functions are now defined in terms of sin z and cos z: 

sin z cos z 1 1 

tan z = , cot z = — — , sec z = , esc z = - — . 

cos z sin z cos z sin z 

Of course, the definitions are only at those points at which the denominator is not 
zero. 

If z is real, z = x, then cos z and sin z agree with the usual definitions of cosine 
and sine. Note that 

COS(z + 2n) = i(g*( z + 27t ) + e ~i(z+2n)) 

= \(e iz + e~ iz ) 


= cos z. 

Likewise, sin(z + In) = sin z for all z. Thus, 

cos(z + 2nk) = cos z 
sin(z + 2nk) = sin z, 

for all z and any integer k. Furthermore, 2nk is the only number a with cos(z + a) = 
cos z for all z. For if 


cos(z + a) = cos z, for all z, 

then 

e iz e ict + e~ iz e~ iot = e iz + <T iz , 


so 


- 1) = e~ iz {\ - e~ ia ) 

= e- ia e~ iz {e ia - 1). 

If e ia — 1 is not zero, it can be canceled from both sides, leaving 

e iz = e~ i<x e~ iz 9 for all z, 

but then setting z = 0 gives 1 = e~ i<x , contradicting the fact that 1 ^ e ia . Hence, it 
must be the case that e ia = 1, so a = 2nk for some integer k. Consequently, 2n is the 
basic period of cos z and, likewise, of sin z. 
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In the exercises at the end of this section, you will be asked to establish the 
formulas 


cos(x + iy) = cos x cosh y — i sin x sinh y, 
sin(x -j- iy) = sin x cosh y + i cos x sinh y , 


where 


cosh u = ~(e u + e “), u real 

sinh u = ~(e u — e~ u ), u real. 

Let us use the formula given above for sin(x + iy) to establish some basic properties 
of the function f(z) = sin z. 

Restrict z = x + iy such that 0 ^ x < n/2 and y ^ 0. In this restricted region, 
we shall show that the function sin z is one-to-one — that is, if 

sin(x 1 + iy x ) = sin(x 2 + iy 2 ), 

where and x 2 lie in [0, n/2) and y x and y 2 are nonnegative, then x x = x 2 and 
y t = y 2 - To see this, observe that 

2 i sin(x + iy) = e lx e~ y — e~ lx e y . 

Hence, if sin(x 1 -f iy x ) = sin(x 2 -h iy 2 \ then 

e ix ie~ yi — e~ iXl e yi = e iX2 e~ y2 — e iXl e yi . 


Thus, 


e ^ e ~yi - e iX2 e~ y 2 = e~ iXl e yi - e~ iX2 e y2 

= e~ ix 'e~ iX2 e y 'e y2 [e iX2 e- y2 - e iXl e ~ y l ]. 

If e iXl e~ yi — e iX2 e~ yi ^ 0, we divide by it and obtain 

1 = -e~ iXl e~ iX2 e yi e y2 . 

The absolute value of the left side is 1, and that of the right side is exp(y x -h y 2 ); this 
implies that y x -h y 2 = 0. This in turn implies that - 1 = exp[ — ix x — ix 2 ], which 
can be true only when x x + x 2 = n(2m + 1) for some integer m. However, we have 
restricted x l9 x 2 to lie in [0, (n/2)) and y l9 y 2 to lie in [0, oo). The only conclusion, 
then, is that x t = x 2 = 0 and y l = y 2 = 0. Otherwise, 
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e iXl e~ yi = e iX2 e~ y \ 

so = yi and — *2 is an integer multiple of 2n. This again implies that x t = x 2 . 

Let us now find the range of /(z) = sin z on the strip 0 < x ^ rc/2 and 
0 < y < oo. First, 


Re (sin z) = sin x cosh y ^ 0, 


and 


Im(sin z) = cos x sinh y ^ 0. 

Hence, the values of sin z lie in the first quadrant (Fig. 1.25). Next, on the ray 
0 < y < oo, x = 0, 

sin (iy) = i sinh y =^(e y — e~ y ). 



Figure 1.25 


The function sinh(y) is zero when y = 0 and is increasing (its derivative is positive), 
so sin (iy) assumes all the values i/?, 0 ^ /? < oo, as y increases from 0 to oo. Next, 
sin x increases from 0 to 1 as x increases from 0 to n/2. Finally, 


sin 



= cosh y , 


and this increases from 1 to oo as y increases from 0 to oo. Thus, the boundary of 
the strip 0 < x ^ n/ 2, 0 < y < oo is carried by sin z onto the boundary of the first 
quadrant (see Fig. 1.25). We now show that the interior is mapped onto the interior; 
we already know it is mapped into. Let us write sin z = w = o + ii. The vertical 
segment z = x 0 + iy , y^ 0, is mapped onto that portion of the hyperbola 1 


a 


2 



= 1 , 


(sin x 0 ) 2 (cos x 0 ) 2 
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which lies in the first quadrant. This shows us how to solve the equation 
sin z = a + ib , a , b positive. 

First choose x such that the point a + ib lies on the hyperbola consisting of those 
w = a + it with 


(sin x) 2 (cos x) 2 

then choose y such that a = sin x cosh y and b = cos x sinh y. 

Consequently, the function f(z) = sin z maps the semi-infinite strip 0 ^ x ^ nf. 2 
and 0 < y < oo in a one-to-one fashion onto the whole first quadrant, mapping the 
boundary of the strip onto the boundary of the first quadrant. This type of informa- 
tion, and this mapping in particular, will be very important i n the solution of flow 
and boundary- value problems. Finally, because sin( — z) = — sin z (see Exercise 15), 
we may conclude that /(z) = sin z maps the semi-infinite strip { — n/2 < x < it/ 2, 
y > 0} both one-to-one and onto the upper half-plane, {w = s + it: — oo < s < oo, 
t > 0}. 


Inverse Trigonometric Functions 

We have just seen that the function w = sin z maps the strip {x + iy: 0 < x < n/ 2, 
0 < y < oo } onto the first quadrant {w = c + it: c, t > 0}, and distinct z x and z 2 
in the strip have distinct images w x and w 2 in the first quadrant. Thus, given a 
w = a + it with <t, t > 0, there is one and only one z in the strip {x + iy: 0 < x < 
7c/2, 0 < y < oo } with w = sin z. Consequently, the function sin z has an inverse 
function, naturally called arcsin w, defined at least for w in the first quadrant. Let 
us pursue this a little further. The formula for sin z is 

w = sin z = ~{e lz — e~ xz \ 

2i 

so 

e 2iz — 2 iwe iz —1=0, 

which is a quadratic equation in the variable e iz . Solving by the quadratic formula, 
we obtain 


e lz = iw + y/\ — w 2 , 


so 


- i log (iw + J 1 - w 2 ), 


z = 
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provided an appropriate branch of the logarithm is chosen. A careful examination 
of the mapping w = sin z (see the exercises) shows that sin z maps the strip 


71 71 

x + iy : — — < x < — , — oo < y < oo 


both one-to-one and onto the region D obtained from the plane by deleting the two 
intervals (— oo, — 1] and [1, oo) (see Fig. 1.26). Thus, on D we can solve uniquely for 
z in terms of w, and the formula is valid. Interchanging the roles of z and w, write 


Similarly, 


Arcsin z = —i Log (iz + yj 1 — z 2 ), z e D. 


Arccos z = — i Log(z + Jz 2 — 1), 


Arctan z = - Log ( — 

2 \ 1 + iz 


z # ±U 


with appropriate interpretations of the resulting logarithms and roots. 



Figure 1.26 


EXERCISES FOR SECTION 1.5 


Find the values(s) of the given expression in Exercises 1 to 14. 

1. e in/4 2. e 5 *' 74 3. log(l + ijl) 

4. log(-i) 5. (1 + if 6. 2 _1_i 

7. e~ 1x1,3 8. exp(Log(3 + 2 i)) 9. Log(4 — 4 i) 


10. Log(-l) 

13. log((l - i) 4 ) 


11 i^ 3 12. 108(^3 - i) 

14 
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15. Establish the follow ing relations: 

(a) exp(z) = exp(z ) 

(b) sin(z) = sin(z) 

(c) cos(z) = cos(z) 

16. Establish the formulas 

cos(x + iy) = cos x cosh y — i sin x sinh y , 
sin(x + iy) = sin x cosh y + i cos x sinh y , 

where 

cosh u = ^(e u + e~ u \ u real 
sinh u = ^(e u — e~ u \ u real. 

17. Show that cos z = 0 if and only if z = rc/2 + nn, n = 0, ±1, ±2, . . . ; show that 

sin z = 0 if and only if z = nn, n = 0, ±1, ±2, That is, extending sin z and 

cos z from the real axis to the whole plane does not introduce any new zeros. 

18. Verify that 

cos(z + w) = cos z cos w — sin z sin w 

and 

sin(z + w) = sin z cos w + cos z sin w, 
for all complex numbers z and w. 

19. Show that both cos z and sin z are unbounded if z = iy and y -* oo. Also show 
that 

|cos(x + iy) | < e y if y ^ 0, — oo < x < oo; 

and 

|sin(x + iy)\ < e y if y ^ 0, — oo < x < oo. 

20. Prove that cos 2 z + sin 2 z = 1 for all z. 

21. Define cosh z and sinh z by s 

cosh z = ^(e z + e _z ) 


sinh z = ^ (e z — e z ). 
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Show that the following identities hold: 

(i) cosh 2 (z) — sinh 2 (z) = 1 

(ii) cosh z = cos(iz) 

(iii) sinh z — —i sin(iz) 

(iv) | cosh z| 2 = sinh 2 x + cos 2 y 

(v) |sinh z| 2 = sinh 2 x + sin 2 y 

22. Show that sin( — z) = — sin z and cos z = cos( — z) for all z. 

Mappings with the Exponential Logarithm, and Trigonometric Functions 

23. Show that F(z) = e z maps the strip S = {x + iy : — oo < x < oo, — n/2 ^ y ^ 
7r/2} onto the region Q = {vv = s + it:s^0, w / 0} and that F is one-to-one 
on S (see Fig. 1.27). Furthermore, show that F maps the boundary of S onto all 
the boundary of Q except w = 0. Explain what happens to each of the horizontal 
lines {Im z = n/2} and (Im z = —n/2}. 



Figure 1.27 


24. Let D be the domain obtained by deleting the ray {x: x ^ 0} from the plane, 
and let G(z) be a branch of log z on D. Show that G maps D onto a horizontal 
strip of width of 2n, 

{x + iy: — oo < x < oo, c 0 < y < c 0 + 27t}, 

and that the mapping is one-to-one on D. 

25. Show that w = sin z maps the strip — n/2 < x < n/2 both one-to-one and onto 
the region obtained by deleting from the plane the two rays (— oo, — 1] and 
[1, oo) (see Fig. 1.26). (Hint: Use Exercise 22 and the fact that sin(z) = sin(z).) 

26. Show that the function w = cos z maps the strip {0 < x < n} one-to-one and 
onto the region D shown in Figure 1.26. Use this to define the inverse function 
to cos z. Derive the formula for arccos z given in the text. 

27. Let 0 < a < 2. Show that an appropriate choice of log z for /(z) — z a — 
exp[a log z] maps the domain (x + iy: y > 0} both one-to-one and onto the 
domain {w: 0 < arg w < an}. Show that / also carries the boundary to the 
boundary (see Fig. 1.28). 
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Figure 1.28 

28. Show that the function w = g(z) = e zl maps the lines x — y and x = — y onto 
the circle |w| = 1. Show further that g maps each of the two pieces of the region 
{x + iy: x 2 > y 2 } onto the set {w: |w| > 1} and each of the two pieces of the 
region {x + iy: x 2 < y 2 } onto the set {w: |w| < 1}. 

Inverse Trigonometric Functions 

29. Show directly that if £ is any value of 

— i log(iz + y/l- z 2 ), 

then sin £ = z. Likewise, show that if £ is any value of 



then tan £ = w. 

30. Use the result in Exercise 29 and your knowledge of the branches of the 
logarithmic function to explain the branches of arcsin z. 


1 .6 Line Integrals and Green's Theorem 

The fundamental theorems of complex variables depend on line integrals, so this 
section is devoted to that topic and to formulating Green’s Theorem, the basic 
theorem about line integrals. Several consequences of Green’s Theorem are also 
covered. 

Curves 

A curve y is a continuous complex-valued function y(t) defined for t in some interval 
[a, fc] in the real axis. The curve y is simple if y(L) ^ y(t 2 ) whenever a ^ t x < t 2 < b, 
and it is closed if y(a) = y(b). The famous Jordan* Curve Theorem asserts that the 
complement of the range of a curve that is both simple and closed consists of two 


* Camille Jordan, 1838-1922. 
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disjoint open connected sets, one bounded and the other unbounded. The bounded 
piece is the inside of the curve and the unbounded piece the outside. Despite the 
almost painful obviousness of this statement, the theorem is hard to prove.* We 
shall accept it as true. 

Suppose y is a curve; separate the complex number y(t) into its real and 
imaginary parts and write y(t) = x(t) + iy(t\ a ^b. The functions x(t) and y(t) 
are real-valued functions of the real variable t , so they may (or may not) be 
differentiable. If both x(t) and y(t) are differentiable at t 0 , then we say that y(t) is 
differentiable at t 0 and we set y'(t 0 ) = x'(t 0 ) + iy'(t 0 ). (This is consistent with the 
usual rules in calculus for differentiating a vector-valued function of a real variable.) 
A curve y is smooth if y(t) has the added property that y'(t) not only exists but is also 
continuous on [u, ft], the derivatives at a and b being taken from the right and left, 
respectively. A curve is piecewise smooth if it is composed of a finite number of 
smooth curves, the end of one coinciding with the beginning of the next. That is, the 
curve y is piecewise smooth if in the interval [a, ft] there are points with 

a — t 0 <t x < • < t n _! <t n = b such that y'(t) is continuous on each closed inter- 

val [r k , t k+1 ], k = 0, 1, . . . , n — 1. It is not required that y'(t) be continuous on all of 
[a, ft]. 

NOTE: It is very common and convenient to refer to the range of y(t) as the curve y 
and to y(t) itself as the parametrization of the curve. With this use of the word curve, 
a curve becomes a concrete geometric object such as a circle or a straight line 
segment and hence is easily visualized. The difficulty with this view is that a 
particular curve has many different parametrizations. The curves we will use are 
generally composed of straight line segments and/or arcs of circles. These have 
standard parametrizations, as illustrated in the examples that follow. 

Example 1 Fix z 0 and z x in the plane and let y(t) = tz x + (1 — t)z 0 , 0 ^ t ^ 1. This 
is a smooth simple curve whose range is the straight line segment joining z 0 to z x 
(in that order). □ 

Example 2 Fix a point p in the plane and a positive number R ; the curve y(t) = 
p + Re l \ 0 ^ t < 2n, is a smooth simple closed curve. The range is precisely the 
circle of radius R centered at p; the circle is traversed in the counterclockwise 
direction. □ 

Example 3 The square with vertices at z 0 , iz 0 , — z 0 , and —iz 0 is the range of the 
piecewise smooth simple closed curve y(t) given by the rule 

tiz 0 + (1 — t)z 0 , O^t^l 

( t - l)(-z 0 ) + (2 ^ t)(iz 0 ), 1 ^ t ^ 2 

(t - 2)( — /z 0 ) + (3 - t)(-z 0 )> 2s£t<3 

(t - 3)(z 0 ) + (4 - f)(-iz 0 )» 3<t<4. □ 

* For a proof, see Newman, M. H. A. Elements of the topology of plane sets of points. Cambridge: 
Cambridge University Press, 1961. 
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In the process of computing certain definite integrals by means of the Residue 
Theorem (Section 6 of Chapter 2), we shall make use of several contours. As a way 
of gaining experience in the art of parametrization, we parametrize three of these 
contours in Examples 4 and 5. 

Example 4 Parametrize each of the curves in Figure 1.29. 

Solution The curve in (a) is the semicircle of radius R followed by the real segment 
from —RtoR.A parametrization is 

z = Re 10 , 0 ^ 9 ^ n 

r- 

z = x, —R^x^R. 


The curve in (b) is a variation on the curve of (a), with the segment from — e to e 
replaced by the indicated semicircle. This curve is parametrized by 

z = Re 10 , 0 ^ 9 < n 


r- 



Z = x 9 


— R < x < — e 
n ^ 9 ^ 0 
e ^ x < R. 


Note that the third portion of the curve is parametrized by requiring that 9 decrease 
from n to 0; this is because we travel on that portion of y in the clockwise direction. 




Figure 1.29 


Example 5 Find a parametrization of the “keyhole” contour shown in Figure 1.30. 

Solution The outer portion is on the circle \z\ = R and so is parametrized by 
z = Re 10 , where 9 increases from 6 to 2n — S. This takes us from A to B. We go from 
B to C on the ray with argument 2n — <5, so that segment is parametrized by 
z = te l{2n ~ s \ where t decreases from R to e. The inner portion of the keyhole contour 
is on the circle |z| = e and so is parametrized by z = ee ie 9 where 9 decreases from 
2n — S to S. This takes us from C to D. Finally, to complete the contour, we go from 
D to A along the ray with argument S. This segment is parametrized by z = te id 9 
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Figure 1.30 


where t increases from e to R. In summary, then, 


z = Re i9 , 

d < 6 < 2n — d 


z = te i{2n ~ S) , 

R^t^e 


z = ee‘ fl , 

In - S 5 -6 > (5 


z = te iS , 

£ < t < R. 

□ 


Each curve y is oriented by increasing t. The curve y begins at y{a\ is traversed 
as t increases from a to ft, and y ends at y(b). The reverse orientation is given to y by 
beginning at y(b) and ending at y(a); this curve is denoted by — y and is given by 
—y(t) = y(a + b — t), a t ^ b. A simple closed curve y is positively oriented if, for 
each point p on the inside of y, the argument of y(t) — p increases by 2n as t increases 
from a to b . Equivalently, y is positively oriented if, as you walk along y in the 
direction of the orientation of y, the inside of y is on your left. For example, a circle 
is positively oriented when it is traversed counterclockwise; the same is true for a 
triangle or a rectangle. 

Suppose g(t) = a(t) + ix(t) is a continuous complex-valued function on the 
interval [ a , ft]. We define the integral of g over \_a, ft] by 

a(t) dt + i J* t (t) dt. 

This definition, like the definition of the derivative of a complex-valued function of 
the real variable £, is consistent with the definition of the integral of a vector-valued 
function of the real variable t studied in calculus. Note, for instance, that 

b 

{Re g(t)} dt , 




since both these expressions equal a(t) dt. 
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Suppose now that y is a smooth curve and u is a continuous function on the 
range of y. We define the line integral of u along y by 


^U(z)dz = | 6 


«(y (O)y'(O dt. 


where the right side is the integral of the complex-valued function u(y(t))y'(t) from 
a to b and is computed as discussed above. For a piecewise smooth curve y, we define 
the line integral of u along y by 


f u(z)dz=f r 

Jy J~° Jtj 


u(y(s))y'(s) ds. 


The points t 0 ,t l9 ... 9 t n come from the definition of “piecewise smooth”; by assump- 
tion y'(s) is continuous on each segment [t j9 t j+ 1 ], j = 0, 1, . . . , n — 1. 

Line integrals have the familiar properties of definite integrals studied in 
calculus. For example, 


1 


{Au(z) + Bv(z)} dz 


= A J u(z) dz + B J v(z) dz 


if A and B are complex numbers and u, v are continuous functions on the range of 
y. For the curve — y, 


j>-r 


u(z) dz = u(y(a + b — t)){y(a + b — t)}' dt 


= — j* u(y(a + b — t))y’(a + b — t) dt\ put s = a + b — t 
= - j* u(y(s))y'(s) ds = - j* u(z)dz. 

Suppose and y 2 are two curves with parameter intervals [uj, b x ] and \_a 2 , h 2 ], 
respectively. If yi(hj) = >’2(^2): then the sum of y, and y 2 is the curve 


(Vi + y2)W = 

Further, a simple computation shows that 


7i(t), a^t^bi 

y 2 (t + a 2 - b J, hj < t ^ b t + b 2 - a 2 . 


u(z ) dz = u(z) dz + u(z) dz, 

Jyi+y2 J y 1 Jy2 


provided, of course, that u is continuous on the range of both y x and y 2 - 

Let g be a complex-valued continuous function on [ a , ft]; we shall show the 
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inequality 


g{t)dt < 1 9(t)\dt. 


The inequality is obviously true if g(t) dt = 0, so we may assume that g(t) dt ^ 0. 
Let 


9 = Arg( g(t)dt 


and define h(t) = e l0 g(t), a ^ b. Then 


-if 


g(t) dt 


d, -[ h 


g(t) dt 


e ,e g(t) dt = h(t) dt, h(t) = e ,9 g(t). 


Hence, JJJ h(t) dt is positive, so 


g(t) dt 


-f 


h(t) dt 


= (Re h(t)) dt 


< \h(t)\ dt = \g(t)\ dt. 


Therefore, 


|j* u(z)dz = j* u(y(t))y'{t)dt 


< l«(y(0)l ly'WM*. 


Recall now from calculus that if y(t) = x(t) + iy(t), then the length of the curve that 
is the range of y(t) is given by 


length (y) 


(x'(t)) 2 + (y'(t)) 2 dt 


-j> 


(01 dt. 


This makes possible the very important estimate 
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u(z ) dz ^ j max \u(z)\ j length (y). 

J y / 


(3) 


The inequality in (3) follows directly from that in (1) by replacing |u(y(r))l by its 
maximum value on the interval, a < b\ this is the first factor on the right in (3). 
The integral that remains is that in (2), and it yields the length of the curve. 


Example 6 Compute J y (z 2 — 3 \z\ + Im z) dz , where y(t) = 2e l \ 0 ^ t ^ 7e/2. That 
is, y is the quarter-circle centered at the origin and extending from 2 to 2i. 

Solution Since y(t) = 2e lt , we have y'(t) = 2ie l \ so 


J (z 2 — 3|z| -him z)dz = j ( 4e 2lt — 6 -h 2 sin t)2ie lt dt 


= (le 3 “ - I2e“ + -e 2 “ - 2 1 

\3 * 


it I 2 
0 


28 

T 


38 

71 -y'- 


The second integral used the formula 

sin t = — e~ u ). □ 

Example 7 Compute J y cos z dz , where y is the line segment from —(n/2) + i to 
n -h i. 

Solution The curve is given by 

( n \ 3n n 

Furthermore, 

cos(x -h iy) = cos x cosh y — i sin x sinh y. 

(See the formula in Exercise 16 of Section 5.) Hence, 

| cos z dz = j* jcos^y I cosh(l) - i sin ^y t - sinh(l)jy dt 

cosh(l) sin ^y t - + i sinh(l) cos ^y I - ~ 

= cosh(l) — i sinh(l). 
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Example 8 Estimate 



dz 


where y is the semicircle Re ie , — 7r ^ 0 ^ 0, R> 2. 
Solution On the semicircle, 


1 

z 2 + 4 


1 


R 2 — 4’ 


since |z 2 + 4| ^ |z| 2 — 4 by the triangle inequality (see Section 2). The length of the 
semicircle is nR, so the absolute value of the integral cannot exceed nR/(R 2 — 4). 

□ 


Example 9 Estimate \$ y e 2 dz |, where y is the vertical line segment from — i + 1 to 
i+1. 

Solution On y, \e~ 2 \ = e~ x = e~K The length of y is 2, so the integral cannot exceed 
2/e in absolute value. □ 

Example 10 Let u be a continuous function in the disc \z — z Q \ < r, and let y e be the 
circle |z — z 0 | = 6. Show that 


lim L f — dz = u(z 0 ). 

e->0 Jy t z ~ z O 

Solution The circle is the range of y e (t) = z 0 + ee l \ 0 ^ t ^ 2n. Therefore, 

‘ f JH^Ldz - jl 

2ni J 7t z — z 0 2ni J 0 se l 

= i_ f 2 ’ 

2 n Jo 


u(z 0 + ee u ) dt. 


Thus, 


l C 2n 

— I { u(z 0 + ee“) - u(z 0 )} dt 
< max {|«(z 0 + ee“) — u(z 0 )|}. 

0^t^2n 


2m Jy. z ~ z o 


u(z 0 ) 


This last quantity goes to zero as e -► 0 exactly because u is continuous at z 0 (see 
Exercise 26 in Section 4). □ 

We digress briefly at this point to state a differentiation formula that will be 
needed. Its verification is simple and is relegated to the exercises. If z(t) and w(t) are 
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two complex-valued functions on an interval la, ft], both of which are differentiable, 
then so is their product, and 

(zw)'(t) = z'(t)w(t) + z(t)w'(t). (4) 

Repeated applications of (4), or mathematical induction, yield 

(z m )'(t) = m(z(t)) m ~ 1 z’(t), m = 1,2,.... (5) 

Example 11 Let y be a piecewise smooth closed curve. Show that 


[ 


z m dz = 0, m = 0, 1, 2, — (6) 

Solution Let [ty, t j+1 J be a segment in la, ft] on which y'(t) is continuous. From (5), 


-(y(t)r +1 = (m + 1 )y m {t)Y(t). 


This gives 


Hence, 


P + ‘ y m (t)y'(t) dt = — 5-r{y m+1 (W - y M+1 (*,)}• 

f »“1 fO+i 

z m dz = x r w/w dt 

J y J-° Jtj 

= X^TT {r+1(tj+l) ~ r+1(tj)} 

= ~j{y m+ 1 ( b )-v m+ 1 (a)} = o, 
m + l 


because y(ft) = y(u), since y is a closed curve. The result in (6) will be important in 
Chapter 2, when we prove Cauchy’s Theorem. □ 

Let p and q be distinct points in the plane, and suppose that y x and y 2 are two 
piecewise smooth curves from p to q. Then y = y x — y 2 is a closed piecewise smooth 
curve. Hence, for m = 0, 1,2,..., 


1 = I z m dz = | z m dz — J 

Jy Jyi Jy: 


n dz. 


That is, the value of the integral of z m along a curve joining p to q does not depend 
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on the curve but only on p, q , and m. Indeed, a glance at the computations in 
Example 1 1 shows that 

j ' z m dz=\ y m (t)y (0 dt = — L— -y m+1 (0 

Jv Ja m + 1 ,=«, 

= m ^- r [ y m+1 W-y m+ 1 W] 

= —^—rlq m+1 - P m+1 ] 

m + 1 


for any curve y joining p to q. 

A comment on line integrals. Recall that a curve, say an arc of a circle or a straight 
line segment, may have several different parametrizations. For instance, ^(s) = 
s + is 2 , 0 ^ s ^ 1, and y 2 (t) = sin t + i( 1 — cos 2 t), 0 ^ t ^ n/2, both have the same 
range — namely, the graph of the parabola y = x 2 , 0 ^ x ^ 1. It is natural to wonder 
whether the value of the line integral j y f depends on the parametrization (that is, 
on the function y whose range is the given curve). Thankfully, under very general 
conditions, the answer is “no.” To give a proof of this would stray too far from our 
present purposes, but you can find one in many calculus texts, generally under the 
heading of “Green’s Theorem” or “line integrals.” 

Green's* Theorem 

The most important result on line integrals is Green’s Theorem, which will be stated 
after several more definitions. Green’s Theorem is formulated for a domain Q whose 
boundary T consists of a finite number of disjoint, piecewise smooth simple closed 
curves y l9 ..., y n (see Fig. 1.31a). We orient the boundary T of Q positively by 
requiring that Q remain on the left as we walk along T. Thus, the “outer” piece of 
the boundary of Q is oriented counterclockwise, and each “inner” piece of T (if there 
are any) is oriented clockwise (see Fig. 1.31b). For example, if Q is {z: 1 < |z| < 2}, 
the boundary of Q is positively oriented if the circle {z: |z| = 1} is traversed clock- 
wise and the circle {z: |z| = 2} counterclockwise. 

Henceforth in this section, Q is a domain whose boundary T consists of a finite 
number of disjoint, piecewise smooth simple closed curves y x , ..., y n and T is 
positively oriented. If / is a continuous complex- valued function on T, we define the 
line integral of / over T by 


f f(z) dz = £ f f(z) dz, 
Jr j - 1 J yj 


where, of course, we already know how to compute each j Vj ./(z) dz. 


George Green, 1793-1841. 
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(a) (b) 


Figure 1 .31 


Green’s Theorem relates the line integral of a function / over T to the integral 
of a certain related function over Q. In order to formulate it properly, we assume 
that there is some open set D that contains both Q and T and, on D,/has continuous 
partial derivatives with respect to both x and y. That is, if / = p + iq 9 then 

df _ dp . dq df _ dp . dq 

dx 3x~*”*3x’ dy dy + l dy’ 

where all of dp/dx, dq/dx, dp/dy , and dq/dy are continuous on D. 

With all this background, then, we can state the theorem. 

THEOREM 1 Green's Theorem 


L nz)dz=, \lM +i f} dxiv - <7) 

If you have studied Green’s Theorem in calculus, you may not recognize this 
formulation, although it is one of the easiest to work with. Let us recast Green’s 
Theorem in what may be more familiar terms. If u and v are two real-valued 
functions on an open set D containing Q and T, and if u and v both have continuous 
partial derivatives with respect to x and y on D, and if on T we set dx = (Re y'(t)) dt 
and dy = (Im y'(t)) dt , then Green’s Theorem can also be stated in this way: 

l iuix+vi,) ~iL(^~'^) jxdy ® 

The proof of equivalence of these two versions of Green’s Theorem is left to the 
exercises. ■ 

The first example that follows is a verification of Green’s Theorem for a 
triangle and some related figures. The three examples after that derive some con- 
sequences of Green’s Theorem. 
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P 


Q 


P = a + ib 
Q = c + ib 
R - d + ie 


Figure 1.32 


Example 12* Verify Green’s Theorem for a triangle. 

Solution Suppose first that the triangle T has one horizontal side (see Fig. 1.32). 

Let v be a function that has continuous partial derivatives on some open set 
containing the triangle T and its inside ft. To compute J r v dy , parametrize the edges 
of T in the following way: 


On PQ : 

x = t, y = b\ a ^ t ^ c 


t - b 

On QR: 

y = t i x = c + (d — c ) b ^ e 

e — b 

On RP: 

, t — e 

y = t, x = d + (a — d)- ; e^t^b. 

b — e 


(We have assumed that b < e\ if e < b, just reverse the range of t and the order of 
the sides.) Hence, 


This gives 




fO on 

PQ 

dy = 

< dt on 

QR 


[ dt on 

RP. 

v dy + 

v dy + 

f 

v dy 

JPQ 

J QR 

J RP 




m b 

0 -f- I v(At ■+■ B 9 1 ) dt 

+ 

v(Ct + D, t) dt , 

Jb 


* 

e 


where for simplicity we have written 


A = 


d — c 
e-b' 


B = c — b 


d — c 
e-b 9 


C = 


a — d 
b-e' 


D = d — e 


a — d 
b — e 


On the other hand, the area integral of dv/dx over the inside ft of the triangle is 
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Q 



Figure 1.33 


computed in this way. Q is described by 

ft = {(x, y): b < y < e, Cy + D ^ x ^ Ay + B}. 

Consequently, 



Next, any triangle T can be divided in two by a single horizontal line segment from 
one of its vertices to the opposite side so that each of the resulting triangles has one 
horizontal edge (Figs. 1.33a and 1.33b). Let and r 2 be the two resulting triangles, 
each positively oriented, and let and fij be their respective insides. Then 



from the computations above. The integral over the segment PS appears in both 
J Fi v dy and jV 2 v dy 9 but in both cases it is zero, since PS is horizontal. Hence, 






dx dy + 
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This establishes the formula 



for any triangle T and its inside ft. A similar argument, using triangles with a vertical 
edge, establishes the formula 



Thus, Green’s Theorem is verified for a triangle. □ 


Some further comments. Once Green’s Theorem is proved for all triangles, it also 
follows for many other regions. For instance, let Q be a bounded convex domain 
whose boundary consists of straight line segments (Fig. 1.34a). Select a point P in 
ft and draw the line segments from P to each vertex of ft (Fig. 1.34b). This breaks 

ft up into nonoverlapping solid triangles ft x , ft r with boundaries T l5 ..., T r , 

respectively. Then apply Green’s Theorem to each of these triangles, obtaining 

dx dy = (v dy + u dx\ j = 1 , . . . , r. 

Jr, 

Each line segment joining P to a vertex of ft is integrated over twice, once from P 
to the vertex and once from the vertex to P. These line integrals then cancel each 
other, and 




Figure 1 .34 
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Thus, Green’s Theorem holds for Q. A similar sort of “triangulation” argument can 
be applied to show that Green’s Theorem is valid for a bounded domain Q whose 
boundary T is composed of straight line segments. (Figs. 1.35a and 1.35b show 
representative types.) 



(a) (b) 


Figure 1.35 


Example 13 Suppose that y is a piecewise smooth positively oriented simple closed 
curve. The value of the integral 


1 C dz 

— , p not in y, 

2 m J yZ-p 

is a crucial factor in many of the theorems of complex variables. We shall now use 
Green’s Theorem to show that 


_l r ^ 

2 ni ) y z - p 


0 if p is outside y, 

1 if p is inside y. 


Let Q be the domain inside y. Suppose first that p is outside y. Let f(z) = (z — p) -1 ; 
then / has continuous partial derivatives everywhere except at p and, indeed, it is 
elementary to compute that 


df _ -1 df _ -i 

dx (z-p) 2 ’ dy ( z-p ) 2 ' 

Hence, (df/dx) + i(df/dy ) = 0 in Q, so 

l Az)i! -‘iL{l + ^} dxdy - a 

Suppose now that p is inside y. Then, of course, the function f(z) = (z — p) -1 
does not have continuous partials at p, so Green’s Theorem is not immediately 
applicable. However, let be a circle centered at p of radius e, where e is so small 
that the disc of radius 2e centered at p lies within Q. Take to be the region inside 
y but outside y { and orient the boundary of positively, so y is already correctly 
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oriented and is oriented clockwise. Then, just as above, 

df 3/ 

^- + i^ = 0 onfij, 
ox dy 

so Green’s Theorem implies that 


-*~a 

Jy z ~ P Jy, z P 


Reversing the orientation of y l so that it is now traversed counterclockwise, we 
conclude that 


f dz r dz 

J y z-p J -y t z-p' 


To evaluate the integral over — y l9 set z = p + ee**, 0 ^2n; then dz = iee lt dt , 

and 


f dz f dz C 2K iee u dt . 

J-r.z-P Jo ee“ 

Example 14 This example will derive from Green’s Theorem an important for- 
mula with numerous applications. The formula is called, not surprisingly, Green’s 
Formula. 

Begin by defining the normal derivative of a real-valued function h on the 
boundary of Q. Recall from calculus that if X = cos 6 + i sin 6 is a complex number 
of modulus one, then the directional derivative of a function h in the direction k at 
a point z 0 is 


lim »(*o + fj) ~ fc(*o) 

r ->0 t 

This is, in fact (as you learned in calculus), equal to the dot product of the 
gradient of h with the vector (cos 0, sin 0) and so has the value 

dh „ dh . „ 

— cos 6 + — sin 9. 
ox dy 

Let z 0 = z(£ 0 ) be a point of T, and let y(t) = x(t) + iy(t) parameterize a portion of 
T containing z 0 . A unit vector pointing out of Q and normal to T is 

A = (/(t) - ix'(t))([x'(f)] 2 + ly'(t)Vr 112 . 

(We shall always assume that [x'(£)] 2 -h [y'(£)] 2 is strictly positive.) Thus, the 
directional derivative of the function h in the direction normal to the boundary of 
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T, with the normal vector pointing out of T, is 


Now take / and g to be two real-valued functions that have continuous partial 
derivatives up to order two on some open set containing both Q and T. In the second 
formulation of Green’s Theorem, formula (8), define u and v by 


df dg 
V -Tx g -Tx f 


After a bit of rearranging, we obtain 


, df dg , 

and + 


1 [ g ix ) " ■ / (l ' iy ~ | *)] = jl ~ ix iy ' 

where 

A/ dx 2 Sy 2 

is the Laplacian* of / and (likewise) Ag is the Laplacian of g. In the line integral, 
multiply and divide by the expression [(x'(r)) 2 + (/(0) 2 ]~ 1/2 an d then recall from 
calculus that the element of arc-length ds along T is given by 

ds = [(x'(0) 2 + (/(t)) 2 ] 1 ' 2 dt. 

We then obtain the desired formula: 


1 { g t - / i) * " 11 m - /i9) dx d> ■ 


□ (9) 


Example 15 In a similar fashion, if we take 

-df 


« = / 


dx 


and 


f Sf 
v = -fj- 

dy 


in (8), we obtain the formula 


D (,0) 


The formulas (9) and (10) will be important in the discussion of harmonic functions. 
One application will suffice for now. 


* Named after Pierre-Simon Laplace, 1749-1827. 
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DEFINITION A function u(z) = u(x, y) with continuous first and second partial derivatives 
with respect to both x and y is harmonic on an open set D if 

d 2 u d 2 u 

+ onD 

THEOREM 2 Suppose that u is a real- valued harmonic function on an open set D and D 
contains a domain Q and the boundary T of Q. Assume that T consists of a finite 
number of disjoint, piecewise smooth simple closed curves. If u = 0 on T, then u = 0 
in Q as well. 

Proof The proof comes directly from (10) with, of course, u in place of /. The 
integral J r u du/dn ds is zero, since u = 0 on T. On Q, A u = 0; hence, 



But then du/dx = du/dy = 0 on ft, so u(x, y) is constant on £1 Since u = 0 on T, it 
follows that u = 0 on £1 ■ 


EXERCISES FOR SECTION 1.6 

Compute the following line integrals. 

1. J y z dz , where y is the semicircle from i to - i, which passes through — 1. 

2. e z dz , where y is the line segment from 0 to z 0 . 

3. ] y \z \ 2 dz , where y is the line segment from 2 to 3 + i. 

4. Jy l/(z + 4) dz, where y is the circle of radius 1 centered at —4, oriented 
counterclockwise. 

5. Jy (Re z) dz, where y is the line segment from 1 to i. 

6. Jy (z 2 + 3z + 4) dz, where y is the circle |z| = 2 oriented counterclockwise. 

7. Let y x be the semicircle from 1 to — 1 through i and y 2 the semicircle from 1 to 
— 1 through —/(Fig. 1.36). 



Figure 1 .36 
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Compute \ yi z 2 dz and J V2 z 2 dz. Can you account for the fact that they are 
equal? 

Now compute J yi z dz and J y2 z dz. Can you account for the fact that they are 
not equal? 

8. Explicitly verify the conclusion of Example 1 1 by computing j y z dz and j y z 2 dz 
when y is the square with vertices at + 1 ± i. 

1 C 2n fl k = 0 

9. (a) Show that — e' k9 dO = \* , 

2n J 0 (0, k ^ 0. 

(b) Explicitly verify the conclusion of Example 13 for y, the circle of radius 1, 
centered at 0. (Hint: 

—— = Z -T+T if0sS|p|<l and \z\ = l 

Z — P k = 0 Z 

1 00 2^ 

r — T=-EnTM if|z| = l and 1 < \p\ < oo. 

z — P k = 0 P 

Interchange summation and integration; then use (a).) 

10. Let / = u + iv be a continuous function and y(t) = x(t) + iy(t) be a piecewise 
smooth curve. Show that 


and 


Re 




Im 




(u dx — v dy) 


(v dx + u dy). 


Here, dx = x'(t) dt , dy = y'(t) dt. 

11. Use Exercise 10 to show the equivalence of the two formulations of Green’s 
Theorem: (7) and (8). 

12. Use the result of (the extension of) Example 11 to compute the following 
integrals: (a) J y (z 3 — 6z 2 + 4) dz , where y is any curve joining — 1 -hi to 1. 

(b) J y (z 4 + z 2 ) dz , where y is any curve joining — i to 2 -f i. 

13. Use Green’s Theorem to derive Green’s Identity: 



du dv 8u dv 

dx dx dy dy 


dx dy 


r du 

"Jr "dn 


ds 



vAu dx dy. 


14. Use Exercise 13 to derive Green’s Formula (9): 

1 (» I ■ / l) * ■ JL m - /49) ix iy 


15. Let u be a continuous function on the complex plane, which is bounded: 
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\u(z)\ ^ C for all z. Let y R be the circle \z\ = R. Show that 


lim 

R ->oo 


i. 


«(z) 

(* - Z 0 ) 2 


dz = 0, 


for each z 0 . (Hint: Use (3).) 

16. Let z 0 be outside a piecewise smooth simple closed curve y. Extend Example 13 
by showing that 


1 


dz 


(z - z oY 


= 0 , 


m = 2, 3, 4, 


Exact Differentials* 


DEFINITION An expression P(x, y) dx + Q(x, y) dy is an exact differential if there is a 
function g(x, y) with 


dg 

i= p 


dg 

and / = Q. 
dy 


In Exercises 17 to 20, D is a disc and P and Q are functions on D with continuous 
partial derivatives with respect to x and y. 

17. If P dx + Q dy is an exact differential, show that 

| {Pdx + Qdy}=0, (11) 

for each closed curve y in D. 

18. Use Green’s Theorem to show that 


dQ_dP_ 
dx dy 


(12) 


throughout D if and only if (1 1) holds. 

19. Suppose that (11) holds for each closed curve y in D. Show that P dx + Q dy is 
an exact differential. (Hint: Let x 0 + iy 0 be any point in D and set 


g(x, y ) 


C x 

Jx 0 


P(t, y 0 ) dt + 


Q(x, s) ds. 


yo 


Use (12) to show that g is the desired function.) 

20. Let / be a continuous complex-valued function on D. Show that there is a 
complex-valued function F on D with 




(13) 
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if and only if 


J f(z)dz = 0 (14) 

for each closed curve y in D. You may need to use the results of Exercise 10. 
21. Example 1 1 showed that J y z m dz = 0 for each closed curve y, m = 0, 1,2,.... 
What is the function F in Exercise 20 that corresponds to /(z) = z m ? 

Further Reading 

The paperback book by Konrad Knopp, Elements of the Theory of Functions (New 
York: Dover, 1952) is an excellent source for virtually all the material in this chapter. 
The sections there on linear fractional transformations can be skipped or read, 
depending on your taste; these functions are covered in Chapter 3 of this book. 



2 

Basic Properties of 
Analytic Functions 


2.1 Analytic and Harmonic Functions; the Cauchy-Riemann Equations 

Analytic functions and their close relatives, harmonic functions, are the stuff of 
which the subject of complex variables is built. This section introduces both of these 
types of functions; here and in subsequent sections, many of their significant prop- 
erties are developed. 

A function / defined for z in a domain D is differentiable at a point z 0 in D if 


j im /(z) - /(Zp) = lim /(z 0 + h)~ /(z 0 ) 

z~* Zq Z Zq h-*0 h 


(1) 


exists; the limit, if it exists, is denoted by f'(z 0 ). If / is differentiable at each point of 
the domain D, then / is called analytic in D. A function analytic on the whole 
complex plane is called entire. 

It is worth stressing here that the limit in (1) is required to exist no matter how 
z approaches z 0 ; equivalently, no matter how h approaches 0. That is, although \h\ 
must approach zero, the argument of h can change arbitrarily. This latitude is at 
the root of the difference between differentiable functions of a real variable and 
differentiable functions of a complex variable. 

Example 1 f(z) = z", n = 1 , 2, . . . , is entire, and /'(z) = nz" -1 . For 


(z + h) n - z" = nz n ~ l h + 


n(n - 1) 
2 


z" 2 h 2 


+ ••• + /!" 


“(■ 


nz" 1 + 




2 h+- + h 


-)• 


so 


(z + h) n - z" 
h 


nz 


n - 1 


as h 0. 


□ 


77 
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Example 2 The sum and product of functions analytic on a common domain are 
again analytic, and their derivatives obey the rules already familiar from calculus: 

(/ + *)' =/' + *'. (2) 

and 

(. fg)' = f'g+fg '• □ ( 3 ) 

Example 3 The quotient of two analytic functions is differentiable at all points z 0 
at which the denominator does not vanish and 



g(*o)/'(*o) - f(z o)g'(*o) 

(g(z o)) 2 


g( z o) ^ o. 


□ (4) 


Example 4 If / and g are differentiable and if the range of / lies within the domain 
of g, then g(f(z)) is differentiable with 


Lg(f(m = □ (5) 

(The proofs of formulas (2) through (5) are straightforward and are left to the 
exercises at the end of this section.) 

From Examples 1 to 4 we can immediately give two general types of analytic 
functions. 

Example 5 Any polynomial p{z) = a 0 + a x z + • • • + a n z n is an entire function. □ 

Example 6 A rational function r = p/q , where p and q are polynomials, is analytic 
on any domain containing no zero of q. □ 


Example 7 Show that the exponential function f(z) = e z is an entire function. 
Solution We know that 

e z+ * - e z = e z (e h - 1), 

by the properties of the exponential function derived in Section 5 of Chapter 1. 
Furthermore, with h = o + it, 

e h — 1 — h = {e a cos t — 1 — cr} -h i{e a sin i — i} 

= {^(cos t — 1) + e a — 1 — a] + i{e a ( sin i — i) + x{e a — 1)}. 

Hence, 


e h - 1 
h 


- 1 


e h - 1 - h 
h 


1 — COS I 

+ 

1 

1 

+ e° 

sin I — t 




I 


o 


i 
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To obtain this inequality, we used the triangle inequality, as well as the simple facts 
that 


1 1 

— ^ — and 

1*1 M 


\h\^W\ 


However, each of the four quantities within absolute value signs approaches zero 
as o and i independently approach zero (use PHopital’s Rule on each, if you like), so 


v e h ~ l t 
lim — - — = 1. 


This finally gives 


lim 

o 


- e 2 


zr e h -l 
= e lim — - — 
/« — o h 


Consequently, e z is differentiable at all points z, and 

( e z )' = e z . □ (6) 

Example 8 It follows from (5) and (6) that if f(z) is analytic on a domain D, then 
the function 

G(z) = exp(/(z)) 


is also analytic on £>, and 

G'(z) = /'(z) exp (/(z)), zeD □ 

Example 9 Let /(z) be differentiable at a point z 0 in a domain D. Show that / is 
continuous at z 0 . 

Solution For z near z 0 , 


|/(z) - /(z 0 ) I = 


/(z) - /( z o) 


z - z 0 


l z — z 0 \ -* |/'(z o )l '0 = 0 


as z -► z 0 . Hence, lim z ^ Zo /(z) = /(z 0 ). In particular, both the real and the imaginary 
parts of / are continuous on any domain on which / is analytic. □ 


The Cauchy*-Riemann t Equations 

The essential feature of an analytic function is the fact that the limit in (1) must exist 
no matter how z approaches z 0 . This leads to the pair of famous partial differential 
equations, which connect the real and imaginary parts of an analytic function. 

* Augustine Louis Cauchy, 1789-1857. 
f Bernhard Riemann, 1826-1866. 
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THEOREM 1 Cauchy-Riemann Equations Suppose that / = u + iv is analytic on a domain D. 
Then throughout D, 


du __ dv du __ dv 

dx = dy an dy = ~dx * 


( 7 ) 


Proof Let us employ the definition of the derivative of / at z 0 in two different ways. 
First take h to be real. Then 


/'(*o) 


= lim - 

/i-0 


U(x 0 + h, y 0 ) - u(x 0 , y 0 ) v(x 0 + h, y 0 ) - v(x 0 , y 0 ) 


+ i- 


du .dv 


Next, take h = ik 9 where k is real. Then 

r U(x 0 , y 0 + k) - u(x 0 , y 0 ) . v(x 0 , y 0 + k) - v(x 0 , y 0 )1 

’ M L Tk + ' Tk J 

Idu dv 

= 1Fy ( x o,yo) + Fy ( x o,yo). 

All that remains is to equate real and imaginary parts of these two expressions for 

f'M ■ 

The Cauchy-Riemann equations imply that an analytic function f = u + iv 
is actually determined by its real part u (or, equivalently, by its imaginary part v\ 
apart from an additive constant. For if we know m, we can (presumably) find v with 

dv __ du dv __ du 

dx dy an dy dx 

For example, if u(x, y) = x 3 - 3 xy 2 , then v is to be found from 

^ = 6xy and ^ = 3x 2 — 3y 2 . 
dx * dy 

Integrate 6xy with respect to x and find that v(x 9 y) = 3x 2 y + p(y), where p is 
a function of y alone. Then differentiate this expression for v with respect to y 
and compare the result with the known equality dv/dy = 3x 2 — 3y 2 . This yields 
3x 2 — 3y 2 = 3x 2 + p'(y). Hence, p(y) = — y 3 + c, where c is a constant. Con- 
sequently, v(x 9 y) = 3x 2 y — y 3 + c. A word of warning is merited here: Not every 
function u(x, y) is the real part of an analytic function. Indeed, if f =u + iv is 
analytic on a domain £>, and if we assume temporarily (and unnecessarily as it turns 
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out) that both u and v have continuous partial derivatives of first and second order, 
then 


d 2 u d 2 u d fdu\ d /du\ 
dx 2 + dy 2 dx + dy / 

_ d_fdv\ 

dx + dy \ dx) 

d 2 v d 2 v __ 
dx dy dy dx 

Hence, if u = Re /, where / is analytic on D, then u must necessarily satisfy Laplace’s 
equation: 


d 2 u d 2 u 

4 “"a? + V“°' 


Recall from Section 6 of Chapter 1 that a continuous function u with continuous 
first and second partial derivatives on D is harmonic on D if it satisfies Laplace’s 
equation on D. Thus, the real part u of an analytic function / is harmonic. Quite 
similarly, the imaginary part v of / is also harmonic. Harmonic functions arise 
with uncanny frequency in physical problems and provide one of the most impor- 
tant applications of complex variables. Many such applications are discussed in 
Chapter 4. 

We note further that a real- valued harmonic function u determines many other 
harmonic functions v by the Cauchy-Riemann equations: 


dv du , dv du 

— = — and — =— — . 

dy dx dx dy 


Such a v is called a harmonic conjugate of u; any two harmonic conjugates v and v x 
of u differ by a constant, since 


d x du du 

— (v — v x ) = - — = 0 

dy dx dx 


and 


d v du du 


Moreover, if v is a harmonic conjugate of u in a disc Q, then / = u + it? is analytic 
on Q. (The verification that / is indeed analytic depends on Theorem 3 of this 
section.) We will study harmonic functions further in Chapter 4. 
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There are other consequences of the Cauchy- Riemann equations. In each case 
of the following theorem, we shall draw the conclusion that the function in question 
is a constant. 

THEOREM 2 Suppose that / = u + iv is analytic on a domain D. If either u is constant on 
D or u 2 + v 2 is constant on D , then / is constant on D. 

Proof Suppose that u is constant on D. Then du/dx = du/dy = 0, so by the 
Cauchy- Riemann equations, we also have dv/dx = dv/dy = 0 on D. Since dv/dx is 
the rate of change of v on a horizontal line, it follows that v is constant on each 
horizontal line segment in D. Likewise, v is constant on each vertical line segment 
in D, since dv/dy = 0 in D. However, each pair of points in D can be joined by a 
polygonal curve consisting entirely of such segments (see Exercise 16, Section 3, of 
Chapter 1). Hence, v is cons tant in D . 

Suppose that |/| = y/u 2 + v 2 is equal to some constant c throughout D. If 
c = 0, then / is identically zero. Otherwise, we may divide / by c and assume that 
|/| = 1 throughout D. Hence, f(z) = 1 //(z) on D. However, l//(z) is analytic on Z), 
being the reciprocal of a nonvanishing analytic function. Consequently, the sum 
/ + / is analytic on D. This sum is then a real-valued analytic function; that is, 
/(/.+ /) is analytic, and its real part is zero. The first part of the proof then implies 
that this function must be constant. Therefore, u is constant, and another applica- 
tion of the first part of the proof implies that / is constant. ■ 

One interpretation of this theorem is that an analytic function / is constant if 
its range lies in either a vertical line or a circle centered at the origin. We shall see 
later that there are, in fact, even more severe restrictions than this on the range of 
a nonconstant analytic function. 

The Cauchy-Riemann equations, which are implied by analyticity, them- 
selves imply analyticity with an extra hypothesis of continuity on the partial 
derivatives. 

THEOREM 3 Suppose that / = u + iv and that all of u, v , du/dx , dv/dx, du/dy , and dv/dy are 
continuous in a disc centered at the point z 0 . If u and v satisfy the Cauchy-Riemann 
equations at z 0 , then / is differentiable at z 0 . 

Proof The proof is based on the Taylor series expansion of u and v and the 
Cauchy-Riemann equations. We leth = 5 + iv be a (small) complex number. The 
Taylor series for u near (x 0 , y 0 ) is 


u(x 0 + s, y 0 + v) = u(x 0 , y 0 ) + 5 


(sK 


y°) + v (j^ o. J'o) + <5 £ 1 + v£ 2) 


where E x and E 2 depend on <5 and v and approach zero as 6 and v approach zero. 
Likewise, 


v(x 0 + d, y 0 + v) = v(x 0) J'o) + <5 



(*o> J'o) + v 


f dv\ 

(/ )(X 0 . J’o) + SE 3 + V £ 4> 

\oyJ 
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where £ 3 and £ 4 depend on S and v and approach zero as S and v approach 
zero. Since the Cauchy-Riemann equations hold, replace dv/dy(x 0 , y 0 ) with 
(du/dx)(x 09 y 0 ) and (du/dy)(x 0i y 0 ) with — (dv/dx)(x 0 , y 0 ); then multiply the ex- 
pression for v by i and add the result to that for u. This yields 

/(z 0 + h) = f(z 0 ) + y 0 ) + y<>)^ h 

+ &{Ei + iE$) + v(E 2 + 1E4). 

From this and the facts that \S/h\ ^ 1, \v/h\ ^ 1, we obtain 

/(z 0 + h) - f(z 0 ) fdu\ fdv\ / 

This is exactly the statement that / is differentiable at z 0 , with derivative 
(du/dx){x 0 , y 0 ) + i(dv/dx)(x 0 , y 0 ). ■ 

Example 10 Let D be a domain on which there is a single- valued branch of log z; 
for example, take D to be the complex plane with any ray from the origin to oo 
deleted. Show that /(z) = log z is differentiable on D, and find its derivative. 

Solution 


/(z) = log z = ln|z| + i arg z 

1 y 

= -ln(x 2 + y 2 ) + i arctan^, 


where the values of arctan(y/x) are specified to lie in an interval of the form 
(i 9 0 , 0 O -f 2n). Thus, the real and imaginary parts of log z may be expressed as 


"(*, y) = ^ ,n (x 2 + y 2 )> 

v{x 9 y) = arctan 

l 

X 

It follows that 



du x du y 

dv —y 

dv x 

dx x 2 -h y 2 ’ dy x 2 + y 2 ’ 

dx x 2 + y 2 ’ 

dy x 2 + y 2 ' 

All the partial derivatives are continuous on D, and they clearly satisfy the Cauchy 
Riemann equations at all points of D\ 

du dv 

du dv 


dx dy 9 

dy dx 
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Consequently, Theorem 3 implies that log z is differentiable with derivative 


„ x/ du ,dv x . —y 

(logz) "^ + , ^“?T7 + , FT7 

z 1 


Thus, 


(log z)' = O (9) 

z 

Note that 1/z is analytic on the whole complex plane except at z = 0, but the 
function log z, whose derivative is 1/z, is not analytic on the punctured plane; indeed, 
it is not analytic on any domain D that contains a simple closed curve that surrounds 
the origin (see Exercise 25). 

Example 11 Let a be a real number. Show that the function 

m = z a 

can be defined to be analytic on any domain D in the plane that omits a ray from 
the origin to infinity. 

Solution The domain D omits a ray from 0 to infinity, so we may choose a branch 
of log z that is well-defined and analytic in D. For instance, if D omits the negative 
real axis and 0, then Log z is analytic on D . With this branch of log z fixed, we define 

z* = e alogz . 

The result of Example 8 now shows that z a is analytic on D. □ 

EXERCISES FOR SECTION 2.1 

1. Establish the following differentiation formulas: 

(a) (sin z)' = cos z (b) (cos z)' = — sin z 

(c) (sinh z)' = cosh z (d) (cosh z)' = sinh z 

(e) (tan z)' = sec 2 z (f) (arcsin z) = (1 — z 2 )“ 1/2 

(g) (arctan z)' = (1 + z 2 )' 1 

Refer to Section 5 of Chapter 1 for the definitions of these trigonometric 
functions. 

Use the rules for differentiation, formulas (2) to (6), to find the derivative of each of 
the functions in Exercises 2 to 7. 

2. z 2 -h lOz 3. exp(z 3 — z) 4. [cos(z 2 )] 3 

6. (Log z) 3 on the plane minus the negative reals 


5. (z 3 + lOO)' 4 
7. sinh(e z ) 
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For each function / listed in Exercises 8 to 11, find an analytic function F with 
F = / 

z 4 + 1 

8. f(z) = z — 2 9. f(z ) = — 2 — f(z) = sin z cos z 

11. /(z) = cosh (2 z) 

12. Let / and # be analytic on a domain. Show that (a) / + g is analytic on D and 
(/ + </)' = /' + 0'; (b )fg is analytic on D and (/#)' = /'# + fg (c)//# is analytic 
at all points z 0 , where g(z 0 ) ^ 0 and 

(f\ _ f '9- fg' 

W 0 2 


13. Show that if / is analytic on a domain D and g is analytic on a domain Ci 
containing the range of /, then g(f(z)) is analytic on D , and the chain rule holds: 
(g(fm = 0'(/(z))/'(z). 

14. Let P(z) = A(z — z x ) . . . (z — z w ), where A and z x , . . . , z„ are complex numbers 
and ,4 ^ 0. Show that 


TO = f 1 

F(z) piz-z/ 


z ^ z 1 } ...,z n . 


15. Let / be analytic on a domain D and suppose that /'(z) = 0 for all zeD. Show 
that / is constant on D. 

16. Find the derivative of the linear fractional transformation T(z) = 
(az + b)/(cz + d\ ad ^ be. In what way does the condition ad — be ^ 0 enter? 
Conclude that T'(z) is never zero, z ^ —d/c. 

17. Suppose that / is analytic on a domain D and /'(z) = a/(z), zeD, where a is a 
constant. Show that /(z) = C exp(az), C a constant. (Hint: Consider g(z) = 
e~ az f(z) and use Exercise 15 for gr.) 

18. Show that h{z) = z is not analytic on any domain. (Hint: Check the Cauchy- 
Riemann equations.) 

19. Fill in the details to make the following argument correct: Let w = g(z) = Log z 
and w 0 = Log z 0 . Then 


Log z - Log z 0 w - w 0 
0 (z 0 ) = lim = lim 


Z-Z 0 


Z - Z n 


Z - Z n 


= lim 
z->z 0 


W Wq 

- e w ° 


1 

(O 7 


at w = w 0 


1 _ 1 
e w ° z 0 ‘ 


20. Let / = u + iv be analytic. In each of the following, find t; given u. 


(a) u = x 2 — y 


(b) u = ^ 2” 

x 2 + y 2 
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(c) u = 2x 2 + 2x + 1 — 2y 2 (d) u = cosh y sin x 

(e) u = cosh x cos y 

21. Let y be a piecewise smooth simple closed curve, and suppose that F is analytic 
on some domain containing y. Show that 

| F(z)dz = 0. 

22. Use the conclusion of Exercise 21 and Example 13 of Section 6, Chapter 1, to 
prove that f(z) = log z cannot be analytic on any domain D that contains a 
piecewise smooth simple closed curve y that surrounds the origin. (Hint: What 
is the value of j y /'(z) dzl 

23. Show that if / is analytic on a domain D and if the range of / lies in either 
a straight line or a circle, then / is a constant. 

24. If z(t) is a differentiable function of the real variable t, a and if g is an 

analytic function on a domain D that contains the range of z(t), a ^b, show 
that g(z(t)) = w(r) is a differentiable function of t and 


w'(r) a= g'(z(t))z'(t). 


Cauchy-Riemann Equations in Polar Coordinates* 

25. Suppose / = u + iv is analytic in a domain D. Show that the Cauchy-Riemann 
equations in polar coordinates are 


du dv 

r ~&r^de 


and 


dv du 

= ~de' 


26. Suppose that y is a piecewise smooth simple closed curve and u is a continuous 
function on y. Let D be a domain disjoint from y, and define a function honD 
by the rule 


Jt(z) = 


1 


«(C) 

C-z 


dC, 


z e D. 


Show that h is analytic on D. 


2.1.1 Flows, Fields, and Analytic Functions* 

There are two physical phenomena, each of which provides a physical setting that 
helps us to understand analytic functions. An analysis shows that these phenom- 
ena are really the same and that they differ only in terminology. However, the 
terminology is now fixed by tradition. Thus, it is worthwhile to begin by describ- 
ing each of these situations separately; later we shall concentrate on just one of 
them. 
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Flows 

Imagine a thin layer of incompressible liquid flowing smoothly across a domain D 
in the complex plane (Fig. 2. 1). At each point z e D, we can find the direction and 
speed of the liquid, which we assume does not vary with time; equivalently, we watch 
the path taken by a particle in the liquid and we find the tangent vector to this path. 
This correspondence between points of D and the value of the velocity (speed + 
direction) of the liquid is nothing more than a complex-valued function f(z) = 
u(z ) + iv(z), z e D. Conversely, each complex-valued function / gives a flow on D by 
assigning to the point z e D the value f(z) as the velocity of the flow at that point z. 
Hence, each complex-valued function on the domain D corresponds to a (time- 
independent) flow on D, and vice versa. 



Assume now that the function / is continuous on D. Let y be a smooth curve 
in D; we examine a small segment of y. If the segment is sufficiently small, it can be 
thought of as a straight line segment, and the flow is virtually constant near the 
segment. The flow / has a component of magnitude /• n perpendicular (or normal) 
to the segment, so the amount of the flow that crosses this small segment in a unit 
time is just f-nds , where ds is the length of the small segment. Hence, j y /* n ds is 
the total amount of the flow that crosses y within a unit time. Likewise, the 
magnitude of the component of the flow that is parallel to the small segment is / • i, 
where t is a unit vector tangent to (or parallel with) the small segment, so the term 
f-xds represents the amount of the flow that is tangential to the small segment. 
Thus, J y /* i ds is the total amount of the flow that is tangential to y. 


ds 



f-n 


f’ T 
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A flow / = u + iv is termed sourceless in D if 

j* (/• n) ds = 0, ds = arc length, 

for all smooth simple closed curves y in D , where /• n is the component of / normal 
to y. Thus, for example, there is no net flow of the fluid in or out of any disc in D. 
A flow / = u + it; is termed irrotational in D if 

J ( f-z)ds = 0, ds = arc length, 

for all smooth simple closed curves y in D , where / • z is the component of / tangential 
to y. Thus, if the flow is irrotational, there is no net rotation of the fluid about any 
point of D. 


Fields 

In physics, a complex-valued function / on a domain D is thought of as representing 
a field. The term vector-field is also frequently used because the value /(z) can be 
viewed as a vector whose length |/(z)| gives the strength of the field at z and whose 
direction arg f(z) gives the orientation of the field at z. For instance, / could be the 
force field induced by the gravitational attraction of a collection of masses, or / 
could be the electrostatic field induced by a collection of charges. We assume, as 
with flows, that the field is in steady state. 

Let y be a smooth curve in D. The work done by the field in moving a particle 
along the curve y is 


J /‘Tds, 

where /• t is the component of / tangent to the curve and ds is arc length along the 
curve. The field is termed conservative if the net work done when moving a particle 
around any closed curve is zero; that is, when 


-I 


f'xds 


for each smooth closed curve y in D. 

Again let y be a smooth curve in D ; the flux of / across y is defined to be 


I 


f-nds, 


where f n is the component of / normal to y and ds is arc length. The field / is 
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termed fluxless if the net flux of / across any smooth closed curve y in D is zero; that 
is, if J y /‘ w ds = 0 for any smooth closed curve y in D. 

The reader will have noticed by now that there is a difference only in 
terminology between fields and flows: what is termed “irrotational” for 
flows is called “conservative’’ for fields and what is termed “sourceless” for 
flows is called “fluxless’’ for fields. For this reason , we will discuss only 
flows in the remainder of this section. 

We now explore the relation between a sourceless/irrotational flow / and the 
analyticity of /. We shall assume that / = u + iv , where u and v have continuous 
partial derivatives throughout D with respect to both x and y. 

Let y(t) = x(t) + iy(t), a ^ t ^ b, be a smooth curve in D\ then 

ds = vV(0) 2 + (/(t)) 2 dt 


and 


/• T = 


ux' + vy' 


since a unit tangent vector is 
Thus, 


vV) 2 + (7F 

x' + iy ' 


V(0 2 + (/) 2 ‘ 

j* f-z ds = J* u dx+ v dy = R e jJ ^ z | ; 


see Exercise 10, Section 6, Chapter 1. Consequently, the flow / is irrotational if and 
only if 


°- Re {[ 


m dz 


for all smooth closed curves y in D. 
Just as above, we find that 


J /• n ds = J u dy — v dx = Im jj /(z)dzj. 


Hence, the flow / is sourceless exactly when 

0 


' = Im jj* /(z)dz| 


for all smooth closed curves y in D. 
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Let y be a small circle in D whose inside Cl also lies in D. Green’s Theorem 
then gives 


and 



1 

1 


u dx + v dy 


udy — v dx. 


Thus, for a flow f which is either irrotational or sourceless, either the first or the 
second of these area integrals must be zero. By letting y shrink down to a point, we 
conclude that 

if a flow f = u + iv is irrotational on D, then dv/dx — du/dy = 0 on D, 

and 


if a flow f = u + iv is sourceless on D, then du/dx + dv/dy = 0 on D. 
Consequently, if a flow / = u + iv is both sourceless and irrotational, it must satisfy 

du dv 8u dv 

— = — — and — = — . 
dx dy dy dx 

But these are precisely the Cauchy-Riemann equations for the function / = u — iv , 
the complex conjugate of / = u + iv. In other words, 

when a flow f is both sourceless and irrotational on D, f must be analytic on 
D. 

In fact, something else has actually been shown too: 

A flow f on a domain D is both sourceless and irrotational on D if and only if 

| W)dz = 0 

for all smooth closed curves y in D. 

On the other hand, the use of Green’s Theorem as above shows that if / is analytic 
on D, then the flow / is locally sourceless and locally irrotational. That is, each point 
of D is the center of some disc Q in D, and in Cl the flow is sourceless and irrotational. 
Note, however, that a flow can be locally sourceless/irrotational in D but not 
globally sourceless/irrotational in D; see Example 2. 

Example 1 The function f(z) = z = x — iy gives a sourceless and irrotational flow 
on any domain. Let us find the path followed by a particle in this flow. If x(t) + iy(t) 
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is a parametrization of the path, the tangent to the path is just dx/dt + i{dy/dt\ so 

dx dy _ 

Hence dx/dt = x, dy/dt = — y, and consequently x(£) = c 1 e t 9 y(t) = c 2 e~ t for con- 
stants and c 2 . In particular, xy = c x c 2 = constant. The curves xy = constant are 
thus the paths traced out by the flow. In general a streamline of the flow is the path 
followed by a particle in the flow. Here, then, the streamlines are the curves 
xy = constant. The direction of the flow is determined by the signs of and c 2 
(Fig. 2.2). The origin is a stagnation point of the flow — once there, it is impossible 
to leave (of course, nothing actually gets there). □ 



Figure 2.2 

Example 2 The function f(z) = 1 /z gives a locally sourceless and irrotational flow 
on any domain D that does not include the origin (where / is not defined). Note, 
however, that on the circle \z\ = 1, the normal component of / is 

/• n = cos 9 cos 6 + sin 9 sin 0=1, 

and so 

f-nds= 1 ds = 2n. 

Jm-1 Jm-1 

Thus, the flow f(z) = 1/z, although locally sourceless, is not globally sourceless 
(Fig. 2.3). □ 

Example 3 The function f(z) = z gives a flow on the plane. Since f(z) = z is not 
analytic on any domain (Exercise 18, Section 1), this flow cannot be both sourceless 
and irrotational. Indeed, x + iy = z = /(z) = u + iv 9 so 
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The flow /( z) = 1 1 z. 

The streamlines are 
arctan (y/x) = constant 
and there is a source 
at z - 0. 


Figure 2.3 


Therefore, 


and 

1 ’ “ iy - ’ dx - jj„ [f x + 1] ■ ix iy - 2 area(n) - 

That is, the flow is irrotational but definitely not sourceless. If you are interested, 
it is challenging to discover the “sources” of this particular flow. □ 


The ideas of this section will prove useful later in this chapter, after some more 
techniques have been developed, and again in Chapters 3 and 4, in the context of 
conformal mapping. 


EXERCISES FOR SECTION 2.1.1 


In Exercises 1 to 8, decide whether or not the given function represents a locally 
sourceless and/or irrotational flow. For those that do, decide whether the flow is 
globally sourceless and/or irrotational. Sketch some of the streamlines. 


1.x 3 - 3 xy 2 + i(y 3 - 3 yx 2 ) 


2 . 


x 2 + y 2 


+ i 


x 2 + y 2 ’ 


x 2 + y 2 > 0 


4. x 2 — y 2 + 2ixy 


6. e y cos x + ie y sin x 


3. cos x cosh y + i sin x sinh y 
5. x 2 — y 2 — 2 ixy 

7. e x cos y + ie x sin y 8. cosh x cos y + i sinh x sin y 

9. Suppose that G is analytic on a domain D and /(z) = G'(z). Show that / represents 
a sourceless/irrotational flow on D. 
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2.2 Power Series 

This section is devoted to examining functions of a very special nature: power series. 
These functions represent a fusion of the ideas on infinite series introduced in 
Section 4 of Chapter 1 with the concept of an analytic function introduced and 
studied in Section 1 of this chapter. In Section 4 of this chapter, we shall see that 
there is a full and complete relationship between analytic functions and power series. 
A power series in z is an infinite series of the special form 

00 

Z a„(z - z o r, (1) 

n = 0 

where a 0 , a l9 ... are complex numbers, called the coefficients of the series; z 0 is fixed 
and is called the center of the series. One example of such a series has already 
appeared in Section 4 of Chapter 1, namely, 

f(z) = Z Z n = — — , |z| < 1 . 

n=0 1 — Z 


Of course, any polynomial, 


P( z ) = z b « z "> 

n = 0 

is also an example of such a series. Other examples are the power series 

oo 2 n 00 7 Zn 00 -2» + l 

Z -7, Z (- I (-^ V -V nt » 

n=o n! „= 0 ( 2 n)! „= 0 ( 2 n + 1 )! 

all three of which converge for all z by use of the ratio test (see Section 4 of Chapter 1). 
The first major result on power series is as follows. 

THEOREM 1 Suppose there is some z x ^ z 0 such that Z a «( z i — z o) n converges. Then for 
each z with |z — z 0 | < \z x — z 0 |, the series Z fl n( z — ^o)” is absolutely convergent. 

Proof Suppose that |z — z 0 | ^ r < \z t — z 0 |. Since Y,o a n( z i _ z oT is convergent, 
we know that 


lim a„(z 1 - z 0 ) n = 0. 

n-*oc 


In particular, there is a constant M with 


Wn\\ z l ~ z o\" ^ M 


for all n. Hence, 
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kllz-Zol" = \a„\\zi 


z 0 r 


/ u-xpi y 

\Ul - z o\ / 


^Mp", 

where p = r/\z l — z 0 \ is less than 1. Hence, the series Ea„(z ~ z o )" is absolutely 
convergent. ■ 


The Radius of Convergence 

For any power series £§* a„(z — z 0 ) n , there are always three mutually exclusive 
possibilities: 

The series £ a„(z — z 0 )" converges only for z (2) 

The series Y a n (z — z 0 ) n converges for all z. (3) 

The series Y a n (z — z 0 ) n converges for some z ^ z 0 , but not for all z. (4) 

Let us examine the third possibility (4) more thoroughly. Suppose z' and z" are two 
points with 


Y a n (z' - z 0 ) n convergent, £ a„(z" - z 0 ) n divergent. 

n=0 n= 0 

By Theorem 1, 

00 

|z — z 0 | < \z’ — Zq\ implies that Y, a n( z ~~ z o T converges, 

o 

and 

00 

I z — z 0 1 > |z" — z 0 1 implies that ^ a w (z — z 0 ) n diverges. 

o 

In particular, |z' — z 0 | < |z" — z 0 |. That is, any point of convergence of the series 
lies no farther from z 0 than any point of divergence of the series. Continuing in this 
fashion to examine the convergence of Yo a „(z — z 0 ) w , a number R can be defined 
by this rule: R is the unique number such that 


I z — z 0 | < R 


implies that 


E a n( Z ~ 
0 


z 0 ) n converges , 


and 


( 5 ) 
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| z — z 0 \ > R implies that £ fl„(z — z 0 )" diverges. 

o 

That is, R is the largest number with the property that whenever |z — z 0 | < R, the 
series £fl„(z — z 0 ) n converges. When |z — z 0 | = K, the series Y,o a n (z — z 0 ) n may 
converge or may diverge. The number R is the radius of convergence of the power 
series YjS a n( z ~ z o )"• To make the picture complete, if the series satisfies (2), we 
define R = 0, and if (3) holds, we define R = oo. To reiterate, a power series 
Y,o cL n { z “ z o)”> which converges for some z ^ z 0 , always converges within a disc 
{z: |z — z 0 | < K}, where R is positive or R is infinity. 

The radius of convergence R of the power series Y,o a n( z ~ z oT depends in a 
very explicit way on the coefficients {a n }. The general formula is a bit complicated 
(see Exercises 28 and 29), but two simple and useful cases are as follows. 

THEOREM 2 Suppose that Y,o a n( z — z oT is a power series with a positive or infinite radius 
of convergence R. 

(a) If lim,,^ \a n+l /a n \ exists, then 


R 


= lim 

n-» oo 


(6) 


(b) If lim,^ yfoj exists, then 


R 


= lim yfoj . 


( 7 ) 


Proof The proofs of (a) and (b) are nothing but the ratio and root tests, respectively. 
To see why (a) is true, let L be the limit of |a„+i/aj. Then 


lim 

n-*ao 


fl n+l( z — z o )" +1 

a„(z - z 0 ) n 


= | z — z 0 1 lim 

oo 


a n + 1 

a n 


|z - z 0 |L. 


When | z — z 0 |L is less than 1, the series Y,o a n( z ~ z oT is absolutely convergent; 
when | z — z 0 |L is greater than 1, the series Y< a n( z ~ z oT diverges; see Exercise 43, 
Section 4 of Chapter 1. By the definition of R , we must have R = 1/L or \/R = L. 

The proof of (b) is virtually the same, with the root test replacing the ratio test; 
see Exercise 42 of Section 4 of Chapter 1. ■ 

Example 1 The power series £o 5"(z — 1)" has radius of convergence R = j, since 


i = lim = 5. 

ft-* 00 
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Hence, the series converges within the disc | z — 1| < j and diverges for all z with 
|z-l|>i. □ 

Example 2 The power series ( — 1)" z"/n\ converges for all z, since 

i im ^. lim i(-f>; | ) ! i , lim ' , 0 . 

n-»oo \u n \ w - *oo |( 1) /n!| n-*oo W + 1 

so 1 /R = 0, which means that R = oo. □ 

Example 3 Find the radius of convergence of the power series 

0 ° 1 

z 

n=0 Z. 


Solution Use (7): 


R 



lira 


= ( 1 2 ) 



1 


4’ 


because lim n ^ x ^/n = 1 (see Exercise 21(a) of this section). Hence, R = 4. □ 

Example 4 Find the radius of convergence of the power series 4 "z 3 ". 

Solution Here 


a k — 



if Ic = 0, 3, 6, 

otherwise. 


so technically speaking, neither (6) nor (7) can be applied. However, when we write 
w = z 3 , the power series becomes Y,o 4"w”. This power series has radius of conver- 
gence that is, the given series 

converges if i > |w| = |z| 3 

diverges if i < |w| = |z| 3 . 


Hence, the first series 4”z 3 " has radius of convergence R = 4 1/3 . □ 

Example 5 Here is another example that shows the limitations of formulas (6) and 
(7). Let / be the power series 
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That is, 


/(z) = £ 4" <_1,B z". 

n = 0 



if n = 0, 2, 4, . . . 
if n = 1, 3, 5, 


The two power series 


/l(z) = 


£ 4 2 "z 2 " 
«=0 


and 


/z( z ) = £ zir z2 " +1 

n = 0 4 

have radii of convergence = £ and K 2 = 4, respectively, and 
/(z) = /i(z) + / 2 (z) if \z\ < 

Hence, the radius of convergence of / is at least But it cannot be bigger than 
since the series for diverges whenever \z\ > Hence, R = ^. But note that neither 
(6) nor (7) was available to reach this conclusion. The general formula for R , which 
does cover this case, depends on some special knowledge from real analysis and is 
presented in the exercises. □ 

The Derivative of a Power Series 

We can now begin the chief task of this section: to show that a function / given by 
a power series 


/(z) = X a„(z - z 0 y (8) 

0 

with a positive or infinite radius of convergence R is actually analytic within the disc 
\z — z 0 \ < R, and its derivative is given by 


/'(z) = z na„(z - z 0 ) n *. 
1 


( 9 ) 
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We begin by showing that the power series on the right side of (9) has radius of 
convergence at least R. Let \z — z 0 \ = r < R, and let s be between r and R,r < s < R. 
Then, for all integers n greater than some N, 

nr n ~ l ^ s", n ^ N, (10) 

since lim,,^ n(r/s) n = 0; see Exercise 21(b) at the end of this section. Thus, 

n\a„\\z - z 0 T _1 ^ \a n \s n , 

and since s < R, the series Y,o converges. Hence, the series Y, na n( z ~ z oT ~ 1 
converges whenever \z — z 0 \ = r < R. 

Let g be the series on the right side of (9): 

00 

g(z) = £ na„(z - z 0 ) n ~ l . 

« = 1 

It simplifies the notation to assume z 0 = 0; this can be done with no loss of 
generality. Suppose z is in the disc of radius R centered at 0; let d = %(R — |z|), and 
suppose that \h\ < 5. Now compute 


f(z + h)~ f(z) = £ a«l(z + hf - Z n ] 


= <j 1 Ji + £a„[(z + /i)"-z"]. 
2 


This gives 


/(z + h)~ f(z) 


-g(z) 


■H 




Now the binomial theorem (Exercise 20, this section) gives 

(z + hr - z n 


where 


n\ n\ 


j) Mn-j)\ 


h 


— . Hence, 


- nz "- 1 = £ (J )z"- J h J -\ 


(z + h) n - z" 


— nz 


71-1 




^\h\Z^.)(R-26rW- 2 
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= \h\6~ 2 t - 2Sf~ j S j 

<\h\s~ 2 £(^j{R-2sy-w 
= |fc|(r 2 [(K - 26) + 5]” = \h\d~ 2 (R - sy. 


This leads to the estimate 


f(z + h) - f(z) 


- g(z) 


< \h\5 - 2 X \a n \(R-6r. 

n= 2 


This last quantity goes to zero as h -► 0 (recall that S is fixed), so we have established 
that / is differentiable with derivative equal to g : 

( 00 \ ' 00 

Z a » z "J =Z na « z "‘ 1 - 

This is what we set out to accomplish. However, even more can now be said. The 
series is also a power series with radius of convergence R , so it, too, is 

differentiable in the disc \z\ < R with derivative 

(J«a M z"->y = £»(„- \)a n z"- 2 . 

This process can be continued indefinitely, of course, to obtain the following 
theorem. 


THEOREM 3 If /(z) = YJS a n( z ~ z o T has a positive or infinite radius of convergence R , then 
within the disc |z — z 0 | < R,f is infinitely differentiable, each derivative being again 
given by a power series 

00 

p k \z)= z !K( Z - z o)""*. k= 1,2,.... (11) 

n=k 

In particular, by setting z = z 0 , we have 

^^ = a n , n = 0, 1, 2, — ■ (12) 



Example 6 The power series 
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has radius of convergence infinity (by the ratio test) and hence is an entire function. 
According to Theorem 3, its derivative is 



Y — 

nk (n - 1)! 



That is, the function is its own derivative. Let us denote the sum of the series by F : 


Then 


m - £ h- 

n=0 n ! 


(e~ z F(z))' = — e~ z F(z) + e~ z F'(z) 


= 0 , 

since F' = F. Thus, F(z)e~ z = k for some constant k (by Exercise 15 of Section 1). 
But 1 = F(0) = k, so F(z) = e z , and thus, 

0 ° 

e z = 1 3- ° (13) 

n = 0 n\ 

Example 7 Show that sin z and cos z have power series expansions valid for all z; 
find the series explicitly. 

Solution From Example 6, we know that 


Hence, 



cos z 




„? 0 ( 1)n (2n)f 


Likewise, 


sin z 


oo -2«+l 

f (- 1 )" . 

h V ^ (2n + 1)! 


□ 
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Multiplication and Division of Powers Series* 

Suppose that the two power series /(z) = £o a n z " and 9i z ) = Zo b n z ” both have 
radius of convergence at least R for some positive number R; the product f(z)g(z) 
is then defined and analytic in the disc {z: |z| < R}. Formally multiplying out the 
series for /(z) and that for g(z) and collecting equal powers of z, we obtain 

/(z)gf(z) = (<z 0 + a x z + a 2 z 2 +---)(b 0 + b x z + b 2 z 2 + •••) 

= a 0 b 0 + (a<A + a x b 0 )z + ( a 0 b 2 + a x b x + a 2 b 0 )z 2 + ■■■ 

00 

= Z c » z "> 

n=0 


where 


k=0 

These manipulations are, in fact, correct, and the power series £c„z n has radius of 
convergence at least R. The formal statement of this result follows, and the proof is 
presented at the end of Section 4. 

THEOREM 4 Suppose that f(z) = Y,n=o a n zn a nd g(z) = Y,n=oK zTt are two power series, 
each with radius of convergence R or more, R > 0. Then their product fg can also 
be expressed as a power series in the disc \z\ < R: 

oo n 

(fg)( z ) = Z c » z "< where c » = Z a k b n- k - ■ 

n=0 k= 0 

Example 8 Find the power series expansion of e z /(\ — z) about z 0 = 0 in \z\ < 1. 
Solution We know that 


e ' =1+z + 2i 



all z 


and that 


1 + z + z 2 + z 3 + ***, \z\ < 1. 

1 — z 


Hence, 


e z 

1 — z 


, ~ 7 8 ^ 65 , 

1 + 2z + - z + — z + — z + 
2 3 24 


|z| < 1. 


□ 
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Example 9 Find the power series for (1 — z 2 ) sin z about z 0 = 0. 
Solution Again, just formally multiply out the two series 

(l-z 2 )(sinz) = (l-z 2 )(z-i- + ^- •••) 


7 3 21 5 

= z z 3 H z 5 — • • \ 

6 120 


□ 


Example 10 Later in this chapter, we will show that z esc z has a power series 
expansion near z = 0. Assuming this for the moment, find the first few terms of this 
series. 

Solution Since z esc z = z/ sin z, we are faced with a problem of division of series. 
However, every division problem can be replaced by an equivalent multiplication 
problem, and this is what we will do here. Write 

z esc z = b 0 + b x z + b 2 z 2 + • • •. 


Then 

z = (z esc z) sin z 

= (K + t>i z + ^2 z2 + “ *)^ z — g- + _ ) 

= b 0 z + b x z 2 + (b 2 - f)z> + + { b *-J + ^) zS + ••• • 

Equate coefficients of equal powers of z and obtain a series of equations for the 
by. 

1 = b 0 , 0 = b lt 0 = b 2 —-jr, 0= — ^ + b 3 , 0 = — ~ + K. 

Hence, b 0 = 1,6,= 0, b 2 = %,b 3 = 0, b A = Consequently, 

zcscz = 1+ I + 4 z4 + '"' d 


Note that this technique of dividing series works all the time, provided that it is 
known that the quotient does actually have a series representation. We shall look 
further into this issue in Section 5 of this chapter. 



2.2 Power Series 103 


EXERCISES FOR SECTION 2.2 

In Exercises 1 to 6, use Theorem 2 or Example 4 to find the radius of convergence 


of the given power series. 


i. E *(* - 1)‘ 

k=l 

2. £ (fc!)2 (z 2)* 

*4 (2k)! 1 ' 

oo 

00 

3. Y Z -r 

j=0 2 J 

4. E ( — l)** 2 * 

k = 0 

5. £ 5 <-1) "z" 

n=0 

, £ (2k)(2k — 2)... 4- 2 , 

6. > z 

*=i (2k — l)(2fc — 3) . . . 3 • 1 


In Exercises 7 to 13, find the power series about the origin for the given function. 


7. «T 
9. 


1 -z 3 ’ 
_2 


1L (4 -z) 2 ’ 

12. sinh(z 2 ) 


1*1 < 1 

1*1 <4 


Hint: 


1 


8. z 2 cos z 

iai±i, 

1 — z 

d n 

a “-[(«- 


(fl — z) 2 dz 

13. (sin z) 2 


1*1 <1 

-0 


In Exercises 14 to 18, find a “closed form” (that is, a simple expression) for each of 
the given power series. 


i6. fnfz-ir 1 i7. E(-i r ( - j ni) " 

n=l n = 0 W. 

18. £ n(n — l)z” (Hint: Divide by z 2 .) 

«=2 

19. (a) Suppose that the radius of convergence of the power series f(z) = 

Y,n=o a n( z “ z oT is R 9 R > 0. Show that the radius of convergence of 


14- E 

n = 0 


15. £ * 3 " 

n = l 


F ( z ) = E —77(2 _ 2 o)‘ 

n = 0 W + 1 


,n + l 


is at least R. 

(b) Show that F'(z) = /(z) for all z with |z — z 0 | < R. 

(c) Use parts (a) and (b) to show that 


z 2 z^ z 4 

Log(l -z)= -z-y- J- — , if |z| < 1. 


20. Establish the binomial formula for any pair ( a , b) of complex numbers 
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(a + br-^fya'-V, 


n\ 


j'\n-j)V 


(Hint: One technique is to prove the formula by induction on n.) 

21. Show that (a) lim^^^/n = 1; (b) linv^np" = 0 if \p\ < 1; 

(c) lim^^ j/M =1 if M is positive. 

(Hint: For (a), write 


j/n= 1 + £„, £„ > 0; then n = (1 + £„)" > 1 + 


n(n - 1) 


by Exercise 20.) 

22. (a) If /(z) = Y,n=o a n( z ~ z oT has radius of convergence R> 0 and if f(z) = 0 

for all z, \z — z 0 \ < r ^ R, show that a 0 = a t = * = 0. 

(b) If F(z) = a n (z - z Q ) n and G(z) = Y,o K( z ~ z oT are equal on some disc 
\z — z 0 \ < r, show that a n = b n for all n. 

23. Let a 0 , a l9 a 2 , . . . be complex numbers with either 

lim Y/M = L or lim = L. 

h - *oo n~> oo \ a n\ 


Show that the series 


y a " 

fko {z - z 0 ) n 

converges absolutely for all z with |z — z 0 | > L and diverges for all z with 
I z — z 0 1 < L. 



24. Let the radius of convergence of /(z) = a n (z — z 0 ) n be R, 0 < R ^ oo, and 
let r < R. Set 

/n(z) = Z a A z - Z oK 
;=n 


n= 1,2,.... 
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Given e > 0, show that there is an N such that |/„(z) — f(z) | < e for all z with 
| z — z 0 | ^ r and N. 

(Hint: The series £j°= 0 \aj\r J converges, so there is an N such that 


X I aj\r J < e. 

N 

Hence, forn ^ N and |z — z 0 | ^ r, 


\f n (z)-f(z)\ = 


Z a ;( z “ z oV 


Z I a j\ f 


n + 1 


< Z \ a j\ rJ < e -) 

N 


The Binomial Theorem for Real Exponents* 

25. Suppose that a is a real number but not a nonnegative integer. Define (“) for 
each nonnegative integer j by 


and in general, 


o- 

G:.) 


= 1, 


a(a - !)...(«-; + 1) 


= a, 


;= 1,2 


• 1 as./ ao. 


Show that 

26. Show that the radius of convergence of the series 

F(z) 


-i(:> 


is 1. 

27. (a) Show that the function F defined in Exercise 26 satisfies the differential 
equation 


(1 + z)F(z) = aF(z). 

(Hint: Compute F; then multiply it by (1 + z) and add terms with equal 
powers of z.) 
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(b) Conclude from (a) that F(z) = (1 + zf; that is, 

121 <l 

General Formula for the Radius of Convergence of a Power Series* 

Let {x n } be a bounded sequence of nonnegative real numbers. Define 

lim sup x n = p 


to be the largest number p such that each interval (p — e, p + e) contains x n for 
infinitely many indices n. (The fact that such a p exists is a fundamental property of 
the real numbers.) 

If {x n } is unbounded, define (lim sup),,^ to be infinity. 

28. (a) Show that there are integers {nj}f =1 increasing to oo such that 

lim = p. 

j-* 00 

(b) If {n fc }® =1 is a sequence of integers increasing to oo and if lim^ x„ k = a, 
show that a ^ p. 

29. Let Y,o a n( z ~ z o) n be a power series with radius of convergence R. Show that 

4 = I™ sup y[aj. 

K- n-*ao 

Outline: Let L = lim sup ^/|aj . Given e > 0, there is an N such that j/\a^\ < 
L + e for all N. (Why?) Suppose that \z — z 0 \ < (1 — e)/(L + e); then 
\a n \ | z — z 0 \ n < (1 — e)" for all n ^ JV, so Y,o a n( z — ^o)” absolutely conver- 
gent. Hence, R ^ (1 — e)/(L + e) for each e > 0. (Why?) Therefore, R ^ 1/L. 
Conversely, suppose that \z — z 0 \ > 1/(L — e) for some e > 0. There are infi- 
nitely many indices n with j/\a n \ > L — e. (Why?) Hence, \a n \\z — z 0 \ n > 1 
for infinitely many indices «, so Y,o a n( z ~ z oY diverges. (Why?) Hence, 
R ^ 1/(L — e) for each e > 0, so R ^ 1/L. Hence, R = 1/L. 


2.3 Cauchy's Theorem and Cauchy's Formula 

Cauchy’s Theorem is the linchpin of complex variables. We shall first prove the 
result with the added assumption that /' is continuous. As it turns out, an analytic 
function automatically has a continuous derivative. However, it is somewhat techni- 
cal to prove this. For that reason, we isolate most of this work as a special starred 
subsection 2.3.1; the final step is Theorem 1 of Section 4. Throughout this section, 
we shall assume that /' is continuous. 
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THEOREM 1 Cauchy's Theorem Suppose that / is analytic on a domain D. Let y be a 
piecewise smooth simple closed curve in D whose inside Q also lies in D. Then 

| f(z) dz = 0. 

Proof Recall that we will assume initially that /' is continuous. We know from 
Green’s Theorem (Section 6 of Chapter 1) that 

I /(z) * =i Lf{s +i f} ixdy - 

ft 

However, because / = u + iv is analytic, u and v satisfy the Cauchy-Riemann 
equations. Hence, 

df .df du ,dv r du . dvl 
dx + * dy dx + * dx + [ dy + * dy\ 

du 8v r dv du ~ I 

dx dy + 1 + dy J 


= 0 + 1 ( 0 ) = 0 . 


The incredible utility of Cauchy’s Theorem is due in part to its great generality 
and in part to the fact that it can be conjoined with an assumption about the 
geometry of the underlying domain to yield additional and somewhat unexpected 
results. In what follows, we pursue the latter path. 

DEFINITION A domain D is simply-connected if, whenever y is a simple closed curve in £>, 
the inside of y is also a subset of D. 

A less formal way of saying that D is simply-connected is to say that “£> has 
no holes in it.” Several examples will help make the concept more concrete. 

Example 1 The disc {z:\z — z 0 \ < R} is simply-connected, as is the horizontal strip 
{z: a < Im z < b}. □ 

Example 2 Any convex domain Q is simply-connected. □ 

Example 3 Neither the annulus (z: 0 < r x <\z — z 0 \ <r 2 ) nor the punctured 
disc {z: 0 < |z — z 0 | < r 2 } is simply-connected. This follows from the fact that for 
each r, < r < r 2 , the circle |z — z 0 | = r lies in the annulus and the punctured disc, 
but the inside of this circle, which is the disc {z: |z — z 0 | < r}, is not a subset of 
either. □ 
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Example 4 The domain obtained by deleting the line segment 0 ^ x ^ 1 from the 
open disc {z: |z| < 1} is simply-connected, while the domain obtained by deleting 
the segment 0 ^ x ^ ^ is not simply-connected (see Fig. 2.4a and 2.4b). □ 

Example 5 The domain obtained from the annulus {z: r < \z\ < R} by deleting 
those x with r < x < R is simply-connected (Fig. 2.4c). □ 





Figure 2.4 


Our results connecting Cauchy’s Theorem and simple-connectivity follow 
below. Recall that we assume /' to be continuous; the results of Section 2.3.1 will 
show this to be superfluous. 

THEOREM 2 Let D be a simply-connected domain and T a closed curve in D that is 
composed of a finite number of horizontal and vertical line segments. If / is analytic 
in D, then 

[/(£)# = 0 . ■ 

This is rather intricate to prove completely, but any picture (for instance, 
Fig. 2.5) makes it reasonably clear. You can draw several more pictures of such 



Figure 2.5 
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closed curves to explore their other possible configurations. The crux of the matter 
is that any closed loop in T surrounds only points of D, since D is simply-connected. 
Given that this is the case, repeated applications of Theorem 1 then establish 
Theorem 2. 

We now show another connection between simple-connectivity and analyticity. 

THEOREM 3 If / is analytic in a simply-connected domain D , then there is an analytic 
function F on D with F' = f throughout D. 

Proof Fix some point z 0 in D and define F at a point z of D by the rule 

F(Z) = J /(C) dc, 

where y is a polygonal curve in D joining z 0 to z, which is composed of a finite 
number of horizontal/vertical line segments. If y t is another such curve, then 
T = y — is a closed curve in D made up of horizontal/vertical line segments and 
consequently (by Theorem 2), 

0= /(w)dw = /(w) dw — f(w)dw. 

Jr Jy Jy, 

Thus, the value of F(z) does not depend on the choice of curve y from z 0 to z; in 
mathematical language, F is well-defined. We now need to show that F' = /. Let z l 
be a point of D and let r be a number so small that the disc {z: |z — z x | < r} lies in 
D. Now let \h\ < r, and let L be the curve joining z x to z i + h which is composed 
of one horizontal and one vertical segment (see Fig. 2.6). Note that the total length 
of L is at most 2\h\ and that 


i 


dz = 


h. 



z. + h 


Figure 2.6 
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Let y t be a polygonal curve composed of horizontal and vertical segments joining 
z 0 to z x + h\ again refer to Figure 2.6. The curve T = y x — L — y is then a closed 
polygonal curve consisting of horizontal and vertical segments. Hence, the line 
integral of / over T is zero. Equivalently, 


0 = 


no dc 


-I 


AO dC 


= F(z 1 + h) — M)dC-F( Zl ). 


This gives 


Consequently, 


F(z i + h) - F( Zl ) = 


1 


node. 


F(z, + h) - F( Zl ) ,, , f [/(C)-/(z,)] 

* /(Zl) = J, * ^ 

Given a > 0, choose S > 0 so small that | /(C) — f(z x )\ < e whenever |C — zj < S. 
This is possible because / is continuous at z x . For \h\ < 8, inequality (3) in Section 
6 of Chapter 1 and the above imply that 


F(z l +h)~ F(z t ) 


-f(z i) 


^\h\ { max l/( w ) - /( Zl )l) 2 l ,I l < 2e - 


Consequently, the derivative of F at Zj exists and equals /(zj. 


COROLLARY Let / be analytic on a simply-connected domain D, and let y be a piecewise 
smooth closed curve in D. Then 


I 


f(z) dz = 0. 


Proof Let F be a function on D with F' = /. Then 


| f{z) dz = j F' 


(z) dz = F(endpoint) — F(initial point) 


= 0, 


since the curve y is closed. 
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Cauchy's Formula 

THEOREM 4 Cauchy's Formula Suppose that / is analytic on a domain D and that y is a 
piecewise smooth, positively oriented simple closed curve in D whose inside Q also 
lies in D. Then 

f(z) = ~ f ~dc, for all z e ft 
2 711 JyC-Z 

Proof Since z is inside Q, there is a positive number <5 0 so small that the disc 
{w: |w — z\ < <5 0 } lies within Q also. Let d be a positive number smaller than <5 0 , 
and let Cl d be the domain obtained by deleting the disc {w: |w — z| ^ 5} from fi. 
The boundary of Q, d consists of the two curves y, oriented positively, and the 
circle {w: | w — z\ = 5 }, oriented negatively. We may apply Green’s Theorem to the 
function 


g( 0 = 


m 

C-z 


on the region Cl d . Because g is analytic on Q d9 it follows (as in the proof of Theorem 
1) that 


da - dg n 

throughout Hence, the double integral term is zero, so 

o ~\L[^ +,a i\ ixd, 'L ei0i( 

= f 9(0 dt- f g(0 dl 

JV Jfc-z\=d 

Replacing g with its equivalent expression involving / and then transposing, we 
obtain 


JyC-Z J |c-,|-,C-z 

However, the right-hand side of this equation converges to 2ni f(z) as 5 -+ 0 (see 
Example 10, Section 6, Chapter 1). This establishes the conclusion. ■ 

Cauchy’s Formula has many applications, as we shall see. In the following 
examples, we use it to evaluate definite integrals. 
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Example 6 Find the value of jo* d6/(2 + sin 0). 

Solution The idea in this example, and others like it, is to use the substitution 
z = e ie effectively. We begin with three identities: 



i z 


Thus, 2 + sin 0 = 2 + (ji)(z — 1/z) = (^)(4 — iz + i/z\ and 


d0 

2 + sin 0 


2 dz 



2 dz 

z 2 + 4iz — 1 * 


Now, 

z 2 + 4 iz - 1 = [z - i(V 3 - 2)] [z + i(y/3 + 2)]. 

Set p = i(>/3 — 2) and q = — /(^/I + 2); p lies within the circle |z| = 1, while q lies 
outside the circle |z| = 1, since \q\ = y/3 + 2. The function (z — ^) -1 is analytic in 
the disc |z| < yfh + 2, so Cauchy’s Formula (Theorem 4) gives us 


_L f dz 1 _ 1 

2ni J|z|=i (z-q)(z-p) p-q 2^/3 i * 

But the integral is just 


1 

r ^ i 

ie ie de 1 

' 2<i dd 

2ni % 

1*1=1 ( z - q)( z - P ) . 

o 2/e l0 (2 + sin 0) 47n % 

o 2 + sin 0 


This yields 


f 2 * 2 tt 

Jo 2 + sin 0 ^3* 


Example 7 Evaluate the integral 


271 





□ 


1 — 2a cos 0 + a 2 9 


0 < a < 1. 
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is called the Poisson kernel and plays an important part in the subject of harmonic 
functions; we will return to P a (6) in Chapter 4. □ 


Example 8 The following is a more difficult application, this time of Cauchy’s 
Theorem. The function f(z) = exp( — z 2 ) is entire. Let jS be fixed, ft > 0, and let R be 
a large positive number; let y be the contour in Figure 2.7. Hence, J y f(z) dz = 0, by 
Cauchy’s Theorem. Parametrize the contour y as indicated in Figure 2.7. Thus, 


fR ft 

0 = e~ xl dx + e 
Jo Jo 


-(R + it ) 2 


i dt + 


e M+x ) 2 fa _|_ e (it) 2 i fa 


f- 


fR ffi fR fP 

= e~ xl dx + i e~ Rl e~ 2iRt e x 2 dt — e p2 e~ x2 e~ 2ipx dx — M 

Jo Jo Jo Jo 


e r2 dt. 


As R -► oo, the first integral approaches jy/n, since 


r 


e x2 dx = J n. 


(This should be familiar from calculus; also see Exercise 20 in this section.) 

z = x 0 < .t < R 
y: z- R + it, 0 < / < p 

z = .v + //3, /?>jc>0 
z — it, p > / > 0 



Figure 2.7 

The second integral can be estimated by 


so 


fP ft 

e~ 2lRt e t2 dt < e %2 dt ^ /te** 2 , 

Jo Jo 

r 


e~ R2 J e~ 2lRt e t2 dt 0 

as R -*• oo. (Recall that jS is fixed.) The third integral converges to 

e“* 2 [cos(2/?x) — i sin(2j?x)] dx 


f 



2.3 Cauchy's Theorem and Cauchy's Formula 115 

as R -> oo. Setting the real and imaginary parts of the resulting expression separately 
equal to zero, we find that 

e p2 j* e~ x 2 cos(2 fix) dx = (2) 

and 

e fi2 J°° e'* 2 sin(2/?x) dx = j** e ' 2 dt. □ (3) 

The next example shows that for a polynomial, Cauchy’s Formula is actually 
an easy consequence of Taylor’s Theorem and Cauchy’s Theorem. 

Example 9 Directly verify Cauchy’s Formula for a polynomial. 

Solution Let /(f ) = a 0 + 0i C + • • ’ + a„t n , a n # 0, be a polynomial. We expand / 
in a Taylor series about the point z 0 : 

/( 0 = ho "F ^i(C — z o) + ^ 2 (C — z o) 2 + " ' + h n (C — z 0 ) , 


where 


bj = 


/ 0, (z o) 

i! ’ 


j = 0, 


Hence, 


1 f /(0 
2 ni J y C - z 0 





(C ~ ^oV 

C - z 


(C - ZoV " 1 dt. 


Each of the integrals is zero except when j = 0 (see Exercise 16, Section 6, Chapter 
1). When j = 0, the value of the integral is 


Hence, 


i r m 

2 ni J y C - z 0 


dt = b 0 = f(z 0 ). 


This establishes the result. 


□ 
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Example 10 Evaluate the integral 


1 


z + 1 


dz , 


where y is any curve in the domain {z: Im z > 0}, which joins — 1 + 2i to 1 + 2 L 
Solution The integrand 


f(z) = 


2+1 


= 1 


1 


z + 1 


is the derivative of F(z) = z — Log(z + 1). Of course, this is valid only where the 
function Log(z + 1) is analytic. This is the case, however, on the complex plane with 
the ray ( — oo, — 1] deleted; this domain includes the domain Im z > 0. Hence, 




= F (endpoint) — F (initial point) 

= F(1 + 2i) — F(- 1 + 2i) 

= [1 + 2 i- Log(2 + 2i)] - [- 1 + 2i - Log(2i)] 

= 2 - jlog y/i + J J + jlog 2 + yj 


_ 1 , _ in 

= 2 — - log 2 + —. 


EXERCISES FOR SECTION 2.3 


In Exercises 1 to 4, evaluate the given integral using Cauchy’s Formula or Theorem. 


. f — £ 

Jw-i < z - 


dz 


dz 


Jw= 


2 2(2 ~ 3) 
sin z 


dz 


dz 


J\z+I\=i4 Z J|z|=i z 

In Exercises 5 to 8, evaluate the definite trigonometric integral making use of the 
technique of Examples 6 and 7 in this section. 

%2n dO C 2n d0 


5 i 


2 + cos 0 
2n dO 


3 + sin 0 + cos 0 


■ r- 

Jo a 


JO “ T 

r* de 

Jo 1 + si 


+ b cos 9 ’ 
d9 

sin 2 6 


a > b > 0 
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In Exercises 9 to 12, evaluate the given integral using the technique of Example 10; 
indicate which theorem or device you used to obtain your answer. 

f dz 

9. -y , where y is any curve in Re z > 0 joining 1 — i to 1 + l 

Jy z 

10. J* ^z + dz, where y is any curve in Im z > 0 joining — 4 + i to 6 + 2i . 

11. J c z dz, where y is the semicircle from — 1 to 1 passing through i. 

12. J sin z dz, where y is any curve joining i to n. 

13. Integrate e izl around the contour y shown in Figure 2.8 to obtain the Fresnel 


integrals: 


Poo Poo 

cos(x 2 ) dx = sin(x 2 ) dx = 
Jo Jo 


_ vg* 


( 4 ) 


(You will also have need of the conclusion of Exercise 20.) 

0< jt< R 



Figure 2.8 

(Hint: On the circular arc, z = Re ie , 0 ^ 6 ^ nf 4, you will need to know that 
sin \j/ ^ (2/n)\j/, 0 ^ ^ ^ n/2, and hence, e ~ R2&in ^ ^ e ~ 2 Rl ^i n m The inequality 
sin ij/ ^ (2/n)il/ is proved by calculus.) 

14. Specialize Theorem 4 to the case when z is the center of the circle and show that 

/(z) = J f(z + re u ) dt. (5) 

15. (a) Use the estimate (3), Section 6, Chapter 1, and (5) above to conclude that 

\m\ < max | f(z + re“)\ (6) 

0^t^.2n 


for all sufficiently small r. 

(b) Conclude from (a) that |/| cannot have a strict local maximum within its 
domain of analyticity. That is, the graph in three-dimensional space of 
(x> y*\f{x + iy) I) has no “peaks.” 

16. Use the conclusion of Exercise 15 to establish the following result. If / is analytic 
and never zero on a domain D, then |/(z)| has no local minima in D. That is, 
the graph (x, y, |/(x + iy ) |) has no “pits.” 
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17. Let f(z) = Y,7=o a j( z ~ z o y ^ ave a radius of convergence of R > 0. Show that 
for each r e (0, R ), 


- = a j = w~- [ f(z)(z - z 0 ) J 1 dz, j = 0,1,2,.... 

7- 271/ J )z— z 0 |=r 

(Hint: Substitute the series into the integral and interchange summation and 
integration.) 

18. Use the result of Exercise 17 to establish these formulas: 

0, n = 0, 2, 4, . . . 


(a) 


(b) 


(c) 


J_ P” 

2* Jo ' 

— n 

2tt Jo 
J_ P 

Jo 


e inB sin(e' 9 ) dO = -j ( _ ] ) 2 
1 


dO = ■ 


n! 


r 


n! 

n = 0,1,2,... 


n= 1,3,5,... 


e ime, 2e ine _ e Hn+l)0yl JQ _ f 0 ’ ” < 


19. Let A be the annulus, >1 = {z: 0 ^ r < |z| < R}. Suppose that g is an analytic 
function on A (and that g' is continuous) with the property that 


1 


g{z) dz = 0 


where y is the positively oriented circle of radius s centered at the origin, and s 
is some positive number in the open interval (r, R). Show that there is an analytic 
function G on A with G' = g throughout A . (Hint: Show that \ y g(z) dz = 0 for 
any piecewise smooth simple closed curve y in A and then modify the proof of 
Theorem 3 to this context.) 

The Integral e~ xl dx * 

20. Let / = f?* e"* 2 dx ; then 

P 00 P 00 Poo Poo 

I 2 = e~ x2 dx e~ y2 dy = j e ~(x 2 +y 2 ) j x j y 

J — 00 J — 00 J — 00 J — 00 

P 2 n Poo Poo 

= e _f2 r dr dO = In re~ r 2 dr = n. 

Jo Jo Jo 


Hence, I = 


The Poisson Kernel* 

21. Verify each of the statements (a) through (e) below for z = re 10 and r < 1. 


(a) Re 




l 


2 r cos(0 — t) + r 2 
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1 git ^ 

(c) — /(e“)- — =r-g dt = 0, if /(w) is analytic for |w| < 1 + e 

Jo f z£ 

1 f 2 ” e“ 

(d) =- f(e“)- t dt = f(z) 

2n Jo e" - z 

(e) Add (c) and (d); then use (a) and (b) to conclude that 


/(z) 


r 

In Jo 


f(e u ) 


1 -r 2 

1—2 r cos (6 — t) + r : 


dt, 


z = re 


2.3.1 The Cauchy-Goursat Theorem 

In 1900, E. Goursat* discovered that the hypothesis “/' is continuous” is superfluous 
to the conclusion of Cauchy’s Theorem. However, as might be imagined, the proof 
becomes more elaborate. Furthermore, the conclusion is initially established only 
for triangles, so that a somewhat more indirect path is needed to recover the full set 
of results of Section 2.3. These steps are set out here; if you do not feel the need for 
the extra mathematical generality gained by dropping the hypothesis of continuity 
on /', you can move directly to Section 2.4. 

THEOREM 1 Cauchy-Goursat Suppose / is analytic in a domain D. If T is a triangle in D 
whose inside ft is also in D , then 


J f(z)dz = 0. 

Proof Without the hypothesis of continuity on /', we cannot apply Green’s 
Theorem, so we must use a more sophisticated technique. Let 

/ = |j* f(z) dz 

so that / ^ 0. We wish, of course, to show that 1 = 0. Divide the (solid) triangle 
Tuft into four triangles by joining the midpoints of the three sides of T (Fig. 2.9). 
Orient the boundaries of all the triangles positively, call the four smaller solid 
triangles , . . . , A 4 , and let T x , . . . , T 4 be the boundaries of A x , . . . , A 4 , respectively. 
Then 

[ /(z) dz = X f /(z) dz, 

Jr i - 1 Jrj 


* Edouard Goursat, 1858-1936. 
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Figure 2.9 


so that at least one of the small triangles A m satisfies 


1 = 

[ /(z) dz 

<4 

j /(z) dz 


Jr 


Jr m 


Rename this triangle A x . Note that the diameter of , the length of its longest side, 
is one-half the diameter of A. Proceed as above to divide A x into four smaller 
triangles by joining the midpoints of the three sides of A j. As before, we will obtain 
a second triangle, named A 2 , with boundary T 2 , such that 


1 1 = 


| f(z) dz ^ 4 j* 


f(z) dz 


= 4/, 


and diameter (A 2 ) = \ diameter (A x ) = £ diameter (A). Continuing in this manner, 
we obtain a sequence of triangles, A x , A 2 , A 3 , . . . with respective boundaries r l5 T 2 , 
r 3 , . . . such that 


(i) A j+1 is a subset of A^ 

(ii) length {T j+l ) = ^ length (Tj) 


(iii) the diameter of A j+1 = - {diameter of A j} 


(iv) 


-II 


f(z) dz 


then |/;| ^ 4|/ J+1 |. 


In particular, for j = 1,2,... 


(ii)' length (I}) = ^ length (r) 
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(iii) ' diameter (Tj) = —• diameter (r) 

(iv) ' / ^ 4 j Ij. 

Since the diameters of the triangles { A^} decrease to zero and since (i) holds, 
there is a unique point z 0 within all the and z 0 lies in D. Thus, / is differentiable 
at z 0 so, given e > 0, there is a (small) S > 0 such that 


f(z)-f(z 0 ) 

z- z 0 


/'(* o) 


< 6 


if | z — z 0 1 < S. 


Equivalently, 

l/(z)-[/(z 0 ) + /'(z 0 )(z-Zo)]l <e\z-z 0 \ if |z - z 0 | < <5. (!) 

We know that for j >j o. the triangle Allies within the disc {z: |z — z 0 | < <5}, because 
diameter (A^) -* 0 as j -► oo. Further, we know that 

I dz = | z dz = 0, (2) 

J o Jo 

by the version of Cauchy’s Theorem proved in Section 3. The inequality given in 
(1), together with (2) and inequality (3) in Section 6 of Chapter 1, give 


h = 

/* 

f(z) dz 

— 

/* 

{/(z) - [/(Z 0 ) + /'(z 0 )(z - Z 0 )]} rfz 


Jr, 


Jr,. 


< e 

(max |z - z 0 |) (length (I})) 



V^r, J 


^ e diameter (A;) length (!}) 


^ £ 

~ diameter (A) length (T). 
4 3 


Finally, employing (iv)' above, we find that 

0 ^ ^ 4 j Ij ^ 4 j diameter (A) length (T)| , 


so 
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0 ^ ^ e diameter (A) length (r). 

Since e is an arbitrary positive number, we see that the number I must be zero. ■ 

Extensions of Theorem 1 

Although Theorem 1 appears to be very special, it can be extended to reach 
significantly higher levels of generality. Suppose, for instance, that y is a simple 
closed curve composed of straight line segments (see Fig. 2.10a for a representative 
picture). Let Q be the inside of y, and suppose that / is analytic on a domain D that 
includes both y and Q. The region consisting of Q and y may be “triangulated” 
(see Fig. 2.10b). The line integral of / about any of the little triangles is zero, by 
Theorem 1. Since each edge of a triangle that is in Q is traversed twice, once in each 
direction, it follows that the line integral of / over all of the edges of the triangles 
that lie in Q add to zero. This leads to the conclusion that 

| f(z) dz = 0. 

An argument of this same nature can be used to establish the validity of the 
conclusion of Theorem 2 of Section 3 — without, however, the hypothesis that /' is 
continuous. You may “triangulate” the curve in Figure 2.5 to check this for this 
particular example. Theorem 2 then directly implies Theorem 3 and its corollary; 
the proof is unchanged. We state these formally. 



(a) (b) 

Figure 2.10 

THEOREM 2 Let / be analytic on a simply-connected domain D. 
(a) If y is a piecewise smooth closed curve in D , then 
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1 


f(z) dz = 0. 

f 

(b) There is an analytic function F in D with F' = / throughout D. 


2.4 Consequences of Cauchy's Formula 

Cauchy’s Formula has far-reaching implications, allowing us to draw numerous 
nonobvious conclusions about the properties of analytic functions. We begin with 
one of the most important. 


THEOREM 1 Suppose that / is analytic in a domain D and z 0 is a point of D. If the disc 
{z: \z — z 0 \ < R} lies in D , then / has a power series 

f( z ) = z a k( z - Z o)\ 

k = 0 


valid in this disc. Furthermore, the coefficients are given by 

„ _ i r m „ 

k Inilit-Zor 1 c 

where y is the positively oriented circle {£: l( — z 0 = r} and r is any positive number 
less than R. 

Proof We restrict our attention to the disc A = {z: \z — z 0 \ < R}, which by 
assumption lies within D. Fix any r, 0 < r < R. We shall suppose first that / has a 
continuous derivative on the disc A. Consequently, for each z with \z — z 0 \ <r, 
Cauchy’s Formula, Theorem 4 of Section 3 is valid: 


m 


= j_ r m 
J y C - 


dC, 


where y is the positively oriented circle {£: |( — z 0 | = r}. Let s = |z — z 0 |, so that 
s < r. For this z and any ( in y, 


c - z (C - Z 0 ) - (z - Z 0 ) C - z 0 


1 - 


Z - Zq V 

C - zj 


Z - z 0 

C-z 0 



Now 
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so we can represent 


C - Z 0 


by the geometric series 


f-z 0 


= 1 + 


Z-Zo + Z-Zo 

C - z 0 / VC-Zo 


= E fcr 

fc=o Z 0 


The series £® =0 (s/r)* converges, since 0 < s < r. Consequently, given e > 0, we can 
choose N so big that £ ® =iV (s/ r ) k < £• Hence, for all C with | £ — z 0 1 = r and all N, 




Now, for any n, we can write 




= E (z - z o) 

k=0 


m 

(C - Zof 


+T# f + 


/(0 

C-z 0 


* 


When we employ (1) and inequality (3) from Section 6 in Chapter 1, we see that 


m 

c - z 0 


c - z 0 


- ) > du < — e2nr = 27reM, 


where Af = max{|/(()|: |C — z 0 \ = r}. From Cauchy’s Formula and the previous 
computations, we see that for n ^ N 




2ni]AC-z o r idC \ + E{z;Zo) ’ 


where \E(z ; z 0 )| < eM. This implies that the infinite series 


(C~z 0 ) k 


converges, and its sum is f(z). 
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To complete the proof of the theorem, we must show that its conclusion is 
valid when we omit the assumption that / has a continuous derivative. However, 
Theorem 2b of Section 2.3.1 implies that there is an analytic function F on the disc 
A with F(z 0 ) = 0 and F' — f on A. The function F does have a continuous derivative 
on A, and consequently, by the preceding part of the proof, F has a power series 
valid on A. Theorem 2 of Section 2.2 then shows that F f = / also has a power series 
whose radius of convergence is the same as that of F (that is, at least R). Further- 
more,/' is also given by a power series and, in particular, is continuous. Hence, ipso 
facto, the first portion of the proof applies to /; we are done. ■ 

Theorem 1 has an immediate, and important, corollary. 

If f is analytic on a domain D, then so is /'. Hence, f has derivatives 
of all orders, and each derivative is analytic on D. (2) 

This follows because in each disc in D, / is given by a power series, and (by Theorem 
3 of Section 2 of this chapter) each power series is infinitely differentiable. Note that 
(2) brings together the parallel threads of Section 2.3 and Section 2.3.1, in that 
the results of 3.1 lead to Theorem 1 of this section and hence to (2). That is to say, 
when we assume that / is merely once (complex) differentiable, it follows from the 
Cauchy-Goursat Theorem and the rest of the development in Section 2.3.1 and 
Theorem 1 of this section that / is infinitely (complex) differentiable. In other words, 
from the existence of one derivative, we are able to infer the existence of all deriva- 
tives. Contrast this with the case of real-valued functions of a real variable. For 
instance, the function 


u(t) 




is differentiable at all points t, — oo < t < oo, 


“'H-l 


t ^ 0 
t ^ 0 

with derivative 

t ^ 0 
t < 0, 


and the derivative is even continuous. However, u' is itself not differentiable at t = 0. 

Let us find the power series for some of the elementary analytic functions 
discussed in Section 1. This is accomplished by use of Theorem 1 and formula (12), 
Section 2 of this chapter. 


Example 1 The function e z is entire and is its own derivative. Hence, a n — 1 /n\ for 
n — 0, 1 , 2, . . . , so 





as we saw already in formula (13), Section 2. 


□ 
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Example 2 The functions cos z and sin z are entire and satisfy (sin z)' = cos z and 
(cos z)' = —sin z. Since sin(O) = 0 and cos(O) = 1, we obtain 


7 2j+l 


” z -£ < - |, 'crnr 


. . Z 


2 j 




□ 


Example 3 The function Log(l — z) is analytic in the disc |z| < 1 (see Example 10, 
Section 1 of this chapter), and its derivatives are 


^(Log(l - z)) = 


(n ~ D! 

(1-z)"’ 


n= 1,2,.... 


Hence, for |z| < 1, 


o° y 11 

Log(l - z) = - £ 

n = l n 


□ 


Example 4 The functions sinh(z) and cosh(z) are defined by 

sinh(z) = j(e z — e~ z \ cosh(z) = \(e z + e~ z ). 
From the expansion of e z above, we find that 


and 


cosh(z) = 


0° z 2k 

*?o(2fcj! 


sinh(z) = 


oo 7 2k+l 

y — . 

k % (2k + 1)! 


Both series converge for all z, by an application of the ratio test. 


□ 


Example 5 The function f(z) = 1/z 3 is analytic in the disc D = {z: |z — 1| < 1}; at 
1, the value of the nth derivative of / is 

!(n + 2)!(-ir, n= 1,2,3,...; 


thus, in D, 
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1 °° 1 (z — \) n 

4=l+li<» + 2)!(-l)"^-r^ 

1 2 n\ 

= i+^E(-i)"(« + 2)(« + i)(2-ir. 

2 n = 1 

The series is valid for |z — 1 1 < 1. □ 

Theorem 1 has another significant implication. 

Suppose that f is analytic on a domain D and, further, at some point 
Zq e D, f {k) (z 0 ) = 0, k = 0, 1, 2, . . . . Then f(z) = 0 for all zeD. (3) 

The proof of (3) lies a little deeper than that of (2). To begin, let A be any disc 
in D with center at z 0 ; then by Theorem 1 and (2) of Section 2, f(z) is given by a 
power series within A: 


Me o) , a 1 

/(z) =!>*(*- z 0 ) ; a k = — vr , — . k = o, l, .... 

Thus the hypothesis that f ik) (z 0 ) = 0 for all k implies that f(z) = 0 for all zeA. 
Next, let L be a line segment in D from z 0 to another point z x in D. We shall show 
that / and all the derivatives of / vanish at all points of L. We take note of the fact 
that there is a positive number S such that each disc of radius S centered at a point 
of L lies within D. (This is reasonably clear from a picture, such as Fig. 2.11, but a 
careful proof depends on fundamental properties of real and complex numbers; we 
shall not prove it.) Let A 0 , A l5 ..., A N be a “chain” of discs of radius 8 centered at 
points Co = z 0 , Ci ,•••, Cn in L, and with the point Cj in the disc A j - l for j = 1,2,..., 
N , and z t e A N (see Fig. 2.1 1). 



Figure 2.11 
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We know already that / = 0 at all points of the disc A 0 ; hence, f {k) (Ci) = 0 for 

k = 0, 1, , since £ x e A 0 . Thus, the power-series representation for /(z), which is 

valid in A x shows that / = 0 at all points of the disc A x . Consequently, / (fc) (£ 2 ) = 0 
for k = 0, 1, . . . , since £ 2 6 * and we learn that / = 0 in the disc A 2 . Continuing 

in this way, after N steps we learn that /^(zj) = 0 for k = 0, 1, . . . , which is what 
we wished to show. Hence, if f {k) (z 0 ) = 0 for k = 0, 1, 2, ..., then f {k) (z{) = 0 for 
k = 0, 1, ... at any point z x that can be reached from z 0 by a straight line segment. 
Since all points of D can be reached from z 0 by a polygonal curve consisting of a 
finite number of straight line segments, we see that f(z) = 0 for all z e D. 

The Order of a Zero 

Suppose that / is analytic and not identically zero on a domain £>, and /(z 0 ) = 0 
for some z 0 e D. Thus, the power series for / centered at z 0 is 

f(z) = fli(z - Z 0 ) + u 2 (z - z 0 ) 2 + ••• . 

We know from (3) that not all of the coefficients a k can vanish, so there is an integer 
m ^ 1 such that 


a, = ■■■ = a m _, = 0, but # 0. 

Therefore, 

/(z) = a m (z - z o r + a m+ i(z - z 0 ) m+1 + # 0. 

This means that 


/ <,[, (z 0 ) = 0 for k = 0, . . . , m - 1, but / <ra) (z 0 ) ^ 0. 

In this case, we say that / has a zero of order m at z 0 . Furthermore, if we set 

m 


g(z) = 


- ^o) m ’ 


then is actually analytic in D and g{z 0 ) = a m ^ 0. Clearly, g is analytic on D\{z 0 }. 
To see that g is analytic near z 0 , note that the series 

<*m + a m+ l(z - Zo) + « m + 2 (z - Z 0 ) 2 + * * * 


converges in a disc about z 0 exactly because (z — z 0 ) m times this series converges to 
f(z) in this disc. That is, if g(z) is the sum of this series, then (z — z 0 ) m g(z) = /(z), and 
we are done. We state this result formally, since it will be of considerable utility for 
us. 


If f has a zero of order m at z 0 , then f(z) = (z — z 0 ) m g(z), where g is 
analytic in D and g(z 0 ) ^ 0. 


( 4 ) 
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Morera's* Theorem 

Cauchy’s Theorem, on which so much of the development of complex variables 
depends, has a converse. This theorem, given precisely below, states that if the 
integral of a continuous function / over every triangle in some domain is zero, then 
/ must be analytic in that domain. 


THEOREM 2 Morera's Theorem If / is a continuous function on a domain D and if 

| /(z) dz = 0 

for every triangle y that lies, together with its interior, in £>, then / is analytic on £>. 

Proof The proof can be adapted almost word for word from parts of Section 3. 
Let z 0 be a point of D and ft be the disc {z: |z — z 0 | < r}, where r > 0 is so small 
that ft is in D. We shall show that / is analytic on the disc ft. Define 


F(z) = \ M)dC, 

JZ 0 

where the integration is along the radius joining z 0 to z. We shall show that F is 
analytic in ft and that F' = /. It will then follow from (2) of this section that / is 
analytic in ft, as well. 

Let h be a small complex number; then 


F(z + h)- F(z) = 



mdc. 


because the integral of / around the triangle with vertices {z 0 , z, z + h} is zero (Fig. 
2.12). Hence, 




Suppose now that e > 0 is given; choose 3 so small that 


\m-f(z)\<e 

if |C — A <3\ this is possible by the continuity of /. Then for \h\ < 3, we have 


f 


{/(0 -/(*)} dC 


<e\ h\. 


Ciacinto Morera, 1856-1909. 



130 Chapter 2 Basic Properties of Analytic Functions 



Figure 2.12 


by the estimate (3) from Section 6 of Chapter 1. Putting all this together, we find 
that 


F(z + h) - F(z) 

h 


-m 


< e 


ii\h\ <S, 


which implies that 


lim + h) ~ m 

h~>0 h 




that is, F is differentiable and F' = /. ■ 

We now give four applications of the theorems of this section. 

Application 1 Liouville's Theorem 


THEOREM 3 Liouville's* Theorem If F is entire and if there is a constant M such that 
\F(z)\ ^ M for all z, then F is identically constant. 

Proof Set g(z) = (F(z) — F(0))/z; g is then an entire function. For z, |z| = R > 0, 
we may make the simple estimate 


I g(Re ie )\ 


< \F(Re ie )\ + |F(0)| ^ 2M 
^ R ^ R ' 


Let C be a point of the plane, and assume R is so big that R > |£|. By Cauchy’s 
Formula, 


g( 0 = 


2ni 


g(z) 
=K 1 ~ C 


dz, 


N=« 


so 

* Joseph Liouville, 1809-1882. 
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\g(0\ < 


1 2 M 2nR 
2n~R R - \C\ 


as R -*■ oo. 


Consequently, g = 0. Thus, F(z) = F(0) for all z. 


Application 2 Analytic Logarithms 

Suppose / is analytic and zero-free in a simply-connected domain D. Fix z 0 e D 
and define 


h(z) = 


*„ m 


dw, 


where the integral is taken over any piecewise smooth curve in D from z 0 to z. Since 
the integrand f'/f is analytic in D , the function h is analytic in D. As we have seen 
in the proof of Theorem 2, the derivative of h is the integrand; in this case, h' = f'/f. 
Thus, 


(e h(z) f(z)y = -h'(z)e-«*'f(z) + e- h, J’(z) 


= 0 . 

Consequently, e~ h(z) f(z ) = c for all z e D, where c is some nonzero constant. Setting 
z = z 0 yields c = /(z 0 ), since h(z 0 ) = 0, so 

f(z) = f(z 0 )e M:) . 

That is to say, if / is zero-free and analytic on a simply-connected domain D, there 
is an analytic function g with 


e* (z) = f(z), zeD. 


[Just setg = h- Log /(z 0 ).] 

Application 3 Flows (Continued)* 

Suppose that / is a sourceless and irrotational flow in a domain D. We know from 
the discussion in Section 2.1.1 that / is analytic on D. Even more, we learned there 
that 


1 


f(z) dz = 0 


(5) 


for all smooth closed curves y in D. It is simple to see from this that (5) also holds 
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for all piecewise smooth closed curves y, as well. Equation (5) actually implies that 
/ is the derivative of some analytic function G on D. To see this, fix a point a in D 
and define 


G(z ) = J /(w) dw, 

where T is any piecewise smooth curve from a to z. G(z) is independent of the choice 
of T, since if F is another curve from a to z, then y = T — F is a piecewise smooth 
closed curve so 


0 = J /(w) dw = J /(w) dw — J /(w) dw. 

Now an argument identical to the one employed in proving Theorem 2, Morera’s 
Theorem, shows that G' = f on D. Any function G with G' = f is called a complex 
potential of the flow /. We shall see in Section 4.1 of Chapter 3 that the complex 
potential is intimately related to conformal mapping. 

Application 4 Multiplication of Power Series 

Theorem 4 of Section 2 asserts that the product of two convergent power series is 
again a power series, and the coefficients of the product series may be obtained from 
those of the original series by a rather simple rule. Theorem 1 of this section allows 
us to give a simple proof of that result. Let 

/(z) = £ a n z n and g(z) = £ b n z” 

n = 0 n=0 

be the two series, each with radius of convergence at least R, R > 0. Then the 
product h(z) = f(z) g(z) is analytic in the disc {z: |z| < R}. Hence, by Theorem 1 of 
this section, h has a power series expansion in this same disc 


h(z) = X c„z", |z| < R, 

n = 0 

and the coefficients c n are given by (12) of Section 2.2: 

h in \0) 


c n = 


n\ 


However, the product rule for differentiation gives 


* w ( 0) = z 


n.' 


(n - k)\ k\ 


f ik) ( 0) g (n - k \ 0). 
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Again using (12) of Section 2.2, we obtain f ik) (0)=(a k )k\ and g (n ~ k \0)= (b„. k )(n— k)\. 
When we substitute these into the formula above for h in) ( 0) and cancel the factorials, 
we get 

h (n \0) = n\ £ a k b n . k , 

k = 0 

which is just what Theorem 4 of Section 2 asserted. 

EXERCISES FOR SECTION 2.4 

In Exercises 1 to 8, give the order of each of the zeros of the given function. 

1. — 2. (e z - l) 2 3. (z 2 + z - 2) 3 

Z 

4. ( z 2 — 4 z + 4) 3 5. z 2 ( 1 — cos z) 6. Log(l — z), |z| < 1 

7. e 2z - 3e z - 4 8. -rr^— 

z 2 + 1 

In Exercises 9 to 16, find the power-series expansion about the given point for each 
of the functions; find the largest disc in which the series is valid. 

9. z(e z — 1) about z 0 = 0 10. e z about z 0 = ni 

11. z 3 + 6z 2 — 4z — 3 about z 0 = 1 

z 2 z + 2 

12. about z 0 = 0 13. about z 0 = — 1 

1 - z 0 z + 3 0 

14. [Log(l — z)] 2 about z 0 = 0 (first four terms) 

15. sin nz about z 0 = \ 

16. tan z about z 0 = 0 (first four terms) 

17. Suppose that / is analytic on a domain D and has a zero of order m at z 0 in D. 
Show that (a) /' has a zero of order m — 1 at z 0 ; (b) f 2 has a zero of order 2m 
at z 0 . 

18. Use Theorem 1 to establish the Cauchy estimates: 

l/ ( " ) (z 0 )l «£ \ max |/(z)|, n = 0, 1, 2, , 

r \z-z 0 \ =r 

whenever / is analytic on a domain containing the set {z: |z — z 0 | ^ r}. 

19. Use the Cauchy estimates (Exercise 18) for n = 1 to give another proof of 
Liouville’s Theorem by showing that the derivative of a bounded entire function 
is identically zero. 

20. Suppose that / is an entire function and Re /(z) ^ c for all z. Show that / is 
constant (Hint: Consider exp (/(z)).) 

21. Suppose that / is an entire function and that there are positive constants A and 
m with \f(z)\^A\z\ m if|z|^R 0 . Show that / is a polynomial of degree m or 
less. (Hint: Use the Cauchy estimates (Exercise 18) for n > m and let r -+ oo.) 
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22. Let D be a simply-connected domain and / an analytic function on D that has 
no zeros in D. Let y be a complex number, y ^ 0. Show that there is an analytic 
function g on D with / = g y . (Hint: Use Application 2.) 

23. Suppose that F is analytic in the region \z\> R, including at oo (that is, 
G(z) = F(l/z) is analytic for |z| < 1 /R). Show that F can be expressed as a 
“power series” in 1/z: 


F(z) = 


k = 0 


V ■ 


\z\ > R, 


and derive a formula for c* similar to that given in Theorem 1. 

24. Use Morera’s Theorem and an interchange of the order of integration to show 
that each of the following functions is analytic on the indicated domain; find a 
power-series expansion for each function by using the known power series for 
the integrand and interchanging the summation and integration. 

f 1 dt f 1/2 

(a) on | z | <1 (b) Log(l — tz) dt on |z| < 2 

Jo 1 - tz Jo 

rn/2 

(c) sin(z + t) dt , all z. 

J-n/2 

Differential Equations in the Complex Plane* 

25. Find all solutions to the differential equation 

f"(z) + P 2 f{z) = 0, /is an entire function. 

(Hint: Write /(z) = Y,o a j zJ anc * solve for the coefficients a 2i ... in terms of 
and p.) 

26. Use the technique of Exercise 25 to give the solutions of these differential 
equations: 

(a) f"(z) - 3/'(z) + 2/(z) = 0; a 0 = 1, a t = 2 

(b) /"( 2 )-?/'(z) + /(z) = 0; z/0; /( 0) = 1, /'( 0) = 0 

(c) /"(z) + 2/'(z) + /(z) = 0; a 0 = 0, aj = 1 

27. If / and -4 are analytic in a simply-connected domain D and 


/'(z) = /4(z)/(z), z e D, 

show that /(z) = C exp[j; o A(w) dw] for a constant C, where the integral is 
taken over any piecewise smooth curve joining (a fixed point) z 0 to z. (Hint: Let 

g(z) = exp 1 4(w) dw J . 


Show that ( f(z)g(z))' = 0 in D.) 
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28. Use the result of Exercise 27 to give the solution to each of these differential 
equations: 

(a) f'(z) - 2 z/(z) = 0 

(b) f'(z) + e 2 f(z) = 0 

(c) /'(z) + -f(z) = 0 

Z 

Bessel Functions* 

29. Let v be an integer, v 0. Show that one solution of the differential equation 

z 2 f"(z) + zf'(z) + (z 2 - v 2 )f(z) = 0 


is 


00 


J v (z)= Z (-1)" 

n = 0 


z 2n+v 

2 2n+v (v + n)\n\ 


J v is the Bessel function of the first kind of order v. 

30. Show that the Bessel functions satisfy the recurrence relation 

J \- 1 *fy+l = 2J V - 


2.5 Isolated Singularities 

An analytic function / has an isolated singularity at a point z 0 if / is analytic in 
the punctured disc 0 < |z - z 0 | < r, for some r > 0. The isolated singularities of an 
analytic function play a large role in the applications of complex variables, including 
analyzing flows and fields and computing definite integrals by means of the Residue 
Theorem. We shall analyze isolated singularities in this section; the applications 
will come in the next section, with the residue theorem, and in later chapters. 
Three examples of isolated singularities are: 

1. Zq is an isolated singularity for f(z) = (z 2 - Zo)/(z - z 0 ) 

2. z 0 is an isolated singularity for g(z) = 7(z — z 0 ) -4 

3. z 0 is an isolated singularity for h(z) = exp(l/(z — z 0 )). 

As these examples show, there are three possible modes of behavior for 
|/| when 0 < |z — z 0 | < r: 


|/(z)| remains bounded as z -* z 0 

(1) 

lim |/(z)| = qo 

z->z 0 

(2) 


Neither (1) nor (2) holds. 


( 3 ) 
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We will explore the first two of these possibilities in this section; the third 
we will not need. One characterization of such singularities is presented in Exercise 
17. 

Removable Singularities 

Suppose first that (1) holds for /. Set 

, , j(z - 2 0 ) 2 f(z\ 0 < |z - z 0 | < r 

9 (z) ‘lo, 

The function g is most certainly analytic for 0 < |z — z 0 | < r, but it is also 
differentiable at z 0 , since 

lim g(z) — g(z 0 ) __ jj m _ Zo )y'( z ) = o. 

z-»z 0 z — Z 0 

(The last equality is because |/| remains bounded as z -► z 0 .) Since g is analytic in 
|z — z 0 | < r, we know that g has a power series valid for |z — z 0 | < r: 

g(z) = b 0 + b l (z- z 0 ) + b 2 (z - z 0 ) 2 +■■■ 

However, b 0 = g(z 0 ) = 0 and b x = g'{z 0 ) = 0, so 

g(z) = b 2 (z - z 0 ) 2 + b 3 (z - z 0 ) 3 + • • •, 


and hence, 


f( z ) = b 2 + b 3 (z - z 0 ) + • • • . 

for 0 < |z - z 0 | < r. Set /(z 0 ) = b 2 . Since the power series is valid for |z - z 0 | < r, 
we see that the hypothesis (1) actually implies that / is analytic in |z — z 0 | < r. When 
(1) holds, we then learn that / can be extended to be analytic in the disc |z — z 0 | < r. 
In this case, z 0 is called a removable singularity for /. 


Poles 

Suppose next that (2) holds; there is no harm in assuming that r is so small that 
|/(z)| > 1 for 0 < |z - z 0 1 < r. Consequently, g(z) = l//(z) is analytic on the punc- 
tured disc {z:0 <\z — z 0 \ < r} and is bounded there: \g(z)\ < 1. But then the 
foregoing discussion shows that z 0 is a removable singularity for g and g(z 0 ) = 0, 
because (2) holds. Let m ^ 1 be the order of the zero of g at z 0 and write 

g(z) = (z - z 0 ) m h(z\ 

where h is analytic on the disc {z: |z — z 0 | < r} and h(z 0 ) ^ 0. Since g does not 
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vanish in the punctured disc 0 < |z — z 0 \ < r, neither does h. Consequently, the 
function H(z) = 1 /h(z) is analytic on the disc {z:\z — z 0 \ < r}. This, then, leads to 



1 1 _ 

(z - z 0 ) m h(z) 


H(z) 

(Z - z o) m 9 


( 4 ) 


where H(z) is analytic on the disc {z: \z — z 0 \ < r} and H(z 0 ) ^ 0. Thus, if (2) holds, 
/ has predictable behavior near z 0 , and, in particular, |/(z)| grows to infinity as 
z -► z 0 , just like some power of l/|z — z 0 \. In this case, we say that / has a pole at 
z 0 . The order of the pole of / is the integer m that is the order of the zero of 1// at z 0 . 


Essential Singularities 

If (3) holds, then z 0 is termed an essential singularity of /. Information on the 
behavior of / near an essential singularity is contained in the exercises at the end of 
this section. 


The Residue at Zq 

We note here the simple but significant fact that if / is a function analytic in the 
punctured disc 0 < |z — z 0 | < r, then the value of the integral 

,5) 

is the same for all s, 0 < s < r. The proof is easy; if 0 < s x < s 2 < r, then the region 
0 < |z — z 0 | < r is divided into four sectors by the horizontal and vertical lines 
through z 0 (Fig. 2.13). 

As indicated in Figure 2.13, the integral over |£ — z 0 | = s x (oriented clockwise) 
plus the integral over |( — z 0 | = s 2 (oriented counterclockwise) can be broken up 



Figure 2.13 


138 Chapter 2 Basic Properties of Analytic Functions 


into the sum of four integrals (one in each sector); the line integrals over the interior 
line segments cancel. The integral in each sector is zero, by Cauchy’s Theorem. Thus, 
the value of the integral in (5) does not depend on s. The value of the integral in (5) 
is called the residue of / at z 0 , and we denote it by Res(/ ; z 0 ). Thus, 

Res(/;z 0 ) = -^ f f(Q dC- (5') 

277:1 Jk-*oI=s 

The residues of a function with only isolated singularities play an important role in 
complex variables. 


The Computation of Residues 

Although (5') is the definition of the residue of / at z 0 , it generally does not provide 
the most effective way to compute it. We set out here the most important case — 
when / has a pole at z 0 . The computation is based on (4): 


f( z ) = 


H(z) 

( z ~ z o) m 


Since H is analytic on the disc {z: |z — z 0 | < r}, it has a power series expansion valid 
there: 


H(z) = £ c k (z - z 0 )\ | z - z 0 1 < r. 


k = 0 


In (4), replace H with this series, and carry out the division for z ^ z 0 . This yields 


/(z) ■ + ■“ + (T=ij + Cm + Cm+,(z " Zo) + (6) 


Next, replace / in (5) with this expression, and then interchange the summation and 
integration. Finally, recall from Exercise 16, Section 6, Chapter 1, and from Cauchy’s 
Theorem, that 


_1_ 

2ni 


I 


z-z 0 \=s 


(z - z o y dz = 


if j = - 1 

if j is any other integer. 


This then yields the conclusion 


Res (/; z 0 ) = c m _i 


(m - 1)! • 


( 7 ) 
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That is, to find the residue of a function / which has a pole at the point z 0 , write the 
expansion of / in positive and negative powers of z — z 0 in the form (6). This may 
always be done according to the presentation under the topic “Poles.” 

The residue of f at z 0 is the coefficient of (z — z 0 ) -1 in the 

expansion (6). (8) 

In the examples that follow, we show several instances of how this is accomplished. 

Example 1 Find the residue of /(z) = (z 2 + 3z - l)/(z + 2) at its pole. 

Solution The pole of / is at z 0 = — 2. Expand the numerator in powers of z + 2: 

z 2 -I- 3z — 1 = (z + 2) 2 - (z + 2) — 3. 


Therefore, by (8), Res(/ ; — 2) = — 3. 

Example 2 Find the residue of g(z) = e z l(z — l) 3 at z 0 = 1. 
Solution Expand e z in powers of z — 1: 


e = ee 


"■*( 


, „ (Z- l) 2 (z-1) 3 

1 + (z - 1) + - - + 


2! 


3! 


+ 


Thus, 


□ 


3(z) = (7^ + (7^ + 2(rrij + i + ^ (z " 1) + 


SO 


Res (g\ 1) = □ 

Example 3 The function Log z is analytic on the domain obtained by deleting the 
ray ( — oo, 0] from the plane. Find the residue of h(z) = (Log z)/(l + z 2 ) 2 at each of 
its poles. 

Solution h has a pole of order 2 at i and at — i. We work first with z 0 = i. We may 
write h as 


h(z) = 



Log z ] 

.( z + o 2 ! ’ 


The second factor is analytic near i. According to (7), the residue of h at i is the value 
of the derivative of the second factor, (Log z)/(z + i) 2 , at z 0 = i. This is easily 
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computed to be n / 8 + i/4. Therefore, 

Res(*;0 = f + [ 

Similarly, 


Res(ft; 


.v n i 

- ,) = 8 + 4‘ 


□ 


Example 4 Suppose that F and G are analytic functions on the disc {z:\z — z 0 \ < 
r 0 } with G(z 0 ) = 0 but G'(z 0 ) # 0. Show that 


Res 



F(*o) 

ab- 


solution Write H = F/G; now G(z) = (z — z 0 )P(z), where P is analytic on the disc 
{z: |z — z 0 | < r 0 } and P(z 0 ) ^ 0. Indeed, 


P(z 0 ) = lim P(z) = lim 

Z-*T 0 Z-Z 0 


G(z) 

z-z 0 


1 . m G( ! HG(z 0 
-*<, ( z “ 


= G'(z 0 ). 


We may write 


H(z) = 


G(z) 



F(z) 

F(z)- 


The function F/P is analytic on a disc centered at z 0 , and its value at z 0 is the residue 
of H at z 0 , by (7). Thus, 


Res 



ffro) 

^o) 


F(z 0 ) 

G ( z o) 


□ 


Example 5 Find the residue of r(z) = (z + l)/(z 2 + 4)(z — l) 3 at each of its poles. 

Solution r has poles of order 1 at — 2i and 2 i and a pole of order 3 at 1. By 
Example 4, the residue of r at — 2 i is the quotient of the value of the numerator at 
— 2 i with the derivative of the denominator at — 2 i. This is easily computed to be 


Res(r; — 2 i) = 


24 + li 


Likewise, 


500 * 
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Res(r; — 2 i) = 


24 - 7/ 
500 ‘ 


The pole at 1 is of order 3, so by (7), the residue of r at 1 is the value at 1 of one-half 
of the second derivative of (z + l)/(z 2 -I- 4). This works out to be 

Res,r; 11 - 1§- ° 

Example 6 Find the residue of cot az at z 0 = 0. 

Solution We know that 


cot(az) = 


cos(az) 

sin(az) 


and 


sin(az) = 





where lim z _> 0 (sin az)/z = a. Hence, the residue of cot(az) at z 0 = 0 is 


Res(cot(az); 0) = 


value of 


( cos(az) \ 
sin(az) 

~ T7 


at z = 0 


1 


a 


□ 


Laurent* Series 

We know that a function that is analytic in the disc |z — z 0 | < R may be expanded 
there in a power series and that, conversely, if a function has a power series valid in 
the disc |z — z 0 | < R, it is analytic in this disc. But what about a function / that is 
analytic only in the punctured disc 0 < |z — z 0 | < R or, even worse, analytic only 
in the annulus 0 ^ r < |z — z 0 | < R? We shall show here that something almost as 
good as a power series can be given to represent /(z), r < |z — z 0 | < R. Namely, we 
shall show that 


/(z) = /i(z) + / 2 (z), r < \z — z 0 \ < R, 


* Pierre Alphonse Laurent, 1813-1854. 
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where / x is analytic on the disc \z — z 0 \ < R and f 2 is analytic on the region 
r < \z — z 0 |, including at oo. f x has a power series in the variable z — z 0 which is 
valid for \z — z 0 \ < R, while f 2 has a power series in the variable (z — z 0 ) -1 which 
is valid for r < \z — z 0 \ (see Exercise 23, Section 4). Consequently, 

00 00 

f( z ) = £ a k(z - 2 0 )‘ + Z b k( z - Z o)~\ 

k = 0 k = 1 


or 


00 

fi z ) = z a k( z - z o)\ a-k = b k, k = 1, 2, .... r <\z — z 0 | < R. 

k = -co 

This representation of / is its Laurent series. Our discussion will include formulas 
for the coefficients a k . In one special case, we shall show that these coefficients are 
given in terms of the residues of /. 

Fix a point z in the annulus (even if r = 0, we use this terminology), and choose 
r x and R x with 


r < < \z — z 0 \ < R x < R. 

Let T be the circle |w — z 0 | = Rj (oriented counterclockwise), and let y be the circle 
|w — z 0 | = (oriented clockwise). Now consult Figure 2.14. The closed curve 
beginning at P and consisting of T followed by the horizontal segment PQ, followed 
by y, and ended by the segment QP surrounds z. We may apply Cauchy’s Formula, 
therefore, and write 


/W ' ‘ fi«L* 

2.UI J r w — z 2ni J y ( — z 


(Note that the line integral over PQ is cancelled by that over QP.) For weT, we 



Figure 2.14 



2.5 Isolated Singularities 143 


may write 

1 1 

w-z (w - z 0 ) - (z - z 0 ) 


= f (Z - ^o)* 

k=0 (w - 2 0 ) k+1 ' 
The series is absolutely convergent, since 


|w “ z o| 

In an entirely similar way, we obtain 

i = » (c-z 0 y 

C-z fit, (z - z 0 y +l 

for each f e y\ here again, the series is absolutely convergent, since 


In the integral representation of / given before, replace l/(w — z) and l/(f — z) with 
the series obtained above. After interchanging the summation and integration, we 
find that 



+ 1 ( z - tor ' 1 | /(C)(C - ZoY dC 


= /i(z) + /z( 4 


The integral j|„- Zo |= s /(w)(w - z 0 ) k tiw, k = 0, ±1, ±2, ... is independent of s for 
r < s < R, since the integrand is analytic on the annulus r < \ w — z 0 \ < R. Let 




m 

w-z 0 |=s (w - Z 0 ) k 


dw, k = 0, +1, 


( 9 ) 


/l(z) = Z - z o)*> /zOO = Z a *( Z - Z o)‘ 

k = 0 k--ao 


Then 
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are analytic on the sets {z:\z — z 0 \ < R} and {z: \z — z 0 \ > r}, respectively, and we 
obtain the desired formula: 


/( z ) = fi( z ) + fi(z) = Z a k( z - z o) k . r <\z- z 0 \< R. (10) 


The Laurent series can, of course, be computed using (9). But in at least one 
important case, it may be found by an alternate, and usually easier, technique. 
Specifically, if / is analytic in the punctured disc 0 < \z — z 0 \ < R and has a pole of 
order m at z 0 , the Laurent series for / has already been found in (6), although with 
different notation: 


/( Z ) “ 7Z + ’ ” + T m f~ + C m + C m+ l( Z - Z o) + * * *» 

\Z Zq) Z Zq 

0 < |z - z 0 \ < R, 

where we have written H(z) in its power series, 

H(z) = Z c k( z “ z o)‘> 

k = 0 

which is valid on the disc |z — z 0 | < R and where c 0 ^ 0. All that remains to do is 
to rewrite the coefficients in the manner a k = c k+m , k = —m, —m + 1, ... . When 
a function / has a pole at z, the sum of the terms involving negative powers of z — z 0 
is called the principal part of / at z 0 . This is exactly P(l/(z — z 0 )), where P is a 
polynomial of degree m with constant term equal to zero. 

Example 7 Find the principal part and residue of f(z) = (z 3 + z 2 )/(z — l) 2 at 
z 0 = 1. 

Solution We expand z 3 + z 2 in powers of z — 1: 

z 3 + z 2 = 2 + 5(z - 1) + 4(z — l) 2 + (z — l) 3 . 

Division then yields the Laurent series for / : 

^ <z) “ (T^TF + 2^T + 4 + ( 2 ~ i >- 

The principal part is 2 (z — l) -2 + 5(z — 1) _1 , and the residue at 1 is 5. □ 

Example 8 Compute the Laurent series at z 0 = 0 for f(z) = (sin z)/z 3 . 

Solution We use the expansion of sin z about z 0 = 0 and then divide by z 3 . 
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f(z) = 


sin z 


Z J 

3! + 5! “ 


1_1 Z 1 

3! + 5! 


z # 0. 


The principal part is 1/z 2 , and the residue at zero is 0. □ 

Example 9 Find the first five terms of the Laurent series about z 0 = 0 for the 
function g(z) = cot z. 

Solution The function cot z is a quotient: 


g(z) = cot z = 


cos z 
sin z * 


sin z has a zero of order one at z 0 = 0, and cos 0 = 1. Hence, g has a pole of order 
one at the origin. This means that the Laurent series for g has the form 

g(z) = h a 0 + a l z + a 2 z + • • \ 

z 

To find the coefficients a ki we write (sin z)g(z) = cos z, multiply out the resulting 
series, collect equal powers of z, and equate coefficients. Thus, 


{sin z}{g(z)} = 1 z “ + 


z 3 z 5 


a. i 


+ fln + fliZ + 


- + a 0 z + ^ - ~ 3 j^ z2 + ^*2 ~ 


|z 4 + 


= cosz= 1 - — + — 


After equating coefficients of equal powers of z, the resulting equations are 

a ~ 1 = 1’ a ° = 0 ’ ( ai- lf) =- 2’ ( a2 ~^) = 0, 

(„ _ 1 
V 3 3! + 5! j 4!’ 
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which may be solved successively for a_ l9 a 0 , a l9 a 2 , and a 3 , yielding 

a-i = 1, a 0 = 0, <*! = a 2 = 0, and a 3 = -L. 

Hence, 


1 

cot z = - 
z 



0 < \z\ < n. 


□ 


Example 10 Find the Laurent series about z 0 = 0 of h(z) = z cos(l/z). 

Solution In this case, the origin is not a pole but rather an essential singularity. 
Nonetheless, the Laurent series is rather easy to find. We may, of course, use (9). 
However, we also know an expansion for cos w valid for any complex number w 
(see Example 7, Section 2). In this expansion, just replace w with 1/z. This will give 


h(z) = z cos- 
z 


-nmnm - 1 

Example 11 Find the Laurent series on the annulus 1 < |z| < 4 for the function 
R(z) = (z + 2 )/(z 2 -5 z + 4). 

Solution The rational function R has two poles each of order one, the first at z x = 1 
and the second at z 2 = 4. The Laurent series of R may be found by writing 

R(z) = /Mz) + R 2 (z)> 

where R t is analytic for |z| < 4 and R 2 is analytic for 1 < |z|. In this case, this 
amounts to a partial-fractions decomposition of R , a procedure familiar from 
calculus: 


R(z) = 


z + 2 


A B 
+ 


(z — l)(z — 4) z + 4 z — 1 
The unknowns A and B are found by clearing the denominators: 

A(z — 1) -h B(z — 4) = z + 2. 


This yields A = 2, B = — 1. We now employ the geometric series and obtain 
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z + 2 2 — 1 

(z — 1 )(z — 4) z — 4 + z — 1 




with 


= X 

— QO 



k = 0, 1,2,.... 

/c= -1, -2, -3,.... 


□ 


We return to our discussion of the principal part of a function with poles. 
Suppose that / is analytic on some domain D except for a pole of order m at a point 
z 0 of D. Then / may be written as 


where P is a polynomial of degree m with zero constant term and g is analytic on D 
and also at z 0 . P(l/(z — z 0 )) is the principal part of / at z 0 and is analytic on the 
whole plane except at z 0 ; it is also analytic at oo. Repeated applications of this 
procedure produce the following result. 

If f is analytic on a domain D except for poles at the points z x , ..., z n of 
orders m x , . . . , m n , respectively, then 

/,z) " Pt (r^;) + + '’■(rb;) + 9(4 Z€D ■ (,1) 

where g is analytic on D and P x , , P n are polynomials of degree m x , 
m n , respectively, each with constant term equal to zero. 

The Laurent Series of a Rational Function in Powers of z and 1 /z* 

The Laurent series of a rational function is important in applications, for instance, 
in connection with the Z-transform discussed in Section 5 of Chapter 5. Here we 
discuss one particularly simple but useful case. Let R be a rational function all of 
whose poles in the plane have order one and which has no pole at the origin. After 
an initial long division, we can write 


R(z) = S(z) + 


m 

Q(zV 
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where S, P, and Q are polynomials and the degree of P is strictly less than the degree 
of Q. Since S is already expressed as the sum of powers of z, we concentrate on 
expanding / = P/Q. Here we shall show the following. 

Let f be a rational function all of whose poles z lf ... , z N in the plane have 

order one and which has no pole at the origin and which is zero at oo. 

Suppose that no pole of f lies in the annular region r < \z\ < R. Then 

f(z) = £ a k z k for r < \z\ < R, 

— 00 

where 

\ X z/' 1 Res (f;zj), k^-1 (12) 

a k = < \zj <r 

[ - X z; k ~ l Res (/; z } ), k^O. (13) 

\zPr 

The chief tool to establish (12) and (13) is (11). In that formula, we see that 
since / is rational, so must g be. However, g has no poles and has the value zero at 
oo; hence, g is identically zero. Let z l9 . . . , z m be the poles of / in the disc {z: |z| < r}, 
and let z m+1 , . . . , z N be the remaining poles of f which necessarily lie in the region 
{z: |z| > R}. From (11), we see that / = F x + F 2i where 



Consequently, is analytic on the disc {z: |z| < R} 9 and F 2 is analytic on the region 
{z: |z| > r}, including at oo. Thus, / = -h F 2 is the Laurent series of / in the 
annulus {z: r < |z| < R}. What remains, then, is to find the explicit formula for the 
coefficients a k in the Laurent series 


f(z) = X a k z k . 

— CO 


This result may be obtained either by the use of the Residue Theorem or by a more 
elementary technique. Here we shall follow the latter path; the former is left as an 
exercise. 

Since each of the poles of / has order one (by assumption), the polynomial Pj 
in (1 1) has degree one. Also, P } has no constant term, so 

Pj(z) = bj = Res (/; zf). 

Z Zj 

For j = 1, ..., m, the point z 3 satisfies \zj\ < r. Hence, using the geometric series 
for 
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1 



z 


we obtain 


Z — Zf 


1. 1 _ v Ji 

Zj *=o z * 4 


fc 

j 

fc+1 • 


1 

z 


In an entirely similiar manner, for j = m + 1, . . . , JV, 


-1 1 _ ® z* 

“ — 2^ IFiT* 

fc = 0 


z - z j Z J { _ 1 


This gives (12) and (13) after summing on j. 

Example 12 Find the expansion R(z) = (z 3 — 3z 2 + 3 )/(z — l)(z — 3) in powers of 
z and 1/z in the regions (a) |z| < 1; (b) 1 < |z| < 3; (c) |z| > 3. 

Solution The initial long division gives R(z) = (z + 1) + z/(z — l)(z — 3). We con- 
centrate on expanding /(z) = z/(z — l)(z — 3). 

(a) In this case, r = 0, R = 1, and there are no terms to use in (12), so only (13) is 
used, and we obtain 

00 l 3 l “I 

— = «.= -[ — 2 + 23^ J’ k > 0 - 


(z - 1 )(z 

(b) Here, r = 1 and R = 3; thus, directly from (12) and (13), 


(z - l)(z - 3) f 


= £ a k z k , a k = \ 


1 

‘ 2 ’ 

3 1 
2 3*+ t ’ 


fc < — 1 
fe>0. 


(c) Here, r = 3, and f? does not enter the picture (or, if you prefer, is oo), so there 
are no terms to use in (13). Thus, 


(z - l)(z - 3) 


= £ a k z k , a k = ~ ^ 3 k \ k ^ - 1. 


You may recognize that this technique for finding the Laurent series is 
really the partial-fractions technique, familiar from calculus. 
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EXERCISES FOR SECTION 2.5 


In Exercises 1 to 6, locate each of the isolated singularities of the given function and 
tell whether it is a removable singularity, a pole, or an essential singularity (case (3)). 
If the singularity is removable, give the value of the function at the point; if the 
singularity is a pole, give the order of the pole. 


1. 


e z - 1 


2 . 


4. n cot nz 


5. 


sin z 
2z + 1 
z + 2 


3. 


6 . 


2z 2 + 1 


(z - l) 2 
e z — 1 

,2 z 


e 2z — 1 


In Exercises 7 to 1 3, find the Laurent series for the given function about the indicated 
point. Also, give the residue of the function at the point. 


e z - 1 


z 0 = 0 


8 . 


z 0 = 1 


9. 


sin z 


(sin z) 2 ’ 
az + b 
cz + d’ 

1 

l 


z — 1 (z — n) 

z 0 = 0 (four terms of the Laurent series) 
d 

Zq — , C 7^ 0 

c 

z 0 = 0 (four terms of the Laurent series) 


z n = 7C 


7. 

10 . 

11 . 

12 . 

11 i 

1 — cos z 

14. If / is analytic in \z — z 0 \ < R and has a zero of order m at z 0 , show that 


z 0 = 0 (four terms of the Laurent series) 


Res 




15. If/ is analytic in 0 < |z — z 0 | < R and has a pole of order / at z 0 , show that 


Res 




(Hint: Write 


/(*) = 


g(z) 

(Z-Z o) 1 ’ 


where g is analytic in |z — z 0 | < R and g(z 0 ) # 0.) 

16. Suppose / is analytic in |z — z 0 | < R and has a zero of order m ^ 1 at z 0 . If g 
is analytic in 0 < |z — z 0 | < R and has a pole of order /, l < m, at z 0 , show that 
/# has a removable singularity at z 0 . 

17. Let / be analytic in 0 < \z — z 0 \ < r and suppose that / has an essential 
singularity at z 0 . Let w be any complex number. Show that 
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9(2) = 


i_ 

/(z) - w’ 


z e D, 


is not bounded in any punctured disc 0 < \z — z 0 \ < e. (Hint: if g is bounded, 
then show that / has a pole or a removable singularity at z 0 .) Conclude that the 
range of / gets arbitrarily close to all points in the complex plane. How does 
this differ from the situation in (1) and (2)? 

18. Here is an alternate proof that 

~ r I f(z) dz = Res (/; z 0 ) 

2ltl J|r-z 0 |=s 

is independent of s. Assume z 0 = 0 with no loss of generality. 

(a) Show that 


^{/(seV"} = ie“f(se 1 ’) + ise 2i, f'(se“). 

(b) Show that 

J sf(se u )e u dlj = L J* lf(se u ) + sf(se“)e“]e u dt. 

(c) Conclude from (a) and (b) that 

Finally, calculate that the integral on the right has the value 0. 

19. Suppose that the Laurent series Y,-<x> a ni z ~ z oT converges for r < \z — z 0 | < R 
and 

00 

Z a »( z - z o)" = 0. 0 < |z — z 0 | < r. 

— 00 

Show that a„ = 0, n = 0, ±1, ±2, . . . . (Hint: Multiply the series by (z — z 0 )~ m 
and integrate around the circle |z — z 0 | = s, r < s < R with respect to z. The 
result must be zero, but it is also .) 

20. If / is analytic in 0 ^ r < |z — z 0 | < R 9 show that its Laurent series is uniquely 
determined. 

21. If F is analytic on 0 < |z — z 0 | < R and if there is an analytic function G on 
0 < \z — z 0 \ < R with G' = F, then 


(Hint: Use (5).) 


Res(F; z 0 ) = 0. 
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22. Find the Laurent series about z 0 = 0 for the following functions, valid in the 
indicated regions. 

(a) e 1/z in 0 < \z\ < oo 


(b) z 4 sin 


(c) 


* sin in 0 

1 1 


< |z| < 00 


z — 1 Z + 1 
(d) exp fz + 


i ),„0 


in 2 < |z| < oo 
< |z| < oo 


(e) z cos 




< |z| < 00 


23. Use equations (12) and (13) to find the Laurent expansions of the following 
rational functions in powers of z and 1/z in the indicated region(s). 
z + 2 

(a) f(z) = ^ — - in 1 < |z| < 2 and then in 2 < |z| < oo 


z 2 — z — 2 
z 2 + 2z — 4 

(b)/W V 


(c) /(z)=; 


z + 1 


(z - 2)(z - 3) (z - 5) 

24. Let / be analytic in 0 < |z — z 0 | < r, and let 


in |z| < 1 and then in 1 < |z| < 3 


in 2 < |z| < 3 and then in 5 < |z| < oo 


/(z)= X a n (z-z 0 ) n 

n = - oo 

be its Laurent series. Show that 

(a) z 0 is a removable singularity for / if and only if a n = 0 for n = -1,-2, 

(b) z 0 is a pole of order m ^ 1 for / if and only if a_ m ^ 0 but a. n = 0 for all 
n ^ m + 1 . 

(c) z 0 is an essential singularity for / if and only if there are infinitely many a. ni 
n > 0, that are not zero. 


Singularities at oo* 

Suppose that / is analytic for |z| > R ; set g(z) = /(1/z) so that g is analytic for 
0 < |z| < 1 /R. We classify the nature of the singularity of / at oo by that of g at 
z = 0; for instance, if g has a pole of order m at 0, we say / has a pole of order m at 
oo. The Laurent series for / about oo is just the Laurent series for g(z) = /(1/z) about 
0, with z replaced by 1/z. 

25. Show that / has a removable singularity at oo if and only if |/(z)| is bounded 
for |z| > R 0 . 

26. Show that / has a pole of order m at oo if and only if 



has a removable singularity at oo and h(co) ^ 0. 
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27. Classify the nature of the singularity at oo of each of the following functions. If 
the singularity is removable, give the value at oo. If the singularity is a pole, give 
its order; in each case find the first few terms in the Laurent series about oo. 

(a) 3z 2 + 4 — - (b) (1 - z)(z - 4) (c) 

Z Z — 4 


(d) (-z 2 - 2z + 3)" 1 (e) e 1/z 

(g) Q + z) (h) sin^ 


( f ) 

00 z~ 2n 

(i) L 

n=0 ( 2 «)’ 


Bessel Functions (Continued)* 

28. Let u be a complex number and let 


G(z; u) = exp 




z # 0. 


Show that G(z; u) is an analytic function of z for z ^ 0 and has an essential 
singularity at z = 0 (unless u = 0). 

29. Let 


00 


G(z; u) = £ 

-00 


(14) 


be the Laurent series of G(z; u) about the origin, where the coefficients {J n {u)} 
are given by (9). In (9), choose s = 1 and conclude that 

1 C 2n 

J n {u) = ~ r~ cos (u sin 6 — nO) dO. (15) 

271 Jo 

(Hint: Prove (15) for u real by showing that J n (u) is real if u is real.) 

30. Multiply out the series for exp(uz/2) and the series for exp( — u/2z) and then 
collect equal powers of z. Conclude that 

U n (— 1 ) k U 2k 

y " (w) = 2" |o 2 2t /c!(n + fc)! 

for n > 0. Compare this to the conclusion of Exercise 29, Section 4. 

31. Show that J- n (u) = ( — 1 ) n J n (u). (Hint: Replace z with — 1/z in the Laurent series; 
then change the summation index n to — n and compare series.) 


2.6 The Residue Theorem and Its 

Application to the Evaluation of Definite Integrals 

The Residue Theorem is of great theoretical and practical importance. It allows us 
to compute with ease certain definite integrals, which at first glance seem to be very 
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difficult and which are surely not solvable by the techniques of elementary calculus. 
At the same time, it provides the key in unlocking the secret to counting the zeros 
of an analytic function. In this section, we concentrate on its application to the 
evaluation of definite integrals. Later sections will contain other applications. 

THEOREM 1 The Residue Theorem Suppose that / is analytic on a simply-connected domain 
D except for a finite number of isolated singularities at points z l9 . . . , z N of D. Let y 
be a piecewise smooth positively oriented simple closed curve in D that does not 
pass through any of the points z l9 ... 9 z N . Then 

[ f(z) dz = 2ni Y Res (/; z k ), 

J y z k inside y 

where the sum is taken over all those singularities z k of / that lie inside y. 

Proof Let , . . . , y N be disjoint positively oriented circles centered at z x , . . . , z N , 
respectively, chosen to be so small that the discs they bound are disjoint. We can 
apply Green’s Theorem to the function / on the domain Q whose boundary is y and 
y i9 . . . , y N . Since / is analytic on Q, the value of the line integral is zero. Therefore, 

0= f f(z)dz- f f f(z)dz. 

Jy *=l Jy k 

However, J 7k f(z) dz = 2ni Res(/ ; z k ). This finishes the proof. ■ 

The remainder of this section is devoted to uses of the Residue Theorem in 
the evaluation of definite integrals. 

Integrals of Rational Functions 

It is convenient to isolate here several simple facts about a polynomial 
p(z) = a n z n + a n .^z n ~ l + • • • + a x z + a 09 a n # 0. 

If p( a) = 0, then p(z) = (z — a)q(z), where q is a polynomial of degree 

n~ 1. (1) 

There are at most n distinct points a, , . . . , a s in the plane at which 

p(<xj) = 0. (2) 

For |z| = R,R large, we have the estimate 

^|aJR"<|p(z)K2|aJR". (3) 

The proofs of these three facts are all easy. For (1), expand p in powers of (z — a); 
this yields 
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n d^(ol) 

p(z) = £ c j(z - ay, Cj = — , j = 0, 

o J'- 

However, c 0 = p(a) = 0, so 

p(z) = C t (z - a) + • • • + c„(z - a)" 

= (z - a)[ci + ••• + c„(z - a)" -1 ] 


= (z - a )q(z). 

Next, (2) follows from (1), since each time a zero is divided out, the degree of the 
quotient goes down by one. Finally, 


lim 

|z|-oo 



= \a n | > 0 . 


Consequently, for |z| = R large enough, 



P(z) 

z n 


< 2|o.U 


which is exactly (3). 

The following proposition shows how the Residue Theorem is applied to 
evaluate controls of certain rational functions. 


PROPOSITION Suppose P and Q are polynomials that are real-valued on the real axis and 
for which the degree of Q exceeds the degree of P by 2 or more. If Q(x) ^ 0 for all 
real x, then 



P(x) 

ew 


dx = 2ni Y, Res 
u 



where the sum is taken over all poles of PIQ that lie in the upper half-plane 
U = {z: Im z > 0}. 

Proof Let y R be the semicircular contour in Figure 2.15. There is no loss of 
generality in assuming that Q(z) ^ 0 for z e y R . On y R , when R is big, (3) gives 
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P{z) 



G(*) 


K 


C 

W 


since m ^ n + 2. Hence, 



j»0 




2nR 


0 


as R -* oo. 


The result now follows from the Residue Theorem. 


Example 1 Compute 


f* * 2 

J-co (1 +X 2 )(4 + X 2 ) X • 

Solution The polynomials are F(z) = z 2 and Q(z) = (1 + z 2 )( 4 + z 2 ), respectively, 
and Q has zeros at z x = / and z 2 = 2i in U , the upper half-plane. Now 

f(g) = ^ 

Q{z) (z - i)(z + i)(z - 2 i)(z 4- 2 i ) ' 


Example 4 of Section 5 then gives 
and 

Re s(-; 2 /) = (_ 3 )( 4 .)=-. 

Hence, 

x 2 j ~ J-l 1 ~| n 

(1 + x 2 )(4 + x 2 ) X 711 1_ 6i + 3f J 3* 

Example 2 Compute 


□ 


f 00 dx 

J — co (1 4" x 2 ) 2 * 

Solution Here P(z) = 1 for all z and <2(z) = (1 + z 2 ) 2 = (z + i) 2 (z — i) 2 . Hence, Q 
has just one zero in the upper half-plane l/, at z 0 = i, but that zero has order two. 
According to (7) of Section 5, the residue of l/Q at z 0 = i is the value at i of the 
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derivative of g(z) = (z + i) 2 . This is easily computed to be l/4i. Consequently, 

r 7 ] — 1 2\2 dx = 2ni(^) = 

J-oo (1 + x 2 ) 2 \4iJ 2 


Integrals over the Real Axis Involving Trigonometric Functions 

For integrals of the form |f x R(x) sin x dx or J “ „ R(x) cos x dx, where R is a 
rational function that is real-valued on the real axis, we apply the Residue Theorem 
to the function f(z) = R(z)e iz and, at the end of the computation, take the imaginary 
or real part of the resulting complex number. 


Example 3 Compute 


Solution Set 


i: 


COS X _ 

— r r- dx, a > 0. 

x 2 + a 2 




f has a pole at ioc in U with residue 


Rest/; <«) - 


Let y R be the contour in Figure 2.15, so 


e ~ a fe~*\ C 

n — = 2ni [ - — ) = f(z) dz 

« \ 2,<x / L 

= PT ?- dx + '■ f(Re ie )Re" dd. 


The integral over the semicircle can be estimated by 


r 


f(Re i0 )Re ie dO 


[*n p -Rsin0 


dO 


nR 


R 2 — a 2 


■ 0 as R — ► cxd. 


Thus, 


ne “ f 00 cos x , . f 00 sin x , 

a J-oo x 2 + a 2 X+ J_ 0O x 2 + a 2 X ' 


The integral with sin x is zero since the integrand is odd; hence, 
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COS X 

x 2 + a 2 


dx = n — , 
a 


a > 0. 


□ 


Example 4 In the foregoing result, replace x with /foe and set S = cc/fi. This results 
in the formula 



cos /foe 
x 2 + S 2 


dx = 



P, S > 0. 


( 4 ) 


Other integral formulas may be derived formally from (4). For instance, differentia- 
tion of both sides of (4) with respect to /? yields 



x sin /foe 
x 2 + <5 2 


dx = ne dp , 


jM > 0. 


( 5 ) 


(The formalities are justifiable but will not be shown here.) A further differentiation, 
this time on S , gives 



x sin fix A 
(x 2 + <5 2 ) 2 dX = 



e 


-60 


Another formula comes from (5) by taking ft = 1 and letting 6 -+ 0: 

f 00 sinx , 

dx = 71. 


(Note: This last formula is only a formality at this point.) □ 

In these applications of the Residue Theorem, we often need to estimate the 
magnitude of the line integral of e iz over the semicircle z = Re ie , 0 < 6 < n. To do 
this, we note that 


\e iz \ = e Re ^ iz) = e~ Rsin6 

Further, elementary calculus shows that sin 9 ^ (2/n)9 for 0 < 0 ^ n/2. Hence, for 
0^0^ 7 t/2, 


|g«| — e ~R sin0 ^ e ~(2R/n)0 


Therefore, 


| e iz dz 

= 


% n 

e iRe '“iRe ie d6 

V/ 

e~ Rsine d0 = 2R f 

JW = K 

Imz^O 


* 

0 

j 

o J< 


} d9 


r 


^ 2R \ e i2R/n)d d0 = n(l — e R ) < n. 
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The inequality 


II 

Imz^O 


e iz dz 


< 71 


is often called Jordan’s Lemma. 


Example 5 Compute the value of 


I 


00 x 3 sin x 
x 4 + 16 


dx. 


Solution We set 


/(2) - e “?Tl6 

and integrate / over the contour in Figure 2.15. The function / has poles in U of 
order one at N /2( 1 + i) and x /2(— 1 + i). The residues are 

Res (/; y/2( 1 + 0) = 1 exp[ N /2(— 1 + i)] 

and 


Res (/; y/2 (- 1 + 0) = 1 expC^- 1 + /)] 


By Jordan’s Lemma (or, better, its proof), we can make the estimate 
/(z) dz 


L 


=R 
imz^O 


n3 

e- Rain e R d6^— A — -+0 


R 4 - 16 


as R -* co. Thus, 


I 


00 x 3 sin x 


x 4 + 16 dx = Im{27ci[Res(/; ^2(1 + i)) + Res (/; V2( - 1 + /))]} 
= ne~'f 2 cosl^/2). 


Example 6 Find the value of 


I 


” sin 2 x 


.2 dx. 


Solution We use the identity 2 sin 2 x = 1 — cos 2x = Re(l — e lix ). Set 
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/(z) = 



and take y to be the contour in Figure 2.16. 

The integral of / over y is zero, by Cauchy’s Theorem. On the semicircle 
2 = Re“, 0 ^ t < n, we may estimate / by 


\f(Re“)\ ^ 


1 + e -2* s ‘ nI 
R 2 




2 

R 2 


so that the integral over the large semicircle can be bounded by 


II 

IJW = K 

zey 


f(z) dz 


^ ^ 2nR -* 0 as R -* oo. 


Furthermore, near z = 0, f(z) has the expansion 




/(z) = 


- 1 


2! 


— 2 i 4i 

F 2 — — z + 

z 3 


Hence, 


r 


/(ee'^iee* dt = — 271 + (terms that go to zero as e 0). 


Thus, 


f * 1 _ e 2i x r~e 1 _ ,2w 

° = J e — + dx-2n + E, 
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where E 0 as R -+ oo and e -► 0. Take the real part of the above expression: 


2n 


C R 1 — cos 2x _ f £ 1 — cos 2x _ __ _ 

= 2 dx + 2 + Re(£). 

Je * J-R X 


Now let R oo and e -► 0 and recall that 1 — cos 2x = 2 sin 2 x. The final result, 
then, is that 



□ 


Integrals of Trigonometric Functions over [0, In] 

Integrals of this type were discussed once already, in Section 3 of this chapter, in 
connection with Cauchy’s Theorem. Here we can approach them more generally by 
allowing multiple poles or poles of order two or more. 


Example 7 Compute the value of 

f 2 * dO 
J 0 2 + cos 2 0‘ 

Solution With z = e ie 9 it follows that dO = dz/iz and cos 0 = \{z + (1/z)). This gives 



The rational function 


m = 


4 z 

z 4 + 10z 2 + 1 


has two p oles, each of order one, within the circle |z| = 1, at z x = i\J 5 — 2^/6 and 
z 2 = —i\J 5 — 2^/6. The residues are, respectively, 


Res (R; z x ) 


4zj __ 1 

4 Zj -f 20z x z 2 + 5 


1 

2^6 
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and 


Hence, 


Rqs(R ; z 2 ) 


4*2 

4 z\ + 20 z 2 


1 

z\ + 5 


2^6' 


2 * dd [ 1 1 ) 

» 2 + cos 2 0~ 27r l^ + ^j 


In 

= 7*' 

Integrals Involving log x or Fractional Powers of x 

Example 8 Find the value of 


□ 


Solution We take 


(*“ log* 

Jo (1 +* 2 ) 2 


dx. 


/(z) = 


logz 
(1 +z 2 ) 2 


on the domain D obtained by deleting the negative imaginary axis; log z is de- 
termined on D by requiring the imaginary part to have values in the interval 
( — 7t/2, 3n/2). We integrate / around the contour in Figure 2.16, for R > 1 and 
0 < e < 1. / has a single pole at i, and it is of order two. Hence, 

Res (/ ; i) = value of at z = i 

_{n + 2 i) 

“ 8 ' 


r iogz 
,r(z 2 + l ) 2 



Thus, 



2.6 The Residue Theorem and Its Application to the Evaluation of Definite Integrals 163 


On that part of y that lies on the circle \z\ = R,f can be estimated by 

2 log R 


l/(z)l < 


(R 2 - l) 2 ’ 


M = R, 


SO 


r 

Jw=* 


/(z) dz 


„ 2 log R 

^ nR 7^2 772 0 as/?-*- go . 

(K — 1) 


Furthermore, on that part of y that lies on the circle |z| = e, we estimate / by 

— 2 log e 

l/(z)l<7T— lu* !*!-«■ 


Thus, 


f 

J|z| = £ 


f(z) dz 


(1 - e 2 ) 2 


( — 2 log £) 

^ne- 2\2~ — * ^ ase-* 0 . 


(l-£ 2 ) 


On the segment of y on the negative real axis, 
logz log |x| + in 


/(z) (Z 2 + l) 2 (X 2 + l) 2 ’ 

All this together yields 

mR log x 


z = x, — K ^ x ^ — £. 


— 7i in 2 

1T + T 


-f 


(1+X 2 ) 


2\2 


dx + 


i: 


log(-x) + i7i 
(!+*■)■ ix+E ■ 


where E goes to zero as a J 0 and R | oo. Taking the real part of both sides, we obtain 

(6) 

The imaginary part yields the equality 


f 00 Jog; 

Jo (1 + x 


r 


dx 


Jo (1 + X 2 ) 2 4’ 

which we knew already from Example 2. 

Example 9 Find the value of jo x p /(l + x 2 ) dx, — 1 < p < 1. 
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Solution Let D be the domain obtained from the complex plane by deleting the 
origin and the negative imaginary axis. On D we define z p to be exp(p log z), where 
log z has imaginary part in the interval ( — 7r/2, 3n/2). Then the contour in Figure 
2.16 lies in D , and 


m= 


z p 

1 +Z 2 


is analytic on D except for a pole of order 1 at z 0 = i, with residue 

Res (/; 0 = ^-. 


As we have seen before, the line integral of / over the semicircle \z\ = R may be 
bounded above by 


nR p + l 
R 2 - r 


a quantity that approaches zero as R -► oo. Likewise, the line integral of / over the 
semicircle |z| = e may be bounded above by 


TIE 


P+1 


1 -e 2 ’ 


which goes to zero as e -► 0. We apply the Residue Theorem and then let e -+ 0 and 
R -+ oo. The conclusion is that 


[1 + (- l) p ] — — — j- dx = 2ni Res (/; i) = ni p . 

Jo 1 + x 

Simplifying and using the given formula for the pth root, we obtain 

-1 <p< 1. 


*°° xP j n( np\ 1 


REMARK It is possible to manipulate the result of Example 9 to obtain an interesting 
formula. Make the change of variables x 2 = t. Then the integral becomes 


1 Too t (p- 1)/2 

2 Jo 1+ t dt 


Set a = (p + l)/2; with this change of parameter, we obtain the desired formula: 
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f°° , n 

dt = ~— — -, 0 < a < 1. 

J 0 1 + t sin(7ia) 


( 7 ) 


A number of other formulas can be obtained from this last result. In the 
integral in (7), replace t with t p 9 0 < P < oo. This gives 


'oo 


dt = 


1 71 


1 + t p f} sin(a7c)‘ 


( 8 ) 


For instance, with j? = 1/a, 


JTr 


dt 


+ fi sm(n/PY 


1 < P < oo. 


( 9 ) 


Example 10 Find the value of 


1 . 


f 1/3 


0 x 2 + 4x + 8 


dx. 


Solution Let D be the domain obtain from the complex plane by deleting the 
nonnegative real numbers. As in Example 9, z 1/3 is analytic on D if we choose log z 
to have imaginary part in the interval (0, 2n). We set 


/(*) = 


7 1/3 


z 2 + 4z + 8 


Let y be the “keyhole” contour pictured in Figure 2.17. In Example 5, Section 6, 



Figure 2.17 
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Chapter 1, we gave a parametrization of y; this is repeated next to the figure. The 
poles of / are at z x = — 2 + 2i = 2 x /2e 3 * I/4 and z 2 = —2 — 2i = 2 N /2e 5 * I/4 . The 
residues of / at the poles are 


Res (/; z t ) = N// ^. ~ 


wi/4 


and 

/2p5*»yi2 

Res(/; z 2 ) = — _ 4; . • 

Arguments that we have employed several times now show that the line 
integral of / over that portion of y on the circle \z\ = R goes to zero as R -+ oo. 
Likewise, the line integral of / over that portion of y on the circle \z\ = e also goes 
to zero. Using the parametrization of y shown in Figure 2.17, we see that the line 
integral over the segment from ee id to Re id is 


f 


1 1/3 e iSI3 


t 2 e 2iS + Ate 16 + 8 


e iS dt. 


As 8 -> 0, this approaches 


f 


.1/3 


dt. 


t 2 + At + 8 

Likewise, the integral over the segment from Re‘ (2 *~ S) to ee i(2 *~ S) converges to 

f l/3 


p i2n/3 [ _ 


2 + At + 8 


dt, 


as5-*0. Combining these integrals with the Residue Theorem and letting e -* 0 and 
R -► oo, we obtain 


(1 - 6 ,2 ” /3 ) 

Simplifying, we obtain 


f» t 113 
Jo t 2 + At 


A t = 'fe 71 ( r *U* — p5**/12\ 
At + 8 2 [ } ' 


i 


f l/3 


o t 2 + At + 8 


dt = 


_ 


sin 


sin | - 

k * 



2.6 The Residue Theorem and Its Application to the Evaluation of Definite Integrals 167 


EXERCISES FOR SECTION 2.6 


Use the method of Examples 1 and 2 to compute these integrals. 


-oo x 4 - 4x 2 + 5 


— = y - — z —z— , a, b > 0 

(x 2 + a 2 )(x 2 + b 2 ) 


Use the method of Examples 3 to 6 to compute the following integrals. 


(x 2 + l)(x 2 + 4) 


x 2 -f- 6x + 10 


x 4 + 1 


-oc (X + a ) 2 + r 


cos yx n 

; y— - z ry- dx Answer : ~ — z ~y~ 

0 (x 2 + a 2 )(x 2 + P 2 ) 2a/?(a 2 - p 2 ) 


_ fSe-y*! 


Use the method of Example 7 to compute these integrals. 

f 2 * de 
Jo (2 — sin 9) 2 
C 2n de 

ia j. 

. f 2n COS 26 


\<P<\ 


J 0 1 — 2 a cos 0 + a 2 

C 2n 

12. sin 2k 0 dO Answer: it - 


\<a<\ 


^ J 0 (ik!) 2 2 2 *- 1 

Use the “keyhole” contour in Figure 2.17 in the manner of Examples 9 and 10 to 
compute the following integrals. 


o x + 3x + 2 


dx, 0 < a < 1 


■. f 2 — - dx Answer: U - r - \J y/s — 1 

Jo x 2 + 2x + 5 2 Jl V 


o x 2 + 2x cos co + 1 


dx, —n<(o<n, 0 < A < 1 


Use the method of Example 8 in the following problems. (Note that the integrals 
are improper, since log 0 is not defined.) 

16 . r — i2i * dx 17 . 

Jo (1 + x 2 ){4 + x 2 ) Jo 1 +x 2 

is. Answer: *‘ ,9. 

J 0 l+x 8 J 0 l+x 

20. (a) In the identity (7) differentiate both sides with respect to a to obtain the 

formula 
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t a ~ l log t 


dt = — rc 2 cot(arc) esc (arc), 0 < a < 1. 


(b) Use the result of (a) to derive the formula 


O 1 + 


■ ds = — 


cot ( — ) esc ( 1 , 1 < y < oo. 


(Hint: Let s = t a .) 

_ t f 00 cosx _ rc 

21. Show that — — dx = — ■= — r • 

J-a e x + e x e n/2 + e K/1 

(Hint: Integrate f(z) = e iz /(e z + e~ z ) over the rectangle with vertices at ±R and 
±R + I7T.) 

22. Use (8) or (9) to compute these integrals. 


*°° dx 

Jo 8 + x 3 

r°° x y 

Jo 1 + X* 


o x -j- 16 


23. Show that (a) J ^ (FTW* “ S 1 

24. Let p be a polynomial of degree n with distinct zeros at z x , . . . , z n and let q be a 
polynomial of degree n — 2 or less. Show that 

(Hint: Integrate q/p over the circle |z| = R , and let K -* oo.) 

25. Give a proof of the Residue Theorem for functions with poles using (11) from 
Section 5. (Hint: Show that the value of the integral 


dx 9 0 ^ y < 0 - 1 


-oo (x 2 + a 2 ) 2 2a 3 (b) 




is 2rcj Res(/ ; z 7 ) if z 7 - is inside y and 0 otherwise.) 

26. Use the Residue Theorem to calculate the following integrals. 

1 C 2n 

(a) — de 

Jo 

1 C2* /I / i> 


(b) — e cosd cos n9 d0 (Hint: g(z) = z n 1 exp I - I z + 


^ sinfl sin n6 dO 


The Summation of Certain Series by Means of Residues* 

27. Show that the poles of C(z) = rc cot rcz are z fc = fc, fc = 0, ±1, ± 2, . . . , that each 
pole has order one, and that the residue of C(z) at each pole is one. 
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28. Show that C(z) = n cot nz is bounded on the square y N with vertices at 
±(N + j) ± i(N + j\N a positive integer, by a bound that does not depend on 
N. 

29. Let f(z) = 1/z 2 ; show that 

f(z)C(z)dz-> 0 asN-*oo. 

J7n 

Use the Residue Theorem to prove that 



71 


2 


6 ’ 


30. Suppose that / is analytic on the plane except for poles at (i, . . . , none of 
which are integers, and suppose that lim^i-,^ |z/(z)| = 0. Show that 


Z f(n) = -I Res (/C; C from Ex. 28 

-00 j = 1 


( 10 ) 


31. Use (10) to find the sum of the following series. In every case, a is chosen such 

that none of the denominators vanish. 

00 1 00 1 

( a ) Z zrr~Z2 ( b ) Z 


(C) Z 


i n z + a z 
1 


-co{n - h a) 2 
1 


w =i (2 n - l) 2 


(d ) Z4 

n = 1 n 


Further Use of the Residue Theorem on n cot nz* 

32. Let y N be the curve from Exercise 28. Show that 

1 f C(z) __ 7C COt 7CW * 1 1 

2ni J y z(z - w) Z w + k ±t N k(k - w) w 2 ’ 

k# 0 

w ^ 0, i 1, ±2, . . . , + AT. 


33. Let N -► oo; show that 


C(w) = 7C cot 71 w = — h 
w 


S 2w 
k=i W 2 -k 2 ' 


34. Integrate 7c cot 7cw — (1/w), which is analytic at w = 0, from 0 to z to obtain 


Lo 8 (^)-|u g ( , 4) + lo g , 
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z not a real number. Conclude that 


sin nz = nz 



(u) 


Further Reading 

Each of the following books gives a more sophisticated and far-reaching develop- 
ment of the theory of analytic functions than is presented here. 

Ahlfors, L. V. Complex analysis. 3rd ed. New York: McGraw-Hill, 1979. 
Burckel, R. B. An introduction to classical complex analysis. New York: Aca- 
demic Press, 1979. 

Caratheodory, C. Theory of functions. Vols. 1 and 2. New York: Chelsea, 1964. 
Heins, M. Complex function theory. New York: Academic Press, 1968. 

Hille, E. Analytic function theory. Vols. 1 and 2. New York: Blaisdell, 1959. 
Knopp, K. Theory of functions , parts I and II; and Problem book in the theory 
of functions , parts I and II. New York: Dover, 1945; 1952. 

The books by Burckel and Hille contain extensive and informative historical and 
biographical information on the theorems of complex analysis and their creators. 
These notes are well worth reading. 



3 

Analytic Functions as Mappings 


The theme of this chapter is the “geometry” of analytic functions, in particular the 
nature of their range. This theme manifests itself first in several theorems in Section 
1 that pinpoint the number of solutions to an equation of the form f(z) = w 0 . 
The answer is formulated in several different ways, all connected closely with the 
behavior of the function / on a closed curve. This ability to count the number of 
solutions of f(z) = w 0 is exploited in Section 2 to prove that the range of a noncon- 
stant analytic function is an open set. This is a profound and elegant property of 
analytic functions that leads in a natural way to the maximum modulus principle. 
Even more important, we are led directly to the study of conformal mapping, a tool 
of enormous beauty and power both in applications and theory. 


3.1 The Zeros of an Analytic Function 

Suppose that / is analytic and not identically zero in a domain D. We saw in (3) and 
(4) of Section 4, Chapter 2 that each zero of / has a certain order; that is, if f(z 0 ) = 0, 
there is an integer m, m ^ 1, such that 

f(z) = (z - z 0 ) m g(z), 

where g is analytic in D and g(z 0 ) ^ 0. The integer m is frequently called the 
multiplicity of the zero of / at z 0 . In this section, we shall collect several results about 
the zeros of an analytic function. We begin with a fact closely related to (3) of Section 
4, Chapter 2. 

Suppose that f is analytic in a domain D. If there are distinct points 
Zj , z 2 , . . . in D with f(z n ) = 0, n = 1,2,... and if the sequence {z„} 
converges to a point z 0 of D, then f(z) = 0 for all z e D. (1) 

To show why (1) is true, we make use of (3) in Section 4, Chapter 2; we shall 

show that the hypotheses in (1) imply that f ik) (z 0 ) = 0 for k = 0, 1, 2, We note 

first that since z n z 0 and since / is continuous, we must have /(z 0 ) = 0. Now f(z) 
has a power series valid for |z — z 0 | < S: 


171 
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/(z) = a^z - z 0 ) + a 2 (z - z 0 ) 2 + ■■■, \z - z 0 \ < 8. 


Suppose we know that a 0 = • • • = a N . { = 0; we shall show that a N 
a function g by 


G(z) = 


f /(*) 

(Z - Zof’ 


z # z 0 


z = z n . 


By (4) of Section 4, Chapter 2, g is analytic in D. However, 


0, too. Define 


0fa) = 


/fa) 

fa - z n f 


= 0 , 


n = 1, 2, ... and z n ^ z 0 , 


so a N = #(z 0 ) = lim n -oo g(z n ) = 0. Thus, all the coefficients a k of the power series for 
f(z) about the point z 0 are zero, so f(z) = 0 for all z in D by (3) in Section 4, 
Chapter 2. 

To reiterate, 

if an analytic function f on a domain D vanishes on a sequence of distinct 
points fa} of D, which converges to a point z 0 of D, then f vanishes identically 
in D. 


Example 1 The hypothesis that z 0 lies in D is not superfluous. For instance, 
f(z) = sinfaz) is analytic for all z / 0, and /(1/n) = sin(7cn) = 0 for n = 1, 2, ... , and 
z n = 1/n -► 0 as n -+ oo, yet / is not identically zero. (Obviously, / is not analytic on 
any disc centered at the origin.) □ 

The mathematical way to phrase (1) is to say that the zeros of a nonconstant 
analytic function are isolated (from each other). This allows us to count them, as 
the next several theorems show. 

Suppose that h is a function analytic on a domain D except for a finite number 
of poles. Let y be a piecewise smooth simple closed curve in D whose inside lies in 
D and which passes through no zero or pole of h. Let z x , . . . , z N be the distinct zeros 
of h inside y, and let w l9 . . . , w M be the distinct poles of h inside y (Fig. 3.1). 



Figure 3.1 
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Let rij be the order (or multiplicity) of the zero of h at z p j = 1, . . . , N. Then 

h(z) = (z- z/'tyz), 

where Gj is analytic near z } and G } (zj ) # 0. Hence, 

h'(z) rij G}(z) 

h(z) z-zj Gj(z) ’ 


so 


Res 


{p 2 : >) " 


Likewise, if m k is the order of the pole of h at w k , k = 1, .... M, then 

H k (z) 


h(z) = 


(z-wj"-’ 


where H k is analytic near w k and H k (w k ) # 0. Thus, 

h'(z) -m k H' k (z) 

h(z) z-w k H k (z) 


( 2 ) 


for z near w k , so 


Res 



-m k . 


( 3 ) 


We now apply the Residue Theorem (Theorem 1 from Section 6, Chapter 2) to the 
function (h'/h). The result is 


-f^z=Y 
2 ni J y h(z) h 


M 


*j- Z m k- 

k = 1 


( 4 ) 


Here is the formal statement of (4). 


THEOREM 1 Suppose that h is analytic in a domain D except for a finite number of poles. 
Let y be a piecewise smooth positively oriented simple closed curve in D, which does 
not pass through any pole or zero of h and whose inside lies in D. Then, 

number of zeros) f number of poles 
of h inside y j \ of h inside y 


2ni J y h(z) 


All zeros and poles are counted with multiplicities. 
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If you have been observant, you will have noticed by now that h'/h is the 
derivative of log h , and you may well have reasoned along the following lines: 
(log h)' = h'/h, so 


T 77 dz= { (log h(z))' dz 

Jr H*) J y 

= log h(y(b)) - log /i(y(a)) 

= 0 , since y(a) = y(b). 

This surely runs completely contrary to the conclusion of Theorem 1. Consequently, 
there is a flaw in the reasoning above, and it is not overly difficult to pinpoint it — the 
logarithm function is not continuous on any domain that surrounds the origin. The 
point of Theorem 1 is, fundamentally, that the zeros and poles of h are counted by 
counting the number of times that the closed curve T = h o y winds around the 
origin. However, a lot of things are right with this fallacious computation, and all 
will be put right by the more careful use of the logarithm. Further, the logarithm 
will show the connection between the integral in (4) ?nd the argument of h . For 
reasons of exposition, we will give the proof in the case when y is a circle. More 
complicated curves naturally require somewhat more complicated proofs. 

Let y be the circle y(t) = z 0 + Re lt , 0 ^ t ^ 2n. Since h is not zero on y, there 
is an annular region R — <5 ^ |z — z 0 \ ^ R + d on which h is not zero. Let D be the 
domain D = (z: R — S < |z — z 0 | < R + S and 0 < arg(z — z 0 ) < 2n} (see Fig. 3.2). 



The domain D is simply-connected, so there is an analytic function f on D 
with / = log h; see Application 2, Section 4, Chapter 2. Now let e be a small but 
positive real number. Since h'/h is continuous on the annulus R — S ^ |z — z 0 | ^ 
R + 3, and after parametrizing the curve y, it follows that 


’ ^(z) 
Jy Hz) 


dz = lim 

£-*>0 



h’(z 0 + Re“) 
h(z 0 + Re u ) 


iRe u dt. 
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However, the latter integral equals 


/'(z 0 + Re")/Re" dt = j [/(z 0 + Re")] dt 

J £ J E 


= /(z 0 + Re* 2 '-") - f(z 0 + Jte b ) 


= log|/z(z 0 + Ke i(2 * _£) )| - log|h(z 0 + Ke i£ )| 

+ i{arg h(z 0 + Re H2 *~ e) ) - arg /i(z 0 + Ke i£ )}. 

As e -* 0, an interesting thing occurs: The real part of this expression, 
log | h(z 0 + Re i(2lt ~ E) ) | — log|Ji(z 0 + Re ie ) |, goes to zero, but the imaginary part, 
{arg h(z 0 + — arg h(z 0 + Ke l£ )}> need not. In fact, the imaginary part 

most clearly converges to the total change in arg h(z) as z traverses y once. 
(Think of h(z) — z 2 on a circle centered at the origin.) This establishes, for a 
circle, the connection between the integral in (4) and the change in the argument 
of h(z) as z traverses the curve y. This relationship i$ called the argument principle. 
We state it formally. 

THEOREM 2 The Argument Principle Suppose h is analytic on a domain D except for isolated 
poles. Let y be a piecewise smooth positively oriented simple closed curve in D whose 
inside lies in D and which does not pass through any zeros or poles of h. Then, 

1 j change in arg h(z)l __ j number of zeros! (number of poles 
2n (as z traverses y j (of h inside y j (of h inside y 

Example 2 Find the number of zeros of the function f(z) = z 3 — 2z 2 + 4 in the first 
quadrant. 

Solution We examine f(z) on the contour shown in Figure 3.3; R is very big. On the 
segment 0 ^ x ^ R, f(x) = x 3 — 2x 2 + 4 is real and greater than 2. On the quarter- 
circle z = Re l \ 0 ^ t ^ 7r/2, 



f(Re“) = RV"(l -~ + = RV"(1 + 0, 



Figure 3.3 
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where |£| ^ 6/R < e for R large. Thus, arg f{Re il ) is approximately arg(e 3if ) = 3 1 for 
large R , so arg f(Re u ) increases from 0 to about 37r/2 as t increases from 0 to 7r/2. 
On the segment z = iy, R ^ y ^ 0, 


f(iy) = —iy 3 + 2 y 2 + 4. 


For R > y > 0, this point lies in the fourth quadrant, since 

Re(/(J») = 4 + 2y 2 > 0 
Im( f(iy)) =-y 3 <0. 

Hence, as y decreases from R to 0 ,f(iy) lies in the fourth quadrant and moves toward 
the point w = 4. Consequently, as z traverses the contour, arg f(z) increases by 
exactly 2n, so f(z) = z 3 — 2 z 2 + 4 has precisely one zero in the first quadrant. □ 

Example 3 Let l > 1. Use the argument principle to show that the equation 

z + e~ z = X 

has exactly one solution in the right half-plane {z: Re z > 0}. 

Solution We shall examine h(z) = z + e~ z — X on the curve pictured in Figure 3.4. 
We shall show that when R is very large, the net change in arg h over this curve is 
2n. It will then follow from the argument principle that h has precisely one zero in 
the right half-plane. We note first that on the imaginary axis, 

h(iy) = iy + e ~ iy - X 

= (cos y — X) - h i(y — sin y). 



Figure 3.4 
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Since X > 1, Re h(iy) is always negative. Further, Im h(iy) decreases from a positive 
value at y = R to a negative value at y = —R. That is, h(iy) moves from the second 
to the third quadrant as y decreases from R to — R. On the semicircle z = Re 10 , 
— 7c/2 ^ 9 ^ 7c/2, 


\e~ Rei9 \ = e - Rcose ^ 1, 

so h(re i0 ) = Re i0 { 1 + c}, where c is very small when R is very large. Consequently, 
arg h(Re id ) is approximately 9 and so increases from (about) — rc/2 to (about) 
rc/2 as 9 increases from — 7i/2 to n/2. That is, the point h(Re 10 ) moves from the 
third quadrant (when 9 = — nil and z = — iR) through the fourth quadrant, then 
through the first quadrant, and ends in the second quadrant (when 9 = n/2 and 
z = iR). In total, then, h(z) makes one full counterclockwise circuit about the origin 
as z traverses y once in the positive sense, so arg h(z) increases by 2n. Hence, h has 
one (and only one) zero inside y, by the argument principle. □ 

Here is another theorem, closely related to the argument principle. 

THEOREM 3 Rouch6's* Theorem Suppose / and g are analytic on an open set containing a 
piecewise smooth simple closed curve y and its inside. If 

1/(2) + 0(2)1 < l/(2)| for all zey, (5) 

then / and g have an equal number of zeros inside y, counting multiplicities. 

Proof Note that the hypothesis (5) ensures that neither / nor g is zero on y. We 
may assume further that all the common zeros of / and g inside y have been canceled; 
this affects neither the hypotheses nor the conclusion. Let h = g/f ; then 

| h(z) + 1| < 1 for all z e y, 

so the range of h on y lies in the disc of radius 1 centered at the point —1. In 
particular, arg h(z) has no net change as z traverses y (Fig. 3.5). 

By Theorem 2, the number of zeros of h inside y equals the number of poles 
of h inside y. But the number of zeros of h is just the number of zeros of g , and the 
number of poles of h just the number of zeros of /. ■ 

REMARK Suppose that / and g satisfy the hypotheses of Theorem 3 except that 

1/(2) - 0(2)1 < |/(z)|, zey. (6) 

It is then still true that / and g have equally many zeros inside y. The reasoning is 
elementary: According to Theorem 3, the hypothesis (6) implies that / and — g have 
equally many zeros inside y. However, a point is a zero of — g exactly when it is a 
zero of g. We are done. 


Eugene Rouche, 1832-1910. 
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Rouche’s Theorem has a number of useful applications, as the following 
examples show. 

Example 4 Show that all the zeros of 


p(z) = 3 z 3 — 2 z 2 + 2 iz — 8 


lie in the annulus 1 < |z| < 2. 

Solution On the circle |z| = 1, 

I p(z) + 8|<3 + 2 + 2 = 7<8, 

so p(z) and f(z) = 8 have the same number of zeros within |z| = 1, by Rouche’s 
Theorem; thus, p(z) does not vanish in the disc |z| < 1. Furthermore, on |z| = 2, 

|p(z) - 3z 3 | ^ 2(4) + 2(2) + 8 = 20 < 24 = |3z 3 |, 

so p(z) and f(z) = 3z 3 have an equal number of zeros within the circle |z| = 2; that 
is, p(z) has three of its zeros within |z| = 2. Consequently, all the zeros of p lie in the 
annulus 1 < |z| < 2. □ 


Example 5 Find the number of roots of the equation 

z 2 — 4 2z 2 - 1 

z 2 + 4 + z 2 + 6 ~ 


( 7 ) 


that lie within the unit circle |z| = 1. 

Solution When we clear the fractions, we see that we must determine the number 
of roots within the circle |z| = 1 of the equation 
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(z 2 - 4)(z 2 + 6) = (z 2 + 4)(1 - 2z 2 ). 

Let p(z) = (z 2 — 4)(z 2 + 6) = z 4 + 2z 2 — 24, and let q(z) = (z 2 + 4)(1 — 2z 2 ) = 
— 2z 4 — 7z 2 + 4. Then, on |z| = 1, 

\p(z)\ = 1 24 - 2z 2 - z 4 | ^ 24 - 2 - 1 = 21 


and 


\q(z)\ = |2z 4 + 7z 2 - 4| ^ 2 + 7 + 4 = 13. 

Hence, \p(z)\ > \q(z)\ = \{p(z) — q(z)} — {p(z)}\, which implies that p and p — q 
have an equal number of zeros within the circle |z| = 1. But clearly p has no zeros 
within |z| < 1, so (7) has no roots within |z| <1. □ 

Rouche’s Theorem also provides a direct and simple proof of the following 
result. 


THEOREM 4 The Fundamental Theorem of Algebra A polynomial of degree n has exactly n 
zeros, counting multiplicities. 

Proof We do not affect the solutions of p(z) = 0 by dividing p(z) by the coefficients 
of z”; thus, we may suppose that 

p(z) = z n + a n . x z n ~ l + ••• + dqz + a 0 . 


For large values of |z| = R, 


P(z) ~ z n 
z n 


= | a n - t z 1 + ••• + a 0 z "I 


^ 1^0 1 + + \ a n - ll ^ 1 

* R S' 


Hence, |p(z) — z n \ ^ j\z\ n < \z n \ for |z| = R, so by Rouche’s Theorem (Theorem 3), 
we learn that p(z) and z n have an equal number of zeros within the circle |z| = R. 
But z" has exactly n zeros within |z| = R, so the same is true for p(z). ■ 


EXERCISES FOR SECTION 3.1 


Use the technique of Example 2 to determine the number of zeros of / in the first 
quadrant. 


1. f(z) = z 2 - z + 1 

3. /(z) = z 3 - 3z + 6 

5. f(z) = z 9 + 5z 2 + 3 


2. f(z) = z 4 — 3z 2 + 3 
4. f(z) = z 2 + iz + 2 + i 
6. f(z) = z 7 + 6z 3 + 7 
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In Exercises 7 and 8, use the technique of Example 3 to determine the number of 
zeros of the given function in the upper half-plane. 

7. z 4 + 3 iz 2 + z — 2 + i 8. 2z 4 — 2iz 3 + z 2 + 2 iz — 1 

9. Show that the equation z 4 — 5z 2 + 3 = e~ z has no solutions on the imaginary 
axis and precisely two solutions in the half-plane Re z > 0. 

10. Show that there is no entire function F with F(x) = 1 — exp[27ri/x] for 
1 ^ x ^ 2. 

11. Show that there is no entire function F that satisfies the equation F 2 (z) = sin z 
for all z in the complex plane. Show that the same conclusion holds if “all z in 
the complex plane” is replaced by “z in some open set,” or even by “for some 
sequence of z that have a limit point in the plane.” 

In Exercises 12 to 15, use the technique of Example 4 to determine how many zeros 
of the given function lie in the given annulus. 

12. z 3 - 3z + 1 in 1 < |z| < 2 13. z 4 - 2z - 2 in \ < |z| < \ 

14. ze z — \ in 0 < |z| < 2 

15. 4z 3 — 12z 2 + 2z + 10 in j < |z — 1 1 < 2 

16. Let / and g be analytic on a domain containing a simple closed curve y and its 
inside. Show that if |/(z)| > \g(z)\ for all zey, then the two equations f(z) = g(z) 
and f(z) = 0 have an equal number of solutions inside y. 

17. Use the result of Exercise 16 to determine how many solutions each of the 
following equations has in the given region. 

(a) z 3 — 10 = z 2 + z + 6 in |z| < 1 

(b) z 3 = z 2 + z + 6 in |z| < 1 

(c) z + a = e z for a > 1, in Re z < 0. (Hint: let y be the semicircle of radius R 

from iR to — iR through — R plus the segment from — iR to iR on the 

imaginary axis.) 

18. Extend formula (4) to prove the following. Let g be analytic on a domain 
containing y and its inside. Then 

1 f h'(z) N M 

where z u . . . , z N are the zeros of h and vv x , . . . , w M are the poles of h inside y, 
each listed according to its multiplicity. 

19. Suppose that / is analytic and one-to-one on a domain D. In this exercise, we 
shall show that the inverse function of / is analytic on the domain Q = /(£>). 
Let y be a piecewise smooth simple closed curve in D whose inside lies in D, and 
let w be a point of Q that lies inside the curve T = / o y. In Exercise 18, take 
g(z) = z and h(z) = f(z) — w. Conclude that / _1 , the inverse of /, is given by 


r>) 


■a 


zfjz) 

/(z) - W 


dz. 


The integral expression on the right is an analytic function of w; see exercise 26 
in Section 1 of Chapter 2. 
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20. Suppose that / is analytic on a domain containing {z: |z| ^ 1} and that 
\f(e ie )\ < 1, 0 ^ 6 ^ 2n. Show that / has exactly one fixed point in the disc 
|z| < 1; that is, the equation /(z) = z has precisely one solution in the disc 

\A < l. 

21. Let p and q be polynomials of degree n. If p(z) = q(z) at n + 1 distinct points of 
the plane, then p(z) = q(z) for all z. 

22. Use Liouville’s Theorem to prove the Fundamental Theorem of Algebra. (Hint: 
If p is a polynomial with no zero (and degree p is 1 or more), then 1/p is an entire 
function. Use (3) of Section 6, Chapter 2, to show that 1/p is bounded.) 

23. Let P be a polynomial with \P(e u )\ = 1 for all t, 0 ^ t ^ 2n. Show that P(z) = 
Az N , \X\ = 1. (Hint: Let N be the degree of P and set 


Show that Q is a polynomial and that P(e it )Q(e it ) = e iNt , 0 ^ t ^ 2n. Conclude 
that Q is constant.) 

24. Let p be a polynomial of degree n all of whose zeros are real. Let x x < 
x 2 < • * • < x r be the distinct zeros of p with respective multiplicities m l9 m 2 , . . . , 
m r . 

(a) Show that p' is not zero in ( - oo, x x ) or in (x r , oo). 

(b) Show that p' has precisely one zero in (x p x j+1 ), j = 1, . . . , r — 1. 

Rational Functions on the Extended Plane* 

Suppose that / is analytic on a plane except for a finite number of poles; suppose, 
in addition, that / either is analytic at oo or has a pole at oo. Complete the following 
exercises to show that / is, in fact, a rational function. 

Let m 0 be the order of the pole of / at oo with m 0 = 0 if / is analytic at oo. Let 
w x , . . . , w r be the distinct poles of / in the plane with respective orders m l9 . . . , m r . Set 


g(z) = (z - w t ) m ‘ • • • (z - w r ) m i{z). 


25. Show that g is an entire function. 

26. Show that 


lflf(z)| < C|zP, |z| > R . 

where C is a constant and m = m 0 -h m 1 + • • • + m r . 

27. Conclude that g is a polynomial of degree m or less, and thus / is a rational 
function. (Hint: Use Exercise 21, Section 4, Chapter 2.) 

Mapping Properties of Rational Functions* 

Let P and Q be polynomials of respective degrees N and M and assume that P and 
Q have no common zero. Let R = P/Q and define d = degree of R to be the 
maximum of N and M. 

28. Suppose that Af ^ N. (a) Show that R has a removable singularity at oo. (b) If 
M > N, then R has a zero of order M — N at oo. (c) If M = N, then R( oo) ^ 0. 
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29. Suppose that M < N. Show that R has a pole at oo of order N — M. 

30. Counting multiplicities and counting the zeros or poles at oo, if any, show that 
R has d zeros and d poles. 

31. Let a be a complex number. Show that R — oc is a rational function with the 
same degree as R . 

32. Show that the equation R(z) = a has exactly d solutions, counting multiplicities, 
for each complex number a. Conclude that R maps the complex plane plus oo 
onto itself and each point is “covered” exactly d times. 

Legendre* Polynomials* 

We define the nth Legendre polynomial P n by 


33. Let y be a smooth simple closed curve around z. Show that 

„ , . i i r (w 2 - 1)" 

" (Z) ~ 2 ni 2" J (w - z)" +1 W ' 


(9) 


34. In Exercise 33, take y to be the circle of radius y/\z 2 — 1 1 centered at z; show that 

P„(z) = ^ £* (2 + Vz 2 - 1 cos or do. ( 10 ) 


35. Prove the generating formula: 


1 

■ v /r^~2zTT7* 


00 


= Z Pn(z)t n . 

»i = n 


(Hint: In the series on the right, substitute for P n the formula (10). You will also 
have need for Exercise 7, Section 3, Chapter 2.) 

36. Let F(z, t) = (1 - 2 zt + t 2 )~ 1/2 . 

(a) Show that F satisfies the partial differential equation 


„ 2 ,d 2 F ^ dF d 2 (tF) n 

( _z) 5? 2z 37 + _ 5r 2_-a 


(b) Use (a) and the conclusion of Exercise 35 to show that P n satisfies Legendre’s 
differential equation: 

(1 - z 2 )f"(z) - 2zf\z) + n(n + l)/(z) = 0. 

37. Let F(z, t) be the function in Exercise 36. (a) Show that F also satisfies the partial 
* Adrien Marie Legendre, 1752-1833. 
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differential equation 


(1 — 2 zt + t 2 )— (z — t)F = 0. 

ot 

(b) Use (a) and Exercise 35 to show that the Legendre polynomials satisfy 
(n + l)P B+1 (z) - (2 n + l)zP„(z) + nP„-,(z) = 0, 


and, using (8), 


(2 n + 1 )P n (z) = p; +l (z) - 

These are called recursion relations. 


3.1 .1 The Stability of Solutions of a System of 
Linear Differential Equations* 

The operation of many physical processes is described by a system of ordinary 
differential equations, together with a set of initial conditions. It is a matter of great 
relevance whether small perturbations in the initial conditions will, over the long 
run, produce substantial or even unbounded changes in the corresponding solution. 
As an elementary example, imagine placing a ball on the curve y = x 2 . If placed at 
the origin (x 0 , y 0 ) = (0, 0), the ball remains stationary; if placed at some point 
(x 0 , yo)> x o # 0, the ball rolls back and forth about (0, 0) indefinitely (or, if there is 
friction, tends to (0, 0) as time goes to infinity). On the other hand, if the ball is placed 
on the curve y = — x 2 , it moves farther and farther from (0, 0) as times goes to 
infinity, unless it was placed (with a steady hand!) exactly at (0, 0) to begin with. 
Obviously, the first situation is what we can call “stable,” while the second is 
“unstable.” In this section, we shall show that if the zeros of a certain polynomial 
associated with the system of differential equations all have negative real parts, then 
the solutions of the differential equations are stable, in the sense that small pertur- 
bations in the initial conditions produce only small perturbations in the solution. 
A general knowledge of the solution of a linear first-order system of differential 
equations would be helpful but is not strictly necessary in reading this section. 

The system we shall investigate is 


x = Ax + A, (1) 

where A is an n x n matrix with constant entries, b is an n x 1 column vector with 
constant entries, and 
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The solutions of this system involve the zeros of the polynomial p given by 

p(z) = det(z/ - A\ (2) 

where / is the n x n identity matrix and “det” stands for determinant. The polyno- 
mial p has degree n and so has n zeros in the plane, counting multiplicities. Let A 1# 
. . . , X r be the distinct zeros and let , . . . , m r be their respective multiplicities so that 

P (z) = U(z-Xjr>. 

i 

The study of linear first-order systems of which (1) is representative tells us that each 
solution of the homogeneous system Ax = x has the form 

*i(0 = Z PjM e 1 = !> • • • - «> (3) 

j = i 

where each p jt is a polynomial of degree at most f — 1. Furthermore, given a set 
of initial conditions x(0) = x 0 , there is a unique solution x(t) of (1) with x(0) = x 0 . 

We shall now examine the difference between the solution x t ( t ) corresponding 
to initial conditions x^O) = x x and the solution x 0 (t) and watch how this difference 
behaves as t -+ oo. Note that the linearity of the system implies that 

^(*0 - Xj) = (x 0 - A) - (Xj -b) = x 0 -x 1 


and 


^o(0)-x 1 (0) = x o -x 1 . 

Hence, if we write w = x 0 — x l9 then w solves the homogeneous equation 

Aw = w and w>(0) = w 0 = x 0 — x x . 

We shall now show that if all the zeros of the polynomial p in (2) lie in the left 
half-plane, then any solution w(t) of the homogeneous linear system Aw = w tends 
to zero as t -* oo. Indeed, the proof is elementary. Let w,(r) be the /th component of 
the solution. From (3) we have 


KWI E \Pki(t)\e ,RtXk - 

k = 1 

Now p kl (t) has degree at most m k — 1, so we know that 

lp«(0l < A kl t mk ~ 1 , t > 1, 


where A kl is a positive constant. Furthermore, our assumption about the zeros of p 
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implies that there is a positive number a with 

ReAjSS-a, j = 1, .... r, 

because Re Aj < 0 for j = 1, . . . , r. Assuming t ^ 1, as we can do, we find that 

Mt) < Cjf-V, t>l, 

where C, is some positive constant. However, it is elementary that 

lim (f-'e-’") = 0, 

t-* 00 


so w t (i) -► 0 as t -* oo, as we wished to show. 

Since no eigenvalue of A is zero, we know that A is invertible, so there is a 
(constant) vector v 0 with A v 0 = — A. Set x 0 (t) = v 0 for all t. Then x 0 (t) solves (1) and 
so any other solution of (1) tends to v 0 as t -+ oo. The precise nature of how x(t) 
converges to v 0 depends, of course, on the properties of the matrix A and is an 
interesting topic in its own right. 

It is interesting to note that if the polynomial p given in (2) has all its zeros in 
the half-plane Re z < 0, then any set of initial conditions produces a solution that, 
over the long run, converges to the constant x(t) = v 0 . That is, if the operation of a 
mechanical system is determined by (1) and if the associated polynomial in (2) has 
all its roots in the half-plane Re z < 0, then no matter how the system starts, it will 
(eventually) stabilize at the same “steady state.” 

Stable Polynomials 

A polynomial p whose zeros all lie in the half-plane Re z < 0 is called stable. The 
choice of terminology and the importance of such polynomials have been made clear 
above. Here we shall look for conditions that ensure that p is stable. We give a full 
solution if the degree of p is two or three. We also give the result (but not the 
justification) for general polynomials. These results go under the general heading of 
the Routh-Hurwitz criteria. 

PROPOSITION 1 Suppose that A and B are real numbers. The real parts of both the roots of 

z 2 + Az + B = 0 

are negative if and only if both A and B are positive. 

Proof The roots of the equation are 

Zi = ^(— A + JX — 45) 


and 
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z^^-A-jA 1 - 4B). 

If Re z x and Re z 2 are negative, then 

— A = Re(zj + z 2 ) < 0. 

Furthermore, if A 2 — 4B < 0, then 4£ ^ A 2 > 0, and therefore B > 0. Otherwise, 
>1 2 — 4B > 0, and 


0>2Rez,= - A + JA* - 4B, 

so /4 > y//l 2 — 4B, which implies that B > 0. 

Conversely, if both A and B are positive, then virtually the same arguments 
show that Re z i and Re z 2 are both negative. ■ 

Example 1 The polynomial p(z) = z 2 + z + 6 is stable, but the polynomial 

g(z) = z 2 + 2z — e 

is not stable, no matter how small the positive number e is made. (One of its zeros 
lies at z = — 1 + y/l + a, which is positive.) □ 

The situation for cubic polynomials is not quite as simple as it is for quadratic 
polynomials, but it is not terribly difficult either. 

PROPOSITION 2 Let A , B , and C be real numbers. The real part of each of the roots of the 
cubic polynomial 


z 3 + Az 2 + Bz + C = 0 

is negative if and only if A , £, and C are all positive and A# > C. 

Proof Let p(z) = z 3 + Az 2 + 5z + C = (z - Zi)(z — z 2 )(z — z 3 ). Then 

/4 = — Zj — z 2 — z 3 


B = z x z 2 + z x z 3 + z 2 z 3 


C — — Zj z 2 z 3 . 

We first examine the case when the root z x is real and the other two roots z 2 and z 3 
are complex conjugates of each other. We write 

z x = a, z 2 = b + ic, z 3 = b — ic , 

where a, b , and c are all real. Thus, we find that 
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A = —a — 2b, B = lab + fe 2 + c 2 , C = -a(b 2 + c 2 ). 

Suppose first that a and b are negative; it clearly follows from the formulas 
above that A , B, and C are all positive. Furthermore, 

C — AB = 2ft(a 2 + 2aft + b 2 + c 2 ) < 0, 

so AB > C. Conversely, suppose that all of A, B , C, and AB — C are positive; we 
must show that a and b are negative. Since 

0 < C = -a(ft 2 + c 2 ), 

clearly a < 0. Furthermore, from above 

0 < AB - C = -2ft(a 2 + lab + b 2 + c 2 ), 

so b must also be negative. 

The other case to be examined is when all the roots z l9 z 2 , z 3 are real; for 
simplicity we denote them by a , b , and c, respectively. Clearly, 

A = —a — b — c 

B = ab + be + ac 

C = — flfre, 

so if a, b , and c are all negative, then, £, and C are all positive. Furthermore, 

AB — C = — b(a 2 + c 2 ) — c(a 2 + b 2 ) — a(b 2 + c 2 ) — 2d?c > 0 
if a , b, and c are all negative. 

Conversely, suppose all four numbers A , J5, C, and AB — C are positive. First 
of all, since 0 < C = — afcc, either a, ft, and c are all negative or one of these numbers 
is negative and the other two are positive. Hence, in order to reach a contradiction, 
let us assume that a < 0 and that ft and c are positive. But then 

— a = A b c. 


so 


0 < B = a(b + c) + ftc 

= —{A + ft + c)(ft + c) + ftc 
= — A(b + c) — ft 2 — c 2 — ftc < 0, 


a contradiction. This completes the proof. 
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Example 2 The polynomial 


p(z) = 6 + 4z + 2z 2 + z 3 

is stable, since y4 = 2, B = 4, and C = 6 are all positive and AB = 8 > 6 = C. □ 
Example 3 The polynomial 

p(z) =12 + 5 z + 2z 2 + z 3 


is not stable, since C = 12 > 10 = (5)(2) = AB. 


□ 


The general case is set forth in the following theorem. 


THEOREM 1 Routh*-Hurwitz* Condition Suppose that a l9 a 2 , . .., a n are real numbers; set 
cij = 0 if j > n. All the roots of the polynomial p(z) = a n + a n ^z + a n . 2 z 2 + • • • + 
a 1 z n ~ l + z n have negative real part if and only if for each k = 1, ..., n , the 
determinant of the k x k matrix 


M k = 


1 

0 

0 


a 2 

1 


05 

04 


021c — 1 
a 2k-2 
a 2k-3 


0 0 0 ... a k 


is positive. ■ 

Example 4 Let the polynomial in question be 


p{z) = z 4 + 4z 3 + z 2 + 2z + -. 


According to Theorem 1, p is stable if and only if the determinant of each of these 
four matrices is positive: 


M x = [4], 

5 

K> 

II 

- 4^' 

!]. 

ii 

§ 

1 

2 

1 

0' 

i 

4 


L A 



0 

4 

2 


and 


* Edward John Routh, 1831-1907. 
+ Adolf Hurwitz, 1859-1919. 
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M 4 = 


4 

1 

0 

0 


2 

1 

4 

1 


0 

1 
4 

2 
1 


0 

0 

0 

1 

4 . 


A computation shows that the determinants of AT, and M 2 are positive, but those 
of M 3 and M 4 are zero. Hence, p is not stable. □ 


EXERCISES FOR SECTION 3.1.1 

1. Use the Routh-Hurwitz criteria to test the following polynomials for stability, 

(a) 3 — 4z + 5z 2 (b) 2 + z + \z 2 

(c) — i + 2 z — \z 2 (d) 1 + z — 3z 2 + z 3 

(e) 1 + z + z 3 (f) 3 + 4z + z 2 + z 3 

(g) 3 + 2z + 2z 2 + 5z 3 (h) 1 + 4z 2 + 4z 4 

(i) z 4 + z 3 + 2z 2 + z + j (j) z 4 + 2z 3 + 3z 2 + 3z + 4 

(k) z 5 + z 4 4- 5z 3 + 7z 2 + 4z + 8 (1) z 4 + 4z 3 + 9z 2 + 8z + 5 

2. Let y R be the curve consisting of the semicircle Re u , — tr/2 < I ^ n/2, followed by 
the segment iy, R > y > — R. Show that a polynomial p, which does not vanish 
on the imaginary axis, is stable if and only if 


1. 


P'(z) 

p(z) 


dz = 0, 


for all large R. 

3. Determine whether or not the systems determined by the following matrices are 


stable. 




(a) A = 

[-: J] 


(b) A = 

(c) A = 

p 2 i 

2 — 6J 


(d) A = 


1 -1 

r 


(e) A = 

1 -2 

i 

(0 A = 


-2 -4 

0 


Suppose 

the polynomial p given in (2) has all its 


1 

— w 
1 
1 
2 


;]• 
3 1 
2 3 
0 -1 


w complex 


Re w ^ 0, and any zeros that lie on the imaginary axis are of order one. Show 
that any solution of the system (1) remains bounded as t -► oo. 

Work out in detail the solution of the system with 


-U :]■ 


(o > 0 , 


to verify what happens in one special case. 

5. Show by means of an example that if p given in (2) has a zero in the half-plane 
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Re z > 0, then the homogeneous system Ax = x has unbounded solutions, and 
hence small perturbations in the initial conditions can result in unboundedly 
large variations in the resulting solution. 

6. Examine the behavior as t -* oo of the solutions of the two equations 

/'= -y\ y(0) = x o ,/(0) = 0 

and 


y" = y; y(0) = x o ,/(0) = 0. 
The first corresponds to the system 



and the second to the system 



The matrix ^ has eigenvalues of ±i, while the matrix ^ has 

eigenvalues of ± 1. 

7. In the theory of feedback-control systems, the question of the stability of the system 
takes the form of determining whether a function of the form 1 + (l/c)F has any 
zeros in the right half-plane; here F is a rational function and c is a nonzero 
constant. One answer to this question is provided by the Routh-Hurwitz condi- 
tion. Write F = P/Q 9 where P and Q are polynomials with no common zero. Then 
1 + (1 /c)F has no zeros in the right half-plane if and only if the polynomial 
cQ + P is stable. Another answer is provided by the Nyquist stability criterion, 
which is a variation on the argument principle. Let y R be the curve shown in 
Figure 3.6a, and let V R be its image under F, shown in Figure 3.6b. 



Figure 3.6 
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(Note that y R is oriented negatively; this is done because it is traditional to 
evaluate F(iy) as y increases.) Show that if T R winds around — c a net positive 
number of times in the clockwise direction, then 1 + (1 /c)F has a zero in the right 
half-plane (and so the system is unstable). In Figure 3.6b, those areas marked by 
slashes are values of c for which 1 + (1 /c)F has a zero. More on the derivation 
of the stability criterion for feedback-control systems can be found in the book 
by A. Kyrala cited in the references at the end of Chapter 4. 


3.2 Maximum Modulus and Mean Value 

Suppose that / is an analytic function on a domain D. We saw in the beginning of 
Chapter 2 that if the range of /lies in a circle or on a straight line, then / is necessarily 
constant. We shall see now that a great deal more is true; either / is constant on D 
or the range of / is an open set. 

Suppose that / is not identically constant, and let w 0 = f(z 0 ) be an arbitrary 
point in the range of /. The function /(z) — w 0 is not identically zero, since / is not 
identically constant, and so f(z) — w 0 has a zero of order m ^ 1 at z 0 . Choose r > 0 
so small that /(z) — w 0 has no zero in the region 0 < |z — z 0 | ^ r; this is possible 
because the zeros of a nonconstant analytic function are isolated (see Section 1). Let 
S be the minimum value of |/(z) - w 0 | for all z with |z - z 0 | = r, and let w be any 
point with |w — w 0 | < <5. Then on the circle |z — z 0 | = r, 

|(/(z) - w) - (/(z) - w 0 )| = |w - w 0 | < 8 ^ |/(z) - w 0 |. (1) 

Therefore, Rouche’s Theorem (Theorem 3 of Section 1) implies that the two func- 
tions / — w and / — w 0 have an equal number of zeros within the circle |z — z 0 | = r. 
However, / — w 0 has exactly m zeros, and hence so does / — w. This shows that 
each point w 0 in the range of / lies at the center of a small disc, which is also within 
the range of /. Thus, we have established this theorem. 

THEOREM 1 Suppose that / is a nonconstant analytic function on a domain D. Then the 
range of /(z), as z varies over D, is an open set. ■ 

We can draw an immediate conclusion from the work that preceded the state- 
ment of Theorem 1. 

Suppose that f is a nonconstant analytic function on a domain D and 
that f — /(z 0 ) has a zero of order m at z 0 . Then f is m-to- 1 near 
z 0 ; in particular, if /'(z 0 ) = 0, then f is not one-to-one in any disc 
containing z 0 . (2) 

Another very important consequence of Theorem 1 follows. 

COROLLARY 1 The Maximum-Modulus Principle If / is a nonconstant analytic function on 
a domain Z), then |/| can have no local maximum on D. 
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Proof If |/(z 0 )| ^ |/(z)| for all z with \z — z 0 \ < r, then f(z 0 ) lies on the boundary 
of the open set W = {/(z): \z — z 0 \ <r}. This is in contradiction to the fact that W 
is an open set containing /(z 0 ). ■ 

The maximum-modulus principle expressed in Corollary 1 implies, for exam- 
ple, that if we observe a nonconstant, sourceless, irrotational flow on a domain Z), 
then at no point of D is the speed of the flow largest, or even locally largest. No 
matter where we look, the speed is always strictly greater at some nearby point. 

The maximum-modulus principle (Corollary 1) has ramifications for the real 
and imaginary parts of an analytic function. Suppose that / is a nonconstant 
analytic function on a domain D; let u = Re(/) and g = e f . Then both g and 1/g 
are analytic on D, so neither of the functions 


\g\ = e u and 


1 

9 


— e 


—u 


has a local maximum in D\ consequently, u has no local maxima and no local 
minima in D. This is stated formally in this way: 

If f is analytic and nonconstant on a domain D, then Re / has no local 
maxima and no local minima on D. (3) 

Let us continue this line of thought a bit further. Let D be a bounded domain, 
and let B be the boundary of D. The set D u B is both closed and bounded. There 
is a result from real variables that asserts that a continuous real- valued function on 
a closed and bounded set actually attains its maximum value.* Let us apply this to 
each of the three functions |/|, Re /, and — Re /, where / itself is analytic on D and 
continuous on D u B. We know that each of these three functions is continuous on 
Du B and so must attain its maximum somewhere on D u B. If / is nonconstant, 
then the maximum can not be attained on D itself. Hence, the maximum must be 
attained on B , the boundary of D. Quite obviously, the same conclusion holds if, in 
fact, /is constant on D. Thus, in all cases, |/|, Re /, and — Re / attain their maximum 
values on B , the boundary of D. 

If f is analytic on a bounded domain D and continuous on Du B, 
where B is the boundary of D, then each of |/|, Re /, and — Re/ 
attains its maximum value on B. (4) 

In particular, one consequence of (4) is that if Re / is zero everywhere on B , 
then Re / is zero throughout D, so / itself is constant on all of D. It should be stressed 
that D’s being bounded is not a superfluous hypothesis here. For instance, /(z) = iz 
is analytic and nonconstant on the whole plane, Re / = 0 on the real axis, and yet 
/ is not constant on the half-olane {Im z > 0}, whose boundary is the real axis. 

One of the best-known applications of the maximum-modulus principle is the 
following result, known for historical reasons as Schwarz’s Lemma. 


* See, for instance, W. Rudin. Principles of mathematical analysis. 3rd ed. New York: McGraw-Hill, 1976. 
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THEOREM 2 Schwarz's Lemma Suppose that / is analytic in the disc |z| < 1, that /( 0) = 0, 
and that |/(z)| ^ 1, for all z in the disc. Then 

|/(z)| ^ |z|, I z | < 1. 

Equality can hold for some z # 0 only if /(z) = Az, where X is a constant of absolute 
value 1. 

Proof Since /( 0) = 0, we know that g(z) = /(z)/z is also analytic on |z| < 1. For 

\z\ = r, 


1 0001 = 


\m\ 



By the maximum-modulus principle, the inequality \g(z)\ ^ 1/r is true for |z| < r as 
well. Since r can be made as near 1 as we like, we must have \g(z)\ < 1 if |z| < 1; 
thus, |/(z)| ^ |z| for |z| < 1. Furthermore, if |/(z 0 )| = |z 0 | for some z 0 ^ 0, then 
1 = \g(z 0 )\; consequently, \g(z)\ has an interior maximum. This implies that g(z) is 
a constant X 9 \X\ = 1, and gives the conclusion that f(z) = Xz. ■ 

You may contrast the result in Theorem 2 to the case of real- valued functions 
of a real variable. For instance, the function 

2x 

u(x) = -1 1 , 

X i I 

satisfies — 1 ^ u(x) ^ 1, u'(x) is continuous, u(0) = 0, yet |u(x)| > |x| if 1 > |x| > 0. 


Mean Value 

Theorem 4 of Section 3, Chapter 2 (Cauchy’s Formula) gives us 


fl ,_ i r m ,, 

f( z o) ~ ^ 

2711 JyC- Z 0 


when y is a circle and z 0 is inside y. If we take z 0 to be the center of the circle, then 
C = z 0 + re u , 0 sc f sc 2n, d(, = ire‘‘ dt, and we obtain 


/(z°) = ^ | f(z 0 + reU ) dt. 


(5) 


The result expressed in (5) is the Mean- Value Theorem for analytic functions. This 
result can also be obtained by replacing f(z 0 + re il ) with the power-series expansion 
for / about the point z 0 and integrating term by term. 

In formula (5), take the real part of both sides and write u = Re /. We find that 
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“(Zo) = ^ J «(*o + «'*) dt. (6) 

As we will see in Chapter 4, those functions u, which are the real parts of some 
analytic function /, are of great importance in applications. Formula (6), which 
shows us how to “recover” u(z 0 ) from the values of u on the circle | z — z 0 \ = r, is 
but a special case of a more general formula that allows us to recover u(() for all f 
inside \z — z 0 \ = r from the values of u on the circle \z — z Q \ = r. 


EXERCISES FOR SECTION 3.2 

1. Let f(z) = z 2 /(z + 2); find the maximum value of |/(z)| as z varies over the disc 

\A ^ l. 

2. Let f(z) = ze z \ find the maximum value of |/(z)| as z varies over the region 
D = {x + iy: x 2 + y 2 ^ 4, x ^ 0, y ^ 0}. 

3. Find the maximum value of \g{z)\. 


0(z) = 


z 

4?^T’ 


as z varies over the region {z: |z| > 1}. 

4. (a) If |z| = r < 1, show that 


|e z — 1 1 ^ r — 


2 — r 


(Hint: 


e '-‘" Z + T + 3! + 


SO 


k z -H = |z| 





^ r 



) 


(b) Use (a) to show that the equation z(e z — 1) = w has exactly two solutions z 
with |z| < 2 whenever | w| < (Hint: Look at the work around (1), preceding 
the statement of Theorem 1.) 

5. The function 


n +z 

S(z) = exp 

I — z_ 
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is analytic on the disc (z: |z| < 1} and \S(z)\ = 1 if |z| = 1, z ^ 1. However, 
5(0) = e > 1. Why does this not contradict the maximum-modulus principle? 

6. Let D be a bounded domain with boundary B. Suppose that / and g are both 
analytic on D and continuous on Du B, and suppose further that Re f(z) = 
Re g(z) for all ze B. Show that / = g + ioc in Z), where a is a real constant. 

7. Let F be analytic and nonconstant on the disc |z — z 0 | < R, and suppose that 
Re(F(z 0 )) = 0. Show that on every circle |z — z 0 | = r, 0 < r < R, Re F assumes 
both positive and negative values. 

8. Let / be analytic on a bounded domain D and continuous on D u R, where B 
is the boundary of D. Show that if / is never zero on D , then the minimum of 
|/| is assumed on B. You will need to use the fact that |/| does, indeed, assume 
a minimum somewhere on Du B. 

9. Suppose that / is analytic on a domain D , which contains a simple closed curve 
y and the inside of y. If |/| is constant on y, then either / is constant or / has a 
zero inside y. 

10. Let / be a nonconstant entire function and U be an open set in the plane. Show 
that there is a z 0 such that /(z 0 ) e U. 

1 1. Suppose that p is a polynomial of degree n and that |p(z)| ^ Af if |z| = 1. Show 
that |p(z)| ^ M|z|" if |z| ^ 1. (Hint: Apply the maximum-modulus principle to 
/(z) = p(z)/z n on the domain |z| > 1, including the point “oo”) 

In Exercises 12 to 14, / is analytic on the disc |z| < 1 and satisfies |/(z)| ^ M if 

|z| < 1. 

12. Suppose that /(a) = 0 for some a, |a| < 1. Show that 


\f(z)\ ^ M 


Z — CL 

1 — a z ’ 


1*1 < 1 . 


13. Show that 


/(*) - /(go) 

M 2 - f(z 0 )f(z) 


z - Zp 
1 - z 0 z 


for all z, z 0 in {w:|w|<l}. 


14. Suppose that f {k) ( 0) = 0 for k = 0, ..., N. Show that |/(z)| < M\z\ N+1 for all z, 
|z| < 1. 

15. Let g be analytic and nonconstant on a simply-connected domain D\ for 
instance, D could be a disc. Show that the set {z: Re g(z) = c } contains no simple 
closed curve. (Hint: Use Exercise 9 with / = exp(#).) 

16. Use (6) to show that the real part of a nonconstant analytic function has no 
strict local maxima or local minima. 

17. Let / and g be analytic on a domain that contains a simple closed curve y 
and the inside of y. Assume further that / is never zero inside y. Show that if 
|/(z)| ^ \g(z)\ for all z in y, then |/(z)| ^ \g(z)\ for all z inside y as well. Give an 
example to show that the hypothesis “/ ^ 0 inside y” is essential for the validity 
of the conclusion. 
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18. Suppose that / is analytic in {z: 0 < |z — z 0 | < R} and that / has a pole of order 
m, m ^ 1, at z 0 . Show that there is a large number M with this property: For 
each w 0 with |w 0 | > M, the equation f(z) = w 0 has exactly m solutions z, z near 
z 0 . 

Positive Rational Functions and Sta ble Poly nomials* 

If p is a polynomial, define p(z) = p( — z). 

19. Show that p = P- For which polynomials Q is Q = g? 

20. Suppose that p is stable (see Section 3.1.1). Show that p and p have no common 
zero. 

21. Suppose that p is stable. Show that the rational function r = p/p maps the right 
half-plane, Re z > 0, into the disc {w: | w| < 1}. Conversely, show that if r = p/p 
maps Re z > 0 into | w| < 1 and if p and p have no common zero, then p is stable. 

22. A rational function R is positive if Re{R(z)} >0 whenever Re z > 0. Show that 

(a) R is positive if and only if l/R is positive. 

(b) If R is positive, then R has no zero or pole in the half-plane Re z > 0, and 
any zero or pole on the imaginary axis has order one. (Hint: By (a), it suffices 
to consider just zeros.) 

23. Suppose that p is stable. Show that R = (p — p)/(p + p) is positive. Conversely, 
show that if p and p have no common zero and if R = {p — p)/(p -h p) is 
positive, then p is stable. 


3.3 Linear Fractional Transformations 


A linear fractional transformation T is a rational function of the special form 


T(z) = 


az + b 
cz + d’ 


where a , b, c, and d are complex numbers and ad — be ^ 0. The restriction 
ad — be ^ 0 is essential, for otherwise 


T'(z) = 


ad — be 
(cz -b d) 2 


= 0 


for all z, 


so T is identically constant. 

A linear fractional transformation is a one-to-one function. For suppose that 


az t -b b 
cz x -b d 


T(Zi)= T(z 2 ) = 


az 2 + b 

CZ 2 ~b d * 


Then 


(az x -b fc)(cz 2 + d) = (az 2 -b fc)(cz x -b d\ 
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and, after some cancellation, 

bcz 2 + adz t = adz 2 + bcz li 


or 


(ad — b^Zi = (ad — bc)z 2 . 


Consequently, z t = z 2 . Hence, the function T maps distinct points onto distinct 
images. Note also that T has a pole of order one at —d/c and lim^^ T(z) = a/c. 

Since T is one-to-one, there is a function T _1 that is the inverse of T in the 
sense of the composition of functions: 

T~ 1 (T(z)) = z 

for all z. T" 1 is also a linear fractional composition, as this computation shows. 


T(z) = w = 


az + b 
cz + d 


implies that czw — az = b — dw, and thus, 


T-» 


— dw + b 

z = . 

cw — a 


Hence, a linear fractional transformation is a one-to-one mapping of the 
complex plane plus the point at oo onto itself. Conversely, a one-to-one (analytic) 
mapping of the complex plane plus “oo” onto itself is a linear fractional transfor- 
mation. (See Exercise 3, Section 4.) 

Example 1 Show that a linear fractional transformation T of the form 


T(z) = k \M = 1, \a\ < 1 (1) 

1 — az 

maps the disc A = {z: \z\ < 1} onto itself. 

Solution We begin by noting that 

, T( v ,2 = l fl ~ z l 2 = M 2 - 2 Re(az) + |z| 2 
|1 — az\ 2 1 — 2 Re(az) + |a| 2 |z| 2 ’ 

so 1 > | T(z)| 2 exactly when 


1 +|a| 2 |z| 2 >M 2 + |z| 2 . 
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This last inequality is equivalent to 

(1-|*I 2 )(1-W 2 )>0, 

which is true exactly when z e A. Hence, T does map A into itself. The inverse 
function of T, in the sense of composition of functions, is 


r-» 


- aX — w 

X =-. 

1 — aXw 


(See above.) This transformation has the same general form as T \ with a replaced 
by aX (a point which also lies in A) and X in place of X. Hence, T~ l also maps A into 
itself. To see that T maps A onto itself, let w 0 be any point of A; then z 0 = T -1 (w 0 ) 
lies in A by the comments above and so w 0 = T(T _1 (w 0 )) = T(z 0 ), showing that the 
range of T is all of A. □ 


Fixed Points and Triples to Triples 

A linear fractional transformation that is not identically equal to z has at most two 
distinct fixed points; that is, points z for which 

T(z) = z. 

This is evident from the fact that z is a solution of the equation T(z) = z exactly 
when z is a root of the quadratic equation 


0 = cz 2 + (d — a)z — b , 

and, of course, a quadratic equation has at most two distinct roots. It is a con- 
sequence of this that if T and S are two linear fractional transformations that are 
equal at three distinct points, say T(zj) = S(zj) for j = 1, 2, 3, then T(z) = S(z) for 
all z. This is because the linear fractional transformation 5 _1 (T(z)) has three distinct 
fixed points: 


5- 1 (T(z J .)) = z„ j = 1,2,3. 

Hence, S~ 1 (T(z)) — z for all z, and thus, T(z) = S(z) for all z. 

On the other hand, if three distinct complex numbers z l9 z 2 , and z 3 are given 
and if any other three distinct complex numbers w x , w 2 , and w 3 are chosen, there is 
a necessarily unique linear fractional transformation L with L(zj) = w p j = 1, 2, 3. 
We derive its form in this way. Set 


T(z) = 



Then T(z x ) = 0, T(z 2 ) = 1, and T(z 3 ) = oo. Let 
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\W- W 3 j\w 2 - wj 

so that S(w t ) = 0, S(w 2 ) = 1, and S(w 3 ) = oo. L is given by 

L(z) = S~ l (T(z)). 

We can carry out a similar sort of computation if one of z l9 z 2 , and z 3 or w l9 w 2 , 
and w 3 is oo; this is left for the exercises at the end of this section. 

Example 2 Find the linear fractional transformation that sends 0, 1, 2 to — 1, 0, 4, 
respectively. 

Solution We use the formulas to obtain 


T(z) = 



z 

2 — z 


and 


S(w) = 


/ w -(_l) \/ Q-4 \ 

v w-4 Ao-(-i)/ 


w + 1 

4 T. 

w — 4 


Hence, 


5‘ 1 (z) = 4 


z — 1 

7 + 4 ’ 


and so 


L(z) = S-'iTiz)) = 


8z — 8 
— 3z + 8 


□ 


Lines and Circles 

It is an important property of a linear fractional transformation that it maps each 
circle onto another circle or onto a straight line and each straight line onto another 
straight line or a circle. We show this below. 

First, if T(z) = az + b 9 a ^ 0, then the assertion that T maps circles and 
straight lines to the same type of figure is quite clear. The circle 

C: {z: |z Zq\ = r} 


is transformed to the circle 


C': {w: \w - (az 0 + b)\ = \a\r}. 
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and the straight line 


L: { z : Re(y4z + B) = 0} 
is transformed to the straight line 


L': {w: Re[(i4/fl)w + B — b(A/a )] = 0}. 


Thus, we henceforth assume that 


Now 


T(z) = 


az + b 
cz + d ’ 


c* 0. 


T(z) = 


az + b 
cz + d 


1 fftc — ad 

-< j-+ a 

c f cz + d 


C 7 ^ 0 , 


and we see from this that T is actually the composition of several simpler linear 
fractional transformations. Precisely, set 


U (z) = cz + d, 


K(w) = -, 


and 


*r (0 = -[(frc-ad)C + a]. 
c 


Then 


T(z) = W(V(U(z))). 

From the foregoing discussion, we know that both U and W send circles to 
circles and lines to lines. Consequently, the desired conclusion will be reached if we 
can show that V maps circles and lines to circles and lines. The equation 

a(x 2 + y 2 ) + jSx + yy = 6, 

where a, /?, y, and 6 are real and not all of a, /?, y are zero, represents either a circle 
(iff a ^ 0 and f} 2 + y 2 + 4a<5 > 0) or a straight line (iff a = 0). Now 


1 

z 


X 

x 2 + y 2 


+ i 


-y 

x 2 -h y 2 


= u + iv , 


so replacing z by 1/z yields the equation 


<5(u 2 -f i; 2 ) — f}u + yv = oc. 


This is again the equation (in u, v coordinates) of either a line or a circle. You will 
have no difficulty verifying that a circle or line through the origin is transformed by 
inversion to a line, and that a circle or a line not through the origin is transformed 
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by inversion to a circle (which goes through the origin when and only when a line 
was inverted) (Fig. 3.7). 

There is an interesting connection between certain linear fractional transfor- 
mations and “rigid motions” of the extended plane with respect to the chordal 
distance; see Exercises 24 to 27. 


The Circulation Produced by a Linear Fractional Transformation* 

Let 


T(z) = 


z -j- 2 ' 
2z + 1 ’ 


this linear fractional transformation fixes the two points 1 and — 1. We shall show 
that if C is a circle centered on the imaginary axis that passes through both 1 and 
— 1, then T maps C onto itself. (Of course, 1 and — 1 are the o nly fixed points of T.) 
Let ia be the center of C, a real. Then the radius of C is r = y/oc 2 + 1 , so a point z 
lies on C precisely when |z — ict\ 2 = 1 + a 2 . Hence, the equation of C is 

x 2 + (y - a) 2 = 1 + a 2 


or 


x 2 + y 2 — 2a y = 1. 


Now 


I T(z) - ia| 2 


z + 2 
2z + 1 


IOL 


I 2 


(x + 2 + 2a y) 2 + (y — a — 2ax) 2 


(2x + l) 2 + (2 y) 2 
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and a modest amount of computation, using the fact that x 2 + y 2 — 2cty = 1, shows 
that 


\T(z) — ict\ 2 = 1 + a 2 , 

which, of course, is exactly the statement that T(z) lies in the circle C if z is in C. Set 

z + 2 


T,{z) = T(z) = 


2 z + f 


and then 


r 2 (z) = ^(7,(2)) = 


5z + 4 
4z + 5 ’ 


and, in general, 


T„ +1 (z) = (z)), n = 1, 2, 3, . . . . 


For instance, 


T 3 (z) = 


13 z + 14 
14z + 13’ 


T 4 (z) = 


41z + 40 
40z + 41 * 


In general, we see that T n (z) -► 1 as n -+ oo so long as z ^ — 1. Thus, T sets up a 
circulation in the plane with a source at — 1 and a sink at + 1: each point z in the 
plane is on precisely one circle C through z, 1, and — 1 (the real axis counts as a 
circle for this purpose); T carries C onto itself and pushes z toward 1 along the circle. 
Thus, the points in the plane move toward 1 and away from — 1 under the action 
of T. We note that T'(l) = — 1/3 and T'( — 1) = — 3. Thus, the sink is located at that 
fixed point at which the modulus of the derivative is less than 1 (Fig 3.8). 

You should convince yourself that the critical issue in the foregoing discussion 
is that the linear fractional transformation fixes the two points 1 and — 1, and not 
its special form. A similar phenomenon occurs for a linear fractional transformation 
that fixes the two distinct points p and q (see Exercise 9 at the end of this section). 
You should also look back at the Circles of Appolonius (Fig. 1.11), with the 
foregoing in mind. 

Example 3 This example continues the preceding discussion. We shall investigate 
what happens when the two fixed points move toward each other. Set 

r £ (z) = -^4 , o < £ < l. 

Z - hi 


T e fixes e and — £, so (exactly as above) T e sets up a circulation using the family of 
circles centered on the imaginary axis and passing through e and — e (see Fig. 3.9a). 
As £ -► 0, T e (z) -► T 0 (z) = z/(z + 1) and we see that this T 0 sets up a circulation for 
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Figure 3.8 

A dipole located at the origin; 



(a) (b) 


Figure 3.9 

the family of circles centered on the imaginary axis and passing through the origin. 
This circulation is termed a dipole. Note that T 0 (z) = z/(z + 1) has only one fixed 
point and that it is a double root of T 0 (z) = z at z = 0. A similar dipole will appear 
as the circulation of any linear fractional transformation with a single (distinct) fixed 
point p , when p is a double root of T(z) = z (Fig. 3.9b). 
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EXERCISES FOR SECTION 3.3 


1. Let z l9 z 2 , z 3 and w l9 w 2 , vv 3 be two triples of distinct complex numbers. Set 


z 2 — z 3 , w 2 — w 3 

a = — and j? = — 


Z 2 Z i 


W 2 - Wi 


Show that the linear fractional transformation that maps z- to Wj for j = 1, 2, 3 
is given explicitly by 


L(z) = 


z(aw 3 - jSwj) + (pw l z 3 - azjWa) 


z(<x- P) + (Pz 3 -azi) 
2. Verify that the linear fractional transformation 


S(z) = 


Z — Zi 


z 9 - z, 


maps z x to 0, z 2 to 1, and oo to oo. 

3. Verify that the linear fractional transformation 



maps z x to oo, z 2 to 1, and oo to 0. 

4. In each case, find the linear fractional transformation that maps the first triple 
(z l5 z 2 , z 3 ) onto the second triple (w 1# w 2 , w 3 ). 

(a) (l,i, — 1) onto (— 1, i, 1) 

(b) (1, 4, oo) onto (0, 1 — i, 1 + i) 

(c) (1, 0, i) onto (1, 0, 1 + i) 

(d) (oo, — 1, i) onto (1, 0, 1 — i) 

(e) (i, 2, —i) onto ( — z, 3, i) 

5. Find a linear fractional transformation that carries 

(a) the circle |z| = 1 onto the line Re((l -h i)w) = 0 

(b) the circle |z| = 1 onto the circle |w — 1| = 1 

(c) the real axis onto the line Re w = | 

(d) the circle |z — z 0 | = r onto the circle |w| = 1 

(e) the line Re z = | onto the circle | w — 4/| =4 

6. Show that a linear fractional transformation T that maps the circle |z| = 1 onto 
itself has the form 

T(z) = Aj—z-, |A| = 1, |y|/l, or Tz = -, |A| = 1. 

1 — yz z 

7. In each of the following, find a linear fractional transformation T with the given 
property. 
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(a) T fixes the points 0 and 1 and T(i) = oo. 

(b) T maps the real axis onto itself and the imaginary axis onto the circle 

l W - 2l = 2* 

(c) T maps the real axis onto itself and the imaginary axis onto the circle 

|w-f| = i 

(d) T maps the real axis onto itself and the line y = x onto the circle 

|w + i| = V2. 

8. (a) In Exercise 7(c), determine what happens to the first quadrant under the 

action of T. 

(b) In Exercise 7(d), determine what happens to the sector {z: 0 ^ y ^ x} under 
the action of T. 

9. Discuss the circulation set up by each of the following linear fractional transfor- 
mations; find the fixed points (if any) and which way the circulation rotates. 

(a) T(z) = z/(z + 2) 

(b) T(z) = (z + 4 )/(z + 1) 

(c) T(z) = 3z — 2 

(d) T(z) = -iz 

(e) T(z) = z + 1 (no fixed points) 

10. (a) If T is a linear fractional transformation that maps the circle Q onto the 

circle C 2 , shows that T carries the inside of C x onto either the inside of C 2 
or onto the outside of C 2 . (Hint: Suppose a point z 0 inside C { goes to a point 
w 0 inside C 2 . Let z x be any other point inside C x and L the line segment 
joining z 0 and z t . T carries L to an arc of a circle (or a straight line seg- 
ment) joining w 0 and Wj = T(z t ) and this arc (or segment) does not meet C 2 . 
[Why?]) 

(b) T maps the point z 0 = —d/c to 00 ; tell how this decides whether T maps 
the inside of C x onto the inside of C 2 or onto the outside of C 2 . 

Fixed Points 

1 1. Show that a linear fractional transformation that fixes the two points 1 and — 1 
has the form 


if £ = T( 0) * 00 . (If Tz = 1/z, then T( 1) = 1, T(- 1) = - 1.) 

12. Suppose that T fixes the two points p and q,p ^ q. Let S be any linear fractional 
transformation with 5(1) = p, S(— 1) = q 9 and let U = 5 -1 o To 5. Show that U 
fixes 1 and — 1. 

13. Suppose that U is a linear fractional transformation that fixes 1 and — 1. Show 
that £/'(l) = {!/'(- 1)}" 1 . 

14. Let Tbe a linear fractional transformation fixing p and q 9 p ^ q. Use Exercise 13 
to show that T'(p) = {T'(^)} -1 . 

15. Show that the linear fractional transformation 
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satisfies T(T(z)) = z for all z. Find the general form of those linear fractional 
transformations S with S(S(z)) = z. (Equivalently, S(z) = S -1 (z).) 

Cross- Ratio 

The cross-ratio of four distinct complex numbers z 0 , z i9 z 2 , and z 3 is defined to be 
the complex number 


(z 0 , z l9 z 2 , Z 3 ) — - 


Zi z 


1 L 3 


z O ~~ z 2 z 3 


16. Show that if T is a linear fractional transformation with Tz j = w f for j = 1, 2, 3, 
then 


(z, z l9 z 2 , z 3 ) = (T(z), Wj, w 2 , w 3 ) for all z. 

17. Let z l9 z 2 , z 3 lie in a circle or on a straight line C. Show the point z 0 is also 
on C if and only if the cross-ratio (z 0 , z l9 z 2 , z 3 ) is real. (Hint: By Exercise 16, 
it is enough to do this for C = real axis and z x = 1, z 2 = 0, z 3 = — 1. The 
remainder is a computation: The cross-ratio of (z, 1, 0, — 1) is real if and only if 
C = (z — 1 )/ z is real. Show that C is real if and only if z is real.) 

18. Use Exercises 16 and 17 to give another demonstration of the fact that a linear 
fractional transformation T carries circles and lines to circles and lines. 

Reflection* 

Let L be a straight line and z be a point in the complex plane. The reflection of z 
over L is the unique point z* located on the line L' through z and perpendicular to 
L, lying on the other side of L from z, and at a distance from L equal to that of z 
from L (Fig. 3.10a). Let C be the circle | C — Col ~ r anc * ^ a point of the complex 
plane, z ^ Co- The reflection of z over C is the unique point z* located on the ray 
from Co t0 00 » which passes through z, lying on the other side of C from z and 
satisfying | z - £ 0 | I z* - £ 0 I = r 2 . 



Figure 3.10 
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19. (a) If z is a point in L or C, show that z* = z. 

(b) If L is the real axis, show that z* = z, the complex conjugate of z. 

(c) Show that (z*)* = z for any L, C, and z. 

20. If C is the circle |C — Col = show that 

r 2 

z * = :^r + Co- 
z - Co 

21. Let z u z 2 , and z 3 be points on the circle C of Exercise 20; fill in the reasons for 
each of the following equalities (all but one use the invariance of the cross-ratio 
under linear fractional transformations). 


(z*, Z U Z 2 , z 3 ) = - + Co, z l, z 2, z 3^ 

= ( Z y~ > Z 1 — Co, z 2 — Co, Z 3 — Co ) 
\ z - Co J 

J- Z _y t t '1 \ 

\ Z 1 Co * z 2 Co * z 3 Co/ 


“ ( Z — Co> Z 1 ~ Co> z 2 ~ Co> Z 3 ~ Co) 


= (z,Z 1 ,Z 2 ,Z 3 ). 


22. (a) Conclude from Exercise 21 that z* is the reflection of z over the circle C if 
and only if 


(z, z i9 z 2 , z 3 ) = (z* 9 z u z 2 , z 3 ) (2) 

for any triple z 1# z 2 , z 3 of distinct points in C. 

(b) Let L be a straight line through z x and z 2 ; choose z 3 to be oo and modify 
Exercises 20 and 21 to conclude that (2) also characterizes z* for reflection 
over L. 

23. Show that the net result of two successive reflections (over lines/circles) is a 
linear fractional transformation. 

Chordal Distance and Linear Fractional Transformations 
The chordal distance between two points z and w is 

Y(z w) _ i z ~ w i 

n ’ ’ (l + |z| 2 ) 1/2 (i + M 2 ) 1 ' 2 
if neither of the points is “oo”; the chordal distance from z to oo is 


X(z, oo) = (1 + |z| 2 ) 1/2 . 
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(The chordal distance is another way of measuring how far it is from z to w; for z 
and w close together, it is almost a multiple of the usual distance |z — w|. Hence, 
any sequence that converges with respect to the usual distance also converges with 
respect to the chordal distance. However, no points are further apart than 1 in 
chordal distance. The name chordal comes from the fact that z and w can be viewed 
as points on a sphere in three-dimensional space of radius | centered at (0, 0, ^); then 
X(z , w) is the length of the chord joining z to w.) 

The next several problems delineate an interesting connection between linear 
fractional transformations and the chordal distance. 

24. Let a and b be complex numbers with \a\ 2 + \b\ 2 = l, and set 


Tz = 


az + ft 
— bz + a 


( 3 ) 


Show that T preserves chordal distance; that is, x(7z, Tw) = x(z , w), for all z, w. 

25. If a is a given point in the extended plane, show that there is a linear fractional 
transformation of the form (3) with 7a = 0. 

26. Suppose that / and g are two functions mapping the extended plane into itself, 
both of which preserve chordal distance. Show that their composition fog also 
preserves chordal distance. 

27. Let / be a function that is analytic on the extended plane except possibly for 
isolated poles, and suppose that / preserves chordal distance: z(/(z), /(w)) = 
X(z 9 w). Show that / is a linear fractional transformation of the form (3). (Hint: 
Compose / with a T of the form (3) chosen such that T(/( 0)) = 0. Then 
determine the form of T o f) 


3.4 Conformal Mapping 

Conformal maps are functions that preserve angles between curves in a sense that 
we will make precise below. They are indispensable tools in studying flows and 
fields and in solving boundary-value problems, as we shall see in Section 3.4.1 and 
Chapter 4. In this section and the next, we shall study some of the basic facts about 
conformal mapping. 

Suppose that y is the range of a smooth curve z(t), a < b, and y passes 
through the point z 0 = z(t 0 ), a < t 0 < b. The curve y has a tangent vector z'(t 0 ) at 
z 0 , and we suppose that z'(t 0 ) is not zero. We now investigate what happens to the 
curve y when we apply an analytic function / to it. The curve y is transformed into 
a new curve T in the w-plane; T is given by 

T: w(£) = f(z(t)\ a^t ^b. 

Furthermore, by the familiar chain rule, we find that the tangent vector to T at 
w 0 = f(z 0 ) is 

w'(t 0 ) = f'{z 0 )z'{t 0 ). 
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Figure 3.11 


See Figure 3.11. In particular, we obtain the two relations 

|w'(t 0 )| = \f'{z 0 )\\z'(t 0 )\ (1) 

and 

arg w'(t 0 ) = arg(/'(z 0 )) + arg(z'(t 0 )). (2) 

We make the natural assumption that /'(z 0 ) ^ 0 and then note that the transfor- 
mation of y into T by / has these two characteristics: The tangent vector is scaled in 
length by a factor |/'(z 0 )|, and the tangent vector is rotated through an angle 
o = arg(/'(z 0 )). 

Suppose now that and y 2 are two smooth curves that intersect at the point 
z 0 = z i( t o) = z 2 ( s o)’ We define the angle between and y 2 at z 0 to be the angle 9 
measured counterclockwise from the tangent vector z[(t 0 ) to the tangent vector 
z 2 (s 0 ), if neither of these tangent vectors is zero. In this case, 

9 = arg(zi(s 0 )) - arg(zi(r 0 )), 

for appropriate determinations of the argument of the tangent vectors z 2 (s 0 ) and 
zi (£ 0 ). See Figure 3. 12. (This definition of the angle between two curves breaks down 
if one of the vectors z[(t 0 ) or z 2 (s 0 ) is zero; this will not be a matter of great concern 
to us.) 

Suppose now that <j> is a function, perhaps not analytic, defined in the disc 
| z — z 0 | < r and satisfying </>(z) ^ <f>(z 0 ) if 0 < |z — z 0 | < r. We say that <p is con- 
formal at z 0 if, whenever two curves y x and y 2 meet at z 0 , the angle from to r 2 
(their images under $) is equal to the angle from y x to y 2 . That is, both the magnitude 
and the sense of the angle is preserved by <j > . We shall now show that if / is analytic 
in the disc |z — z 0 | < r and if f'(z 0 ) ^ 0, then / is conformal at z 0 . 

If y x and y 2 intersect at z 0 , then Tj and T 2 intersect at w 0 = /(z 0 ), and equation 
(2) shows that the angle from Tj to T 2 given by 
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arg(w 2 (s 0 )) - arg(wj(t 0 )). 


is equal to 


arg(z 2 (s 0 )) - arg(zj(t 0 )). 

But the latter is, of course, just the angle from to y 2 • Thus, we have established 
the following result. 

If f is analytic in the disc \z — z 0 | < r and if f'(z 0 ) ^ 0, then f is 
conformal at z 0 . (3) 

The conclusion expressed in (3) is false whenever f'{z 0 ) = 0, but all is not lost. 
If / — f( z o) has a zero of order m > 2 at z 0 , it can be shown that / increases angles 
between intersecting curves by a factor of m; the details are presented in the exercises 
at the end of this section. 

In particular, since we have shown in (2) of Section 2 that the derivative of a 
one-to-one analytic function is never zero, we obtain this result. 

If f is both analytic and one-to-one on a domain D, then f is conformal 
at all points of D. (4) 

Many times the word conformal is used in complex variables to mean a 
one-to-one analytic function, although technically speaking it should be used to 
refer to an analytic function that is just locally one-to-one. 

Example 1 The function /(z) = e z has a nonzero derivative at all points of the 
plane, so it is a conformal mapping at all points. Note that e z is one-to-one on any 
strip of the form {x + iy: a ^ y ^ b}, 0 < b — a < In, but is not one-to-one if 
b - a ^ 2n. □ 
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Example 2 The function h(z) = sin z is conformal at all points except z = rc/2 + nn , 
n = 0, + 1 , . . . , which are the zeros of h'(z) = cos z. □ 

Example 3 The function g(z) = 1/z is conformal at all points z except z = 0, where 
it is not defined. In fact, a nonconstant linear fractional transformation T(z) = 
(i az + b)/{cz + d ), ad ^ be, is conformal at all points z except z = — d/c, where it is 
not defined. This follows immediately from (4), since we showed in Section 3 that T 
is one-to-one. □ 

Example 4 Show that each one-to-one analytic function / that maps the disc 
A = {z: |z| < 1} onto itself is a linear fractional transformation of the form 


/(z) = Af— 1 |A| = 1, |a|<l. 

1 — az 

Solution Example 1 of Section 3 shows that any function of the form of / is a 
one-to-one mapping of A onto itself. Now let / be any one-to-one analytic function 
mapping A onto A. Let /(0) = a and set 

9,2) - “ * {m - 

where </>{z) = {a — z)/( 1 — az). Then g is a one-to-one analytic function mapping A 
onto A, and g(0) = </>(/( 0)) = </>(a) = 0. Therefore, \g(z)\ ^ |z|, by Schwarz’s Lemma 
(Theorem 2 of Section 2). The inverse of g, g~ l , is also a one-to-one analytic function 
of A onto A, which sends 0 to 0; so, again by Schwarz’s Lemma, we find that 
|0 _1 (z)| ^ |z|. Equivalently, |CI < \g(C)\ for all C e A. Hence, |z| = \g(z)\ for all zeA, 
and this implies, again by Schwarz’s Lemma, that g(z) = Az, where A is a constant 
of absolute value 1. Therefore, 


and hence 


Az = 


a ~ /(z) 

1 - af(z) ’ 


|A| = 1, 


/(z) = a/-^, (} = Aae A. □ 

1 — pz 

Example 5 Show that the function <p(z) = j(z + z -1 ) is a one-to-one conformal 
mapping of the region 1 < |z| < oo onto the exterior of the closed interval [— 1 , 1 ]. 

Solution (p is one-to-one, since the equality cp(z x ) = <p(z 2 ) implies that 
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or 


z i 



1 z t — z 2 
z l z t z 2 


If ^ z 2 , then the term z x — z 2 may be canceled from both sides of this last 
equation, giving 


= 1 or ZjZ 2 = 1. 

Z l Z 2 

This is clearly impossible, since both z x and z 2 have modulus greater than 1. 

cp is conformal, because cp'(z) = ^(1 — z -2 ), which is never zero, since |z| > 1. 
To determine the range of <p, let w be any complex number that is not in the interval 
[—1, 1]. The equation (p(z ) = w is equivalent to the quadratic equation 

z 2 — 2zw +1=0. 

Every quadratic has two roots (which may coincide). Note that if z x is one root, then 
z 2 = \/z 1 is the other. Hence, one of the roots will satisfy |z| > 1 unless both lie on 
the circle |z| = 1. If that were the case, then a root would be z x = e ie for some real 
0, and the above quadratic becomes 

e 2l ' e - 2 we 10 +1=0. 

After dividing by e 10 , this yields 


0 = e ie — 2w + e ie = 2(cos 0 — w). 

Since w is not in the interval [ — 1, 1], this is obviously not possible. Hence, one (and 
only one) of the roots of z 2 — 2zw +1=0 lies in the region |z| > 1; this z is the 
solution we have been seeking. □ 

Level Curves 

Let p be a real-valued function on a domain D. The set of z that are solutions of 
the equation p(z) = c, where c is a constant, is called a level set or level curve of the 
function p. Level curves are important in describing flows (and thus fields), because 
the path followed by a particle in the flow is just a level curve of a certain analytic 
function, as we shall see in Section 3.4.1. We shall now show that for an analytic 
function / = u + iv, the level curves of u are “almost always” perpendicular to the 
level curves of v. 

Suppose that / = u + it; and f'(z 0 ) ^ 0. We know that / is one-to-one in some 
small disc D = {z:\z — z 0 \ < r}; let g = a + it be the inverse function to / on 
Q = /(D), so g(f(z)) = z if |z — z 0 | < r. We know from Exercise 19, Section 1, that 
g is analytic. Let consist of those points z with |z — z 0 | < r and u(z) = u(z 0 ). Then 
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7i = {z- u(z) = u(z 0 )} = {z: Re f(z) = u(z 0 )} 

= {g(w): Re w = u(z 0 ), w g Q}, 

so y x is precisely the range of the function g(w) on the set {w g Cl: Re w = u(z 0 )} and 
hence is a smooth arc. Likewise, the set y 2 , consisting of those points z with 
| z — z 0 | < r and i?(z) = u(z 0 ), can be described by 

y 2 = {z: i?(z) = y(z 0 )} = {z: Im /(z) = i?(z 0 )} 

= {g(w): Im w = t?(z 0 ), w g Cl}. 

Hence, y 2 is precisely the range of g(w) on the set {w g Q: Im w = v(z 0 )}, and it, too, 
is a smooth arc. We wish to show that y x and y 2 meet at a right angle at z 0 . But this 
is now immediate, since the function g is conformal and the lines Re w = u(z 0 ) and 
Im w = v(z 0 ) meet at a right angle at the point u(z 0 ) + iv(z 0 ) = /(z 0 ) (Fig. 3.13). 
Exercise 15 gives another proof of this fact. 



Figure 3.13 The level curves y v where u(x 9 y) is constant, and y 2 , where i?(x, y) is constant, 
meet at a right angle. 

In this manner, we see that each analytic function / whose derivative does 
not vanish gives an orthogonal “coordinate” system by means of the curves u(z) = 
constant, v(z) = constant. The simple case f(z) = z gives the usual coordinate 
system. A few others are given in the following examples. It is worth mentioning 
again that not only do we obtain lovely pictures, but the curves Im / = constant 
represent the paths followed by a particle in the flow given by /', so these curves are 
of great importance in applications. More on this is in Section 3.4.1 of this chapter 
and in Chapter 4. 

Example 6 f(z) = Log z on the plane minus the ray ( — oo, 0]. Here the level curves 
are log \z\ = constant and Arg z = constant, which are, respectively, circles centered 
at the origin and rays emanating from the origin (Fig. 3. 14). □ 


Example 7 f(z) = z 2 = x 2 — y 2 + i2xy\ the level curves sketched in Figure 3.15 are 
two families of mutually perpendicular hyperbolas. □ 
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Figure 3.14 The curves Arg z = ^ Log |z| = q . 



Figure 3.15 The curves lm(z 2 ) = c v Re(z 2 ) = 


Example 8 f(z) = log((z — l)/(z + 1)); here the level curves of the real part of / 
are exactly the circles |z — l| = p|z+ 1| discussed in Section 2, Chapter 1, 
while the level curves of the imaginary part of / (see Figure 3.16) are the circles 
Arg((z - l)/(z + 1)) = constant. □ 

Another way to find the level curves is as follows. The function w = 
(z - l)/(z + 1) maps circles through 1 and - 1 into straight lines through the origin 
and maps the circles |(z — l)/(z + 1)| = c to the circles | w| = c. The function £ = log w 
maps the rays arg z = constant onto the straight lines Im £ = constant and maps 
the circles | w| = c onto the circles |£| = log c. Hence, £ = log[(z — l)/(z + 1)] = f(z) 
has as its level curves Im /(z) = constant exactly the circles through 1 and — 1. 
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Example 9 f(z) = log (z + Jz 2 — R 2 \ on the plane minus the segment [ — R, R], 
The function g{z) = z + y]z 2 — R 2 = w has as its inverse function 


z 



= G(w). 


A simple computation shows that G(w) carries rays Arg w = c onto the hyperbolas 



z = x + iy 


and the circles |w| = s, s > R, onto the ellipses 



z = x + iy. 


Hence, g(z) carries these hyperbolas and ellipses onto the rays Arg w = c and the 
circles | w| = s, respectively. Thus, /(z) = log g(z) has these ellipses and hyperbolas 
as its level curves; see Figure 3.17 for the case R = 1, d = (2/7c)c. □ 


Example 10 Fix a,\a\ < 1, and consider 
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R = 1.0 


Figure 3.17 The curves 




The function g(z) = (z — a)/(l — az) has constant modulus on the family of 
circles determined by 


\z - a\ 


1 

a 


The value p = \a\ gives the circle |z| = 1; the argument of g(z) is constant on the 
family of circles passing through a and 1/a. Thus, the level curves of f(z) are exactly 
these two families of mutually perpendicular circles, one family lying entirely within 
the disc \z\ < l (Fig. 3.18). 


Example 11 f(z) = Jz. on the plane minus the ray ( — oo, 0]. Here 


u(re ie ) = Re f(re id ) = 



v(re ie ) = Im f(re ie ) = Jr sin 

for 0 < r < oo and — n < 9 < n. Using the half-angle formula from trigonometry, 
we find that the level curves of u(re id ) and v(re ie ) are given by the polar equations 
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r( 1 + cos 9 ) = constant 
r( 1 - cos 9 ) = constant, 

respectively. A few of these curves are sketched in Figure 3.19. □ 



Figure 3.18 The curves | z— a\ = p |1 — az\, Arg((z— a)l( 1 - az)) = c, —n < c < n. 



Figure 3.19 The curves r( 1 -h cos 9) = c y and r( 1 — cos 6) = 


218 Chapter 3 Analytic Functions as Mappings 


You might review the preceding six examples to note the following two 
phenomena. (1) The level curves R ef(z) = c 1 never touch the boundary of D, 
whereas (2) the level curves Im f(z) = c 2 always meet the boundary of D. 

EXERCISES FOR SECTION 3.4 

1. Show that g(z) = z 2 is one-to-one on the half-plane Re z > 0 but not on any 
larger open set. 

2. Find all one-to-one analytic functions that map the upper half-plane U onto 
itself. (Hint: (/>(z) = i( 1 + z)/(l — z) maps the unit disc onto U and ^ is one-to- 
one.) 

3. (a) Show that each one-to-one entire function has the form Az + B, A / 0. 

(Hint: Check the behavior at “oo.”) 

(b) Extend (a) to show that a one-to-one rational function on the plane plus 
“oo” must be a linear fractional transformation. 

4. Let / be a one-to-one analytic function on a domain D and suppose that there 
is an analytic function h on D with h 2 = /. Show that h is also one-to-one. 

5. Suppose that w is not in the interval [ — R, K], Show that the equation 
z + R 2 /z = 2 w has one solution z with |z| < R and one solution z with 

W > R- 

6. Use the basic results on conformality to show that each of the circles |z — a\ = 
p\z — b\, 0 < p < oo, is perpendicular to each of the circles arg((z — a)/ 
(z — b)) = c, 0 ^ c < 2n. (Hint: Consider /(z) = log((z — a)/(z — b)).) 

7. Sketch some of the level curves of the real and imaginary parts of the follow- 
ing functions, (a) f(z) = log ((z — 2)/(l — 2z)). (b) g(z) = Jz — 1 on the plane 
with the interval ( — oo, 1] deleted. (Hint: Set z = 1 + w 2 with w = s + it. Then 
solve for z when s = constant or t = constant.) (c) h{z) = (1 + z)/(l — z). (d) 
f(z) = z 2 - 2 z. 

8. Let / and g be conformal analytic functions with the range of / a subset of the 
domain of g. Show that the composition g(f(z)) is also conformal. 

9. Let p be a polynomial of degree 1 or more with r distinct zeros. Let y e = 
{z: |p(z)| = e}; show that y e consists of r disjoint closed curves if e is small and 
one closed curve if e is very large. These curves are called lemniscates. For the 
specific polynomial p(z) = z 2 — 1, show that the lemniscate is a pair of disjoint 
simple closed curves if 0 < e < 1, a single simple closed curve if e > 1, and a 
“figure eight” if e = 1. 

10. Let / be a one-to-one analytic mapping of the unit disc |z| < 1 onto itself with 
two fixed points in |z| < 1. Show that /(z) = z. 

11. Let / be analytic on a domain D, let z 0 be a point of D, and set w 0 = /(z 0 ). 
Suppose that f(z) — w 0 has a zero of order m, m ^ 2, at z 0 . Follow the outlined 
steps to show that / “multiplies angles by m” at z 0 . 

(a) The angle from the ray y x = {z: arg(z — z 0 ) = ij/} to the ray y 2 = 
{z: arg(z — z 0 ) = ij/ + 6} is 0 . 

(b) In a disc |z — z 0 | < r, we have /(z) — w 0 = (z — z 0 ) m g(z\ where g(z 0 ) / 0. 

(c) If z x g y x and z 2 g y 2 then arg(/(z x ) — w 0 ) = nuj/ + arg g(z x ) 9 and 
arg (f(z 2 ) - w 0 ) = m(il/ + 0) + arg g(z 2 ). 
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(d) Let r x = /(' y x ) and T 2 = /(y 2 ). The angle from Tj to T 2 is 

lim [arg(/(zj) - w 0 ) - arg(/(z 2 ) - w 0 )] = m0. 

z,-»z 0 

z 2 ->z 0 

12. Suppose that / is analytic on a convex domain D and that Re(/'(z)) > 0 for all 
z e D. Show that / is one-to-one on D. (Hint: f(z 2 ) — f{z x ) = j y /'(w) dw, where 
y is the line segment joining z x to z 2 .) 

13. Use Exercise 12 to show that the function g(z) = z + e z is one-to-one on the 
strip {x + iy: — oo < x < oo, 0 < y < n}. (Hint: Show that the conclusion of 
Exercise 12 remains valid if Im (/') is positive on D.) 

14. Let F be a one-to-one analytic function from a domain onto a domain D 2 . 
Suppose that {z k } is a sequence of points in D x with z k -► p, where p is in the 
boundary of D x . Show that if {f(z k )} converges to a point q 9 then q must 
necessarily lie in the boundary of D 2 . (Hint: If q e Z) 2 , then q = f(z 0 ) for some 
z 0 e D x . Show that / carries a small disc centered at z 0 into a small disc centered 
at q and so derive a contradiction.) 

15. Let f = u + iv be analytic, and suppose that /'(z 0 ) / 0. Show that the level 
curves u = u(z 0 ) and v = u(z 0 ) are orthogonal at z 0 by showing that the dot 
product of the gradient of u at z 0 with that of v at z 0 is zero. You will need to 
use the Cauchy-Riemann equations. 


3.4.1 Conformal Mapping and Flows* 

One of the most significant applications of conformal mapping is to flows. This 
section is devoted to the first steps in this application by making the connection 
between level curves, conformal mapping, and flows. This will not only provide us 
with an important application of complex variables but will also make it apparent 
why we want to search for specific conformal mappings. Thus it leads into the 
material of the next section. 

We already noted in Section 2.1.1 and Section 2.4, Application 3, Chapter 2 
that if / is a sourceless and irrotational flow on some domain D , there must be an 
analytic function G defined on D, called the complex potential of the flow, with 

G'(z) = /(z), zeD. 

We shall now show that the level curves Im G = constant represent the paths 
followed by particles in the flow; that is, these level curves are the streamlines for 
the flow. 

Let Zq be a point of D at which f(z 0 ) / 0. Then G'(z 0 ) = /(z 0 ) ^ 0, so G(z) is 
one-to-one in some small disc {z: |z — z 0 | < <5}, centered at z 0 . This implies that 
there is an analytic function H(w) defined at least for w e Q = {G(z): \z — z 0 \ < S} 
with H(G(z)) = z if |z — z 0 | < S. The level curve 


T 0 = {z: Im G(z) = Im G(z 0 ), |z - z 0 | < 5} 
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can also be described, therefore, as 

r 0 = {H(w): Im w = Im G(z 0 ), wefi} 

= {H(z + ic 0 ): t + ic 0 eil,c 0 = Im G(z 0 )}. 

The tangent vector to the curve T 0 is just the derivative of H( r + ic 0 ) with respect 
to t and this in turn is equal to the derivative of H with respect to w, since H is 
analytic. By the chain rule, then 

1 = H'(G(z))G'(z) = H'(w)M w = G(z). 


Consequently, 


H'(w) = \f{z)\ = f(z) 

|H'(w)| f(z) \f(z )\ ' 

Thus, the unit tangent vector to T 0 is parallel to f{z) at each point z of T 0 . This 
implies that the level curve T 0 is the path followed by a particle in a flow (see also 
Exercise 1 1 at the end of this section). 


Streamlining 

Flow problems are typically of two types. The first, illustrated in Figures 3.20a and 
3.20b, is when an impermeable object is placed in a flow of uniform velocity across 
the plane. The resulting flow around the object is to be found, assuming a (virtually) 
uniform velocity far from the object. 

The second type of flow, illustrated in Figures 3.21a and 3.21b is, for instance, 
the flow through a channel or around a corner, or generally in a simply-connected 
region whose boundary consists of straight lines except for a few irregularities or 
corners. The boundary is impermeable, and the flow is assumed to be (virtually) 
uniform “at oo” — that is, far from the irregular part of the boundary. Both types of 




Figure 3.20 
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Figure 3.21 

flow problem can be handled by consideration of appropriate conformal mappings, 
as we shall now show. 

Our objective is to find the path described by a particle as it moves through 
the domain D when the motion is governed by a sourceless, irrotational flow / that 
remains in D ; that is, the particle does not cross the boundary of D. We let G be an 
analytic function on D with G'(z) = /(z), z e D; we then know from the foregoing 
discussion that the path followed by a particle in the flow is just one of the level 
curves, Im G = constant. The particles never cross the boundary of D, so the 
boundary of D is one of the streamlines of the flow; that is, Im G is constant on the 
boundary D. Consequently, to find the path taken by a particle in the flow, we need 
to find an analytic function G on D whose imaginary part is constant on the 
boundary of D and which has the correct behavior at “oo.” This is where conformal 
mapping enters the picture. 

Suppose that G is a one-to-one analytic mapping of the simply-connected 
domain D onto the upper half-plane U = {x + iy: y > 0} and G maps the boundary 
of D onto the real axis. Then Im G(z) is zero if z is in the boundary of D. If G _1 has 
the correct behavior at oo, then G is the complex potential that we want. That is, the 
level curves Im G = con stant are the paths followed by the particles in the flow, and 
the function /(z) = G'(z) is the velocity of the flow. We write w = G(z) and H(w) = z; 
that is, H(w) is the inverse function to G(z); H(w) maps the upper half-plane U onto 
D. The paths followed by particles in the flow are given by 

V c (t) = {H(t + ic ): —oo < t < oo}, 0 < c < oo. 

For example, the domain D pictured in Figure 3.21b is mapped onto U by the 
function w = G(z), where 

z = (w 2 - 1) 1/2 , 

as we shall see in Example 10 of Section 5. Hence, the curves T c , given by 

T c (t) = [(£ + ic) 2 — 1] 1/2 , —oo < t < oo, c > 0 

are exactly the paths followed by the particles in this flow. For c very large, these 
are virtually the same as the horizontal lines Im z = c. For c = 0, the curve is just 
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the boundary of the domain D. (The square root must be correctly interpreted, 
however.) 

The search for the function G is called “streamlining” the domain D, and the 
function F(x, y) = Im G(x + iy) is called the stream function of D. 

Example 1 The function G(z) = z 2 maps the first quadrant conformally onto the 
upper half-plane U. Its inverse is the function H(w) = y/w. The stream function is 
Im(z 2 ) = 2 xy. □ 

Example 2 The function G(z) = sin z maps the strip {x + iy: |x| < tt/2, 0 <y < oo} 
conformally onto U. Its inverse is H(w) = arcsin w (see Section 5, Chapter 1). The 
stream function is cos x cosh y 9 = Im(sin z). □ 

Example 3 Fix a point a, 0 ^ a < 1. The function 


G(z) = i 


.(1 -a)(l + z) 


(1 - z)(l + a) 


maps the disc {\z\ < 1} conformally onto U, sending a to i. Its inverse is 


H(w) = 


w(l -f a) — i( 1 — a) 
w(l -f a) + i( 1 — a) * 


The stream function is 


(l-a)(l~\z\ 2 ) 
(1 +a) |l-z| 2 * 


□ 


EXERCISES FOR SECTION 3.4.1 

1. Show that the function G(z) = j(z 2 -h 1/z 2 ) maps the region Z), which is in the 
first quadrant and also exterior to the circle |z| = 1 conformally onto the upper 
half-plane (Fig. 3.22). Use the function H = G" 1 to streamline D. 



Figure 3.22 
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2. Show that the function H(z) = z a , 0 < a < 2, maps the upper half-plane U onto 
the plane minus a “wedge” of angle 7r(2 — a) (Fig. 3.23). Use H to streamline this 
region. 



Figure 3.23 


3. Show that the function K(z) = z/( 1 — z) 2 is a conformal mapping of the disc 
{z: |z| < 1} onto the domain D obtained by deleting from the plane the interval 
( — oo, — (Fig. 3.24). Show that z = (( — /)/(( + i) is a conformal mapping of 
U onto the disc {z: |z| < 1}. Use these two functions to streamline D. 




4. Use the function H from Example 3 to streamline the disc {z: |z| < 1}. 

5. Show that the function G(z ) = —(1 — z 2 ) 2 maps the region D shown in Figure 
3.25 conformally onto U. Use this to streamline D. 



Figure 3.25 
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6. Show that the function Log (z — a) represents the complex potential of a flow 
in the plane with a single source at the point a. What are the streamlines for this 
flow? 

7. Show that the function Log((z — l)/(z +1)) represents the complex potential of 
a flow in the plane with a source at — 1 and a sink ( = negative source) at + 1. 
Find the streamlines for this flow. 

8. Show that the function 

u >fe)' w<i - 

represents a complex potential of a flow within the disc |z| < 1, which has a sink 
at z = a (see Example 10, Section 3.4). 

9. Sketch some of the streamlines for the flow 


/(*) = 


(p - q) 

(z-p)(z-q)' 


(Hint: An indefinite integral of / is G(z) = Log((z — p)/(z — q)).) 

10. The function G(z) = e z is a conformal mapping of the strip S = {x + iy: 
0 < y < 7c, —oo < x < oo} onto U with Im G = 0 on the edges of S. However, 
the curves Im G = constant are not the horizontal lines y = c, which are the 
lines of a uniform flow in S. Explain this apparent discrepancy. 

1 1. Let / be a sourceless, irrotational flow in a domain D , and let G be an analytic 
function on D with G' = f. Let z 0 be a point of D at which /(z 0 ) ^ 0, 
and let S be a small positive number for which G'(z) ^ 0 if |z — z 0 | < S. Let 
ft = {G(z): | z — z 0 1 < and let H(w) be the analytic function on ft with 
H(G(z)) = z, |z - z 0 | < 6. 

Let u(£), a < t < b, be a continuously differentiable function with values in 
the line L: {t -f ic 0 : r + ic 0 e ft, c 0 = Im G(z 0 )}, which satisfies the differential 
equation 

u'(f) = I H’(u(t))\~ 2 , a < t < b. 


and set y(t) = H{u{t)\ a < t < b. (That such a function exists is a result from the 
theory of ordinary differential equations.) Show that the range of the curve y(t) 
is the level curve 

r 0 = {z: Im G(z) = c 0 } 

and that y'(t) = f(y(t)) for a < t < b. (Hint: Look back to the discussion at the 
beginning of this section.) 


3.5 The Riemann Mapping Theorem and 
Schwarz-Christoffel T ransformations 

The theorem of greatest theoretical importance in the subject of conformal mapping 
is the famous theorem of Bernhard Riemann. 
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THEOREM 1 Riemann Mapping Theorem Suppose D is a simply-connected domain with at 
least two points in its boundary; let p be a point of D. Then there is a one-to- 
one analytic function <j> that maps D onto the open unit disc A = {w: |w| < 1} and 
(/>(p) = 0. Furthermore, </> is uniquely determined by the requirement that 4 V(p ) be 
positive. ■ 

It is a consequence of Theorem 1 that any two simply-connected domains 
(each with two or more boundary points) can be linked by a one-to-one analytic 
function. For if D x and D 2 are two such domains and if fa maps D 2 onto A with 
fa(p 2 ) = 0, then the analytic function ij/ = fa 1 o fa maps onto D 2 , <A(Pi) = p 2 > 
and i// is one-to-one. In the language of complex variables, and D 2 are conformally 

equivalent; the mapping is uniquely determined by the requirements that 4/(p l ) = p 2 
and fa(Pi) be positive. See Figure 3.26. 



Figure 3.26 Two simply-connected domains that are necessarily conformally equivalent. 

The proof of Theorem 1 requires concepts not covered in this book; in any 
event, the usual proof provides no clue to how you actually write down the 
conformal mapping; it is an “existence” proof only (see the notes at the end of the 
chapter). Theorem 1 is of great utility nonetheless, since it provides us with the 
knowledge that a conformal map actually exists and hence might be found explicitly 
(there is, obviously, little point in searching for an object that does not exist). We 
begin our search for useful conformal mappings by reviewing some of the conformal 
maps that we have already run across. Then we show that a more-or-less explicit 
rule can be given for constructing conformal maps of the upper half-plane U = 
{w: Im w > 0} onto a polygon. The latter construction produces the Schwarz- 
Christoffel transformations, which are useful tools in analyzing flows and other 
physical phenomena, as we saw in Section 3.4.1. 


Examples of Conformal Mappings 

Example 1 f(z) = i(l + z)/( 1 - z) maps the disc A = {z: |z| < 1} onto the half- 
plane U = {w: Im w > 0} (Fig. 3.27). □ 


Example 2 g(z) = e z maps the strip { — n ^ y < n} onto the punctured plane, those 
w with w ^ 0 (Fig. 3.28). (See Section 5, Chapter 1.) □ 
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Figure 3.29 


Example 3 h(z) = Log z maps the region Q obtained by deleting the ray (-oo,0] 
from the plane onto the strip (w: |Im w| < n} (Fig. 3.29). (See Section 5, Chapter 1.) 

□ 

Example 4 F(z) = sin z maps the strip {z = x + iy: 0 < x < n/l and y > 0} onto 
the first quadrant, {w: Re w > 0 and Im w > 0} (Fig. 3.30). (See Section 5, Chapter 1.) 

□ 
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Figure 3.31 


Example 5 f(z) = z p , 0 < p < 2, maps the upper half-plane U onto the region 
described by {w = re^\ 0 < \)/ < np;0 < r < oo} (Fig. 3.31). □ 

Schwarz*-Christoffel t Transformations 

A Schwarz-Christoffel transformation is an analytic conformal mapping of the 
upper half-plane onto a polygon. The key to understanding it is the examination of 
the behavior at the point x 0 of the function / given by 

f(z) = A(z - x 0 f + B, 

where x 0 and /? are real numbers, 0 < /? < 2, and A and B are complex numbers. 
The root is determined by choosing arg(z — x 0 ) to lie in the interval ( — tt/2, 3n/2); 
that is, we delete from the plane the vertical ray from x 0 down. 

To begin, suppose z — x is real and x > x 0 . Then arg /'(x) = (/? — 1)(0) + 
arg A, so the curve parametrized by / has a tangent vector of constant slope, arg A; 
that is, it is a straight line segment. On the other hand, if x < x 0 , then arg f'(x) = 

* Hermann Amandus Schwarz, 1843-1921. 
f Elwin Bruno Christoffel, 1829-1900. 
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Figure 3.32 


n(fi — 1) + arg A , so f(x) lies on a straight line making an angle n(fi — 1) + arg A 
with the positive real axis (Fig. 3.32). 

Let us set a = — 1, so that — 1 < a < 1; we see that the mapping / carries 

the real axis into a polygonal curve of only two pieces, and the pieces meet at B with 
angle of net = n(P — 1). Let us continue this idea, concentrating on /' instead of /, 
since it is the value of arg(/') that determines the slope of the various pieces of the 
image curve. Let x x < • • • < x N be points on the real axis, and let a 1# . . . , be real 
numbers, all in the interval (—1, 1). We shall examine the behavior of the function 
/, whose derivative is given by 

f'(z) = A(z-x l r...(z-x N r. 

Once again, the roots are determined by the requirement that arg(z — Xj) lie in the 
range ( — n[ 2, 37r/2). If x is real and near x j9 but is slightly more than x j9 then 

arg /'(x) = arg A + n<x j+1 + • • • + noc N . 

However, if x is again real and near x } but is slightly less than x j9 then 

arg /'(x) = arg A + netj + nct j+l + • • • + net N . 

If we add to this the facts that arg /'(x) = arg A whenever x > x N and that 
arg /'(x) = arg A + noc 1 + • • + n<x N whenever x < x l9 we see that / maps the real 
axis onto a polygonal curve with N - hi pieces (one or two of which may be infinite 
in length). See Figure 3.33. 

Now we shall apply this knowledge to the mapping of the upper half-plane 
onto a given polygon. Let us suppose the polygon has N + 1 sides with vertices 
at points w 0 , ..., w N9 arranged in the usual counterclockwise order around the 
polygon. 

Let d O9 0 l9 ... 9 9 n be the exterior angles at w 0 , . . . , w N , respectively (Fig. 3.34). 
The angle s 0 O9 . .. 9 0 N lie in the range ( — n 9 n) 9 and since the polygonal curve w 0 Wi, 
w t w 2 , . . . , w N w 0 is a simple closed positively oriented curve, we see that 
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Figure 3.33 An illustration of the case where N = 4. 



Figure 3.34 A polygon with 6 sides (N = 5). 


0 O + 0i + ” * + 0jy — 271. 


Set ctj = — 9j/n so that 


— 1 < Ctj < 1 


and 


Z a ;= “ 2 - 


7 = 0 


These preliminary comments then prepare the way for the next theorem. 


THEOREM 2 Schwarz-Christoffel Let P be a polygon in the plane with vertices w 0 , ..., w N 
and corresponding exterior angles 9 0 , . . . , 0^; set a, = — 9j/n. Then there are real 
numbers x l9 ...,x N with < • • • < x N and a constant A such that the function f(z) 
whose derivative is 


f'(z) = A(z-x l r...(z-x N r (i) 

gives a one-to-one analytic mapping of the upper half-plane Im z > 0 onto the 
polygon P; / maps z } to Wj for j = 1, . . . , N and /( oo) = lim X ^ ±a0 f(x) = w 0 . ■ 
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A full proof of Theorem 2 rests on Theorem 1 and on the reflection principle, 
which will be covered in Section 3 of Chapter 4. Here we shall content ourselves 
with several comments and a number of examples. First, we have arranged the 
mapping / so that /( oo) = w 0 , but this is not necessary; there will be times that 
we will want to exploit some obvious symmetries in the polygon and not require 
that /( oo) = w 0 . In general, we can select any three of the vertices vy,. and any three 
points Xj on the real line or at oo and require that f(Xj) = Wj for these three values 
of j. For example, if we demand that /( — 1) = w 2 , /(0) = w 5 , and /( 2) = w 6 , then 
we have x 2 = — 1, x 5 = 0, and x 6 = 2, so that x x , x 3 , x 4 , x 7 , . . . , necessarily satisfy 

x x < — 1 < x 3 < x 4 < 0 < 2 < x 7 < • • • . 

Second, Theorem 2 is stated for bounded polygons, but it holds as well for 
unbounded polygons — which will be the most useful cases. This can be seen most 
easily by looking again at the behavior of the function whose derivative is given in 
(1). Another technique is to obtain the unbounded polygon as a limit of bounded 
ones. This is sometimes useful to determine the angles a x , ..., ct N and will be 
illustrated in several of the examples. 

Example 6 Find the Schwarz-Christoffel transformation of the upper half-plane 
U onto the equilateral triangle shown in Figure 3.35. 



Solution The exterior angles of an equilateral triangle are all equal to § n, so that 

« J= 0 , 1 , 2 . 

71 J 

We select x x = — 1 and x 2 = 1. Then, 

/'(z) = A(z + 1 r 2/3 (z - 1)' 2/3 
= A(z 2 - l)- 2/3 . 


Hence, 
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_ , C z dw 

/(z) = A J, (w 2 - 1) 2/3 + B ’ 

where we have selected 1 as the initial point for the integration. (Another choice 
would produce another B.) To find A and B, we note that 


a=f(l) = B 


and 



dt 

(t 2 - l) 2 ' 3 


+ B. 


If we denote by (I the value of the integral 


0 = 


dt 

i (t 2 -l) 2 ' 3 ’ 


then we find that 

, _ fl(«V 3 - 1) 
ft 

and 


B = a. □ 

Example 7 Find the Schwarz-Christoffel transformation of the upper half-plane 
U onto the region shown in Figure 3.36. 



Figure 3.36 

Solution The exterior angle at w 0 is 9 where 

9 = arctan e ( — n 9 0), 
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and the exterior angle at Wj is just —6. If we select x 0 = — 1 and x x = 1, then the 
derivative of the mapping function is 

/'(z) = A(z + 1 )‘(z - l)-‘, a = — — e (0, 1). 

71 

The function f(z) cannot usually be given explicitly. However, in the special case 
when g q = 0, we have 6 = — n/l, so a = \ and 

frr)'° 

Thus, 

f(z) = A{(z 2 - 1) 1/2 -h Log(z -h (z 2 - 1) 1/2 )} + B. 

The constants A and B are found from 

i*o = /(-!) = + B 

0 = /(l) =A{0}+B. 

Hence, B = 0 and A = z 0 /n. The mapping is thus 

/(z) = — {(z 2 - 1) 1/2 + Log (z + (z 2 - 1) 1/2 )}. 

71 

Some of the streamlines for the flow through the region (when o Q = 0 and i 0 = 1) 
are shown in Figure 3.37 below. □ 



5.00 

4.00 

3.00 

2.00 

1.00 

0.30 


Figure 3.37 The flow over a vertical step. The streamlines are 


LW = -{[(r + ic) 2 - IV' 2 

71 


+ Log(r + ic + [(t + ic f - l] 1 ' 2 )}. 


— oo < t < oo; c > 0. 
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ia = 
~b. 


Figure 3.38 


w 0 , a > 0 
b > 0 


Example 8 Find the Schwarz-Christoffel transformation that maps the upper 
half-plane onto the region in Figure 3.38. 

Solution The exterior angles at w 0 , w l9 and w 2 are, respectively, 


0 o = 0 2 = - arctan 



and 


9 l = — 20 o — n e ( — 7i, 0). 

Hence, a 0 = a 2 = —0 o /n e (0, |] and = (20 o /n) + 1 e (0, 1). Set a 0 = a 2 = a, so 
that (x 1 = — 2a + 1. With the choices x 0 = — 1, x x = 0, and x 2 = 1, the derivative 
of the mapping function is 

/'(2) = A(Z + l)«Z- 2 ‘ +1 (Z - If 

= ^(z 2 - l) a z -2a+1 . 

Once again, we cannot find /(z) explicitly, in general. The special case when b = 0 
gives a = 3 and 


f'(z) = A(z 2 - l) 1 / 2 , 


so 


f(z) = A{zyjl — z 2 + arcsin zj + B. 
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A and B are found by the requirements that 

— ia =/(-!) = 4 j-|j + B 

0=/(0) =B. 

Thus, the mapping is 

f(z) = i—{zy/l — z 2 + arcsin z}. □ 

71 

Example 9 Find the Schwarz-Christoffel mapping of the upper half-plane U onto 
the region in Figure 3.39. 

Solution We find this mapping as the limit of mappings onto the region shown in 
Figure 3.40. We select x 0 = — 1, = 0, and x 2 = 1 and think of b as being very 

large. Thus, the exterior angles at w 0 and w 2 are almost — 7c/2, and the exterior angle 
at w x is almost n. Hence, the derivative of the mapping function onto the desired 
region will be 



Figure 3.39 



h'i 


Figure 3.40 
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flow through this region. This models the flow over a deep hole in a streambed. 

□ 

Example 10 Find the mapping of the upper half-plane U onto the region R 
obtained by deleting from U the segment {it: 0 ^ t ^ a} (Fig. 3.42). 

Solution We obtain the given region as a limit of the regions shown in Figure 3.43 
as e -+ 0. The exterior angle at w 0 is almost n/2 , as is the exterior angle at vv 2 ; the 
exterior angle at w x is almost — n. Hence, as e -* 0, we find that the derivative of the 
desired mapping is 


f'(z) = A(z + 1) 1/2 z(z - 1) 1/2 


= A 


Z 

(z 2 - 1) 1/2 ’ 


where, as before, we have selected x 0 = — 1, x t = 0, and x 2 = 1. Hence, 

f(z) = A(z 2 - l) 1 ' 2 + B. 

A and B are found by the conditions 

0 = /(— 1) = B, ia = /(0) = Ai. 
Consequently, the mapping is 


f(z) = a(z 2 - 1) 1/2 . 




Figure 3.43 
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Figure 3.44 


Some of the streamlines for the flow through this region are shown in Figure 
3.44. The streamlines are given by z(t) = y/(t + ic) 2 — 1, — oo <t< oo. This models 
the flow over an obstacle in a streambed. □ 

Example 11 Show that the function <f>(z) = z + e z maps the strip { — n < y < n} 
one-to-one and onto the entire complex plane minus the two rays 

R\ = {cr + itt: or ^ — 1} 

R 2 = {cr — in: a ^ — 1}. 

Show further that (j> maps the two lines y = n and y = — n onto the two rays R t 
and R 2 , respectively, covering each point twice (except the points — 1 + in, which 
are covered once) (Fig. 3.45). 

Solution Since <j>{z) = <f>(z), we will consider only the region where 0 ^ y < n. The 
function g(z) = e z maps the strip {x -I- iy: 0 < y < n} onto the upper half-plane U, 
so we shall now show by use of the Schwarz-Christoffel transformations that the 
function f(z) = z - h Log z maps U onto the region Q obtained by removing from U 



Figure 3.45 
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Figure 3.46 



the ray R x (Fig. 3.46). The composition <j>(z) = f(g(z)) = z + e z will then map the 
strip {x + iy: 0 < y < n) onto Q, as desired. 

Consider the region shown in Figure 3.47. As R-+ oo, the region shown 
approaches the region Q. We select x 0 = — 1 and = 0 and note that the exterior 
angle at w 0 is almost — n and the exterior angle at w x is almost n, if R is very big. 
Hence, as R -* oo, we find that the derivative of the mapping function is 

f'(z) = A(z + l^z* 1 


Thus, f(z) = A(z + Log z) + B. To determine A and £, we note that 

7i = Im f(x) = Im(y4x -f log | x | + in + B) 
for any x < — 1. Thus, 

0 = x Im A + Im B, x < — 1, 
which implies that A and B are real. Furthermore, 

— 1 + in = /(— 1) = A(— 1 + in) + B 9 


which then gives A = 1 and B = 0. 


□ 
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Figure 3.48 


*3 



Example 12 Find the Schwarz-Christoffel transformation of the upper half-plane 
U onto the region pictured in Figure 3.48. 

Solution Once again, we find the desired mapping as a limit of mappings onto 
regions that “grow” to the desired region. We start by considering the region 
pictured in Figure 3.49. The exterior angle at w 0 is 7c/2; the exterior angles at w x , w 2 , 
and vv 3 are nearly n, — 7r/2, and n , respectively. We let w 0 correspond to — 1, w x to 
0, w 2 to some point a 2 , a > 0, and w 3 to oo. The derivative of the desired mapping 
is then 


f'(z) = A(z + 1) 1/2 z 1 (z - a 2 ) 1/2 , 

where A is a constant. Our first task is to find a 2 in terms of o Q and i 0 , the coordinates 
of the corner at w 0 . Consider Figure 3.50. 

Let z lie on the semicircle { ee ld : 0 < 6 < n} 9 e small; as z traverses this semi- 
circle clockwise, the imaginary part of f(z) goes from 0 to i 0 . Hence, 

t 0 - Im J /'( z) iz . Im {£” A . 


Letting e 0, we find that 
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Figure 3.50 


i 0 = lm{Ai(ia)( — n)} = na Im A. 

Likewise, if z traverses the semicircle {Re ir : 0 ^ t ^ n} counterclockwise, the 
real part of /( Re*) decreases from or 0 to 0. Hence, 

Letting R -+ o o, we find that 

— a 0 = Re{iAn} = — n Im A. 

Combining these two equations yields 


and so 



Im A 


°o 

9 

71 



71 Z V Z 4- 1 / 



Thus, the derivative of the Schwarz-Christoffel transformation is completely known, 
and all that remains is to integrate. 

To find /, we may either consult integral tables or proceed in this way. Let 



1/2 


and define g by the relation g(w) = f(z). The chain rule then gives 

dg = df dz = A 1 /z - a 2 Y /2 dz a = — 
dw dz dw z\z+lj dw 9 n 


However, 
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so 


z = 


1 + a 2 w 2 
w 2 - 1 


dg w 2 -l 1 2w(l + a 2 )(—l) 
dw 1 + fl 2 w 2 w (w 2 — l) 2 


= 2A(1 + a 2 ) 


1 

(1 - w 2 )(l +a 2 w 2 )' 


This last expression yields immediately to the partial-fraction technique of ele- 
mentary calculus: 

2(1 + a 2 ) 1 1 a 2 a 2 

: L — 1 _( _l . 

(1 — w 2 )(l + a 2 w 2 ) 1 — w 1 + w 1 — iaw 1 + iaw 


Integration then gives 


f(z) = g(w) = A 



— ia Log 



+ B, 


where 


w = 


z + 1 


z — a 


1/2 



A 


ioo 

n 


B is zero, since g(0) = /(l) = 0. 


□ 


EXERCISES FOR SECTION 3.5 

In Exercises 1 to 6, use conformal maps or combinations of conformal maps that 
you already know such as linear fractional transformations, powers, roots, sin z, 
log z, etc., to find a one-to-one analytic function mapping the given region D onto 
the upper half-plane U. In each case, tell as much as possible about the image of the 
boundary of D under the mapping. 

1. D = {z = x + iy : x and y are positive} 

2. D = {z: | Arg z| < a}, a ^ n 

3. D = {z = x + iy: \y — 1 1 < 2} 

4. D = {z:\z - z 0 \ <r 0 } 

5. D = {z: |z| > R and Im z > 0} 

6. D = {z: z <£ ( — oo, — 1] u [1, oo)} 

7. Find a conformal map of the infinite strip 0 < y < n onto the semi-infinite strip 
{a + ir: 0 < g < 1, i > 0}. 

8. Find a conformal map of the region between the two circles |z| = 1 and 
\z — || = j onto the disc |w| < 1. (Hint: First apply z l/(z — 1).) 

9. Find a conformal map of the first quadrant onto the strip |Im w| < 1. 
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In Exercises 10 to 14, find a Schwarz-Christoffel transformation of the upper 
half-plane onto the given domain D. 

10. D = {z: 0 < Arg z < 4^/3} 

11. D = {z = x + iy : — 7r/2 < x < n/2 and y > 0} 

12. D is pictured in Figure 3.51a. (Hint: Map onto the region in Figure 3.51b and 
then let b -► 0.) 




Figure 3.51 

13. D is pictured in Figure 3.52. 



14. D is pictured in Figure 3.53. (Hint: Obtain this region as the limit of the regions 
in Figure 3.54.) Evaluate the constants as in Example 12. 



Figure 3.53 
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in 



A = -R + /tt/2 
B = R + in 
C = R 
and R -+ co 


15. D is pictured in Figure 3.55. (Hint: Obtain this region as the limit of the regions 
shown in Figure 3.56.) Let — 1 correspond to ia , 0 to — R; then let R -► oo to 
find f'{z). f may be obtained as in Example 12. 



Figure 3.55 



Figure 3.56 


16. Let C t and C 2 be two circles, with C 2 inside C t . Show that there is a linear 
fractional transformation <j> such that ^(C x ) and <t>{C 2 ) are concentric circles. 
(Hint: An initial translation, dilation, and rotation reduce the result to the case 
when Cj is the circle \z\ = 1 and C 2 is centered on the positive real axis. Show 
that there is an a e (0, 1) such that 




Z — CL 
l — CL Z 


carries C 2 to a circle centered at the origin. The key is that ij/ will carry a diameter 
of C 2 to a diameter of <A(C 2 ).) 
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17. Suppose that / is a one-to-one analytic function mapping the disc |z| < 1 onto 
a bounded domain D. Show that the area of D is given by 

A(D)= IT |/'(z)| 2 dx dy, z = x + iy. 

J J |*|<1 

You will need to know the “change-of- variables” formula for double integrals. 

18. Using the formula in Exercise 17, show that the area of D is given by 

00 

A(D) = n £ n\a n \ 2 , 

n - 1 

where a n z n is the power series for / in |z| < 1. 

19. Let D be a simply-connected domain and <j> the Riemann mapping of D onto 
the disc {w: | w| < 1}. Let {z k } be a sequence of points in D with z k -> p 9 p in the 
boundary of D. Show that the sequence {|^(z fc )|} converges to 1. (See Exercise 
14 in Section 3.4. 


Further Reading 

A lovely treatment of the geometry of complex numbers, including an extensive 
coverage of linear fractional transformations, can be found in Schwerdtfeger, H. 
Geometry of complex numbers. New York: Dover, 1979. Linear fractional transfor- 
mations are frequently called Mobius transformations, after August Ferdinand 
Mobius, 1790-1868. 

More on conformal mapping, especially of multiply connected domains, and 
a development of the theory of analytic functions on such domains, is in Nehari, Z. 
Conformal mapping. New York: Dover, 1975. Another possible source is Bieber- 
bach, L. Conformal mapping. New York: Chelsea, 1953. The references listed at the 
end of Chapter 2 also all have more to say on the topics of this chapter and are good 
places to seek further information. The books by Ahlfors, Burckel, Hille, and Nehari 
all contain a proof of the Riemann Mapping Theorem. That in Burckel is the some- 
what “constructive” proof of the theorem developed by P. Koebe. To understand 
it, or any of the proofs of this theorem, you must go into certain aspects of function 
theory not touched on here. 

Further information on the stability of solutions to a linear system of ordinary 
differential equations can be found in Sanchez, D. Ordinary differential equations. 
San Francisco: W.H. Freeman, 1968, or in Lefschetz, S. Differential equations: 
geometric theory. New York: Dover, 1977. 



4 

Analytic and Harmonic Functions 
in Applications 


4.1 Harmonic Functions 

A continuous complex-valued function u with continuous first and second partial 
derivatives on an open set D in the plane is harmonic on D if it satisfies Laplace’s 
equation: 


d 2 u d 2 u 

M -s? + W~° onD 

Harmonic functions are critical components in the solution of numerous physical 
problems, such as the flow of water through an underground aquifer, steady-state 
temperature distribution, electrostatic field intensity, elasticity, and diffusion. Many 
of these physical problems are discussed in Section 2 of this chapter, and techniques 
for their solution are derived in Sections 3 and 4. In this section, we review the 
intimate connection between harmonic and analytic functions and u$e this connec- 
tion to establish a number of fundamental properties of harmonic functions. 

Suppose first that / is an analytic function on a domain D; we write / = u + iv. 
Recall that u and v satisfy the Cauchy -Riemann equations: 

du dv du dv 

dx dy 9 dy dx * 

Both u and v are harmonic, since 



d_fdv\ d f-dv\ 
dx + dy \ dx ) 

d 2 v d 2 v q 
dx dy dy dx 
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and likewise, Av = 0. Thus, the real and imaginary parts of an analytic function are 
harmonic. Moreover, the converse is true, at least locally. If u(z) is a real-valued 
harmonic function on a disc, {z: \z — z 0 \ < r}, then define f(z) by 


f x du f y du 

fix + iy) = u(x, y) - i J — (t, y) dt + i J — (x 0 , s ) ds. 


(1) 


From the Fundamental Theorem of Calculus, 


df _du .du 

dx dx 1 dy' 


Furthermore, 


d l 

dy 


du 

dy 


f * d 2 u 


, du 

y) dt + i—{x 0 ,y) 


du 

= + i 

dy 


[* x d 2 u 


du 

y ) dt + i—(x 0 , y) 


du 


dy 


du 


du 


= + y) ~ y)r + y) 


dx 


dx ' 


du 


dx 


du .du . df 

dy + 1 dx l dx 


Hence, if we write / = u + iv (that is, v(x , y) is the two terms in (1) involving the 
integrals), then 


dv du t dv du 

— = — — and — = — . 

dx dy dy dx 

These are the Cauchy-Riemann equations, so / is analytic on this disc and u = Re / 
there. We summarize this information here. 

A real-valued function u on a domain D is harmonic on D if and only 
if on every disc in D, u is the real part of some analytic function. (2) 

Note that a harmonic function is locally the real part of some analytic function, but 
it need not be the real part of an analytic function on all of D. An example of such 
a function is 


u(x, y) = - log(x 2 + y 2 ). 


u is harmonic on the annulus, 0 ^ r < x 2 + y 2 < R, but, because locally u(x, >■) is 
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the real part of log z, there is no analytic function on all of the annulus whose real 
part equals u. 

The function v that is the imaginary part of / (that is, u + iv is analytic) is 
determined completely by u except for adding a purely real constant. For if u + iv t 
is also analytic, then (u + iv) — (u + iv x ) is again analytic. But this difference is just 
i(v — v x ) 9 so i(v — v^ must be constant, since an analytic function with purely 
imaginary values is constant. Such a function v is called a harmonic conjugate of u. 

Example 1 Find a harmonic conjugate of (a) 2 xy\ (b) e x cos y\ (c) ( e x + e~ x ) cos y. 

Solution One way to proceed is to use the rule for v given in (1), but it is just as 
easy to use the Cauchy-Riemann equations: 

8v du dv du 

dx dy dy dx 

For (a): 

dv du 

fa = ~dy = - 2X '’ 

thus, v(x, y) = —x 2 + p(y). However, 


,, . dv 



so p'(y) = 2 y. Hence, v(x , y) = — x 2 + y 2 + c, where c is a constant. 
For (b): 


dv 

dx 


— — = e x sin y\ 
dy 


thus, v(x , y) = e x sin y + p(y). Since 


dv du 

e x cos y + p'(y) = — = — = e x cos y, 
dy dx 


we find that p'(y) = 0. Hence, v(x, y) = e x sin y + c. 

For (c): 

dv du . 

— = = (e x + e x sin y 

dx dy 

and 


dv 

dy 


du 

dx 


= (e x — e x ) cos y. 


Thus, v(x , y) = (e x — e x ) sin y + c. 


□ 
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Maximum Modulus 

With (2) in mind, we can look back at (4) of Section 2, Chapter 3 and conclude that 

If u is a real-valued nonconstant harmonic function on a domain D, 

then u has no local maximum and no local minimum in D. (3) 

This is the maximum principle for harmonic functions. In fact, a variation of (3) holds 
for any harmonic function u whether real- or complex- valued. 

If u(x, y) is harmonic and nonconstant on a domain D, then \u(x, y)| 

has no local maximum in D. (4) 

The proof of (4) is left as an exercise. 

A theorem from real variables asserts that a real-valued continuous function 
on a closed and bounded set attains both its maximum and minimum. This, and (3), 
give the next result. 

Suppose that u is a real-valued harmonic function on a bounded 
domain D and that u is also continuous on the union of D and the 
boundary, B, of D. Then u attains both its maximum value and its 
minimum value over D u B on B. In particular, if u = 0 on B, then 
u = 0 on D, as well. (5) 


Mean Value 

Suppose that u is a complex- valued harmonic function on a domain D. Then we can 
write u = u l - 1- iu 2 , where both u x and u 2 are real-valued and harmonic* on D. 
Hence, in a disc { z : \z — z 0 \ < R }, which lies in D, we know that and u 2 are each 
the real part of some analytic functions, say f x and f 2 . Thus, from (5) of Section 2, 
Chapter 3, we find that for any r, 0 < r < R, 

u{zq) = u x {z 0 ) + iu 2 {z 0 ) = Re/^Zo) + i Re/ 2 (z 0 ) 

= Re £ fi (z 0 + re“ ) dt j + i Re £ f 2 (z 0 + re u ) dt 

= 2 ^ | {Re/,(z 0 + re il ) + i Re f 2 {z 0 + re u )} dt 

1 f 2 ” 

= 27t J “( Z ° + re ^ dt ' 

This is the mean-value property of harmonic functions: 

i r 2 ” 

«(Z°) = 2^ I u < z 0 + re “) dt - (6) 

* The fact that the real part of a harmonic function is again harmonic, but the real part of an analytic 
function is not analytic, points to a significant property of the Laplacian operator A. 
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In the exercises, you are asked to show how (6) can be used to derive (4). Property 
(6) actually characterizes harmonic functions in the sense that any continuous 
function that satisfies (6) must be harmonic; we shall not prove this. 

Composition 

Suppose that u is a harmonic function for z in some domain D. If ^(() = z is an 
analytic function of (, which maps a domain Q into D , then 

w(C) = 

is a harmonic function of C, as ( varies over Q (Fig. 4.1). One way to show this is the 
following. Let ( 0 be a point of Q and z 0 = </>(( 0 ). Let IF be a small disc centered at 
z 0 in D, and let V be a small disc centered at ( 0 with the property that </>(C) e W for 
all ( e V; this is possible because ^ is continuous at Co- We assume that u is real- 
valued; thus, there is an analytic function / in the disc W with u = Re /; the function 
g( C) = /(</>( 0) is then analytic in the disc V 9 and Re g = Re(/ o </>) = u o ^ = w, so 
w(C) is harmonic on F, being the real part of the analytic function #(C). 



The Graph of a Harmonic Function and Strain Energy 

Suppose that D is a bounded domain and u(x, y) is a real-valued continuously 
differentiable function on D whose values on £, the boundary of D, are those of some 
fixed real-valued function /: u(x, y) = /(x, y) if (x, y) e B. The energy integral of u is 


E(u) 


-Ms ) 1 


+ 


dx dy. 


This integral has the physical interpretation as the total strain energy of a thin 
membrane stretched in'the shape S of the surface in three-dimensional space, which 
is the graph of the function u: 


S = {(x, y, u(x, y)): x + iy e D). 

The derivation of this formula goes as follows. The strain energy in a small piece of 
surface is proportional to the change in the surface area from the undeformed to 
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the deformed state. That is, 

dE = new surface area — old surface area 



When we “sum” all the strain energy, we obtain the energy integral given above, up 
to a constant that multiplies the integral. (In passing from the second line to the 



Figure 4.2 The graph of x 3 — 3 xy 2 . 
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third, we made use of the simple approximation yj 1 + s « 1 + ^s. The accuracy of 
this approximation increases as s decreases, so the formula is “better” if the defor- 
mations are small.) 

We now pose the problem of minimizing E(u) over all functions u(x, y) with 
u = f on B; that is, we wish to find that surface with a prescribed edge whose strain 
energy is minimal. Suppose that u 0 produces this minimum: 

E(u 0 ) ^ E(u ), for all u with u = / on B. 

Let v be any continuously differentiable function on D that is zero on B . Then u 0 + ev 
equals f on B for any number a, and because u 0 has the minimum energy integral, 
E(u 0 ) ^ E(u 0 + ev). Hence, 

E(u 0 ) ^ E(u 0 + ev) 


- £( "" ) + 2s £ {^ + iyf^ dxdr+ s ‘ m 

Cancel the E(u 0 ) term from both sides, divide by e, and then let e -► 0. If e is always 
positive, we conclude that 


f f f du 0 dv du 0 8v 

JJd \dx dx+ dy dy 


dx dy > 0, 

and just the reverse inequality if e is always negative. Thus, we must have 


if 


du 0 dv du 0 dv\ 

D ^s7^ + -e73-,i d, “ ,, - 0 ■ 


We now suppose that D, £, v , and u 0 satisfy the hypotheses of Green’s Theorem, 
and we apply Green’s Identity, from Exercise 13, Section 6, Chapter 1. Thus, 


^ f f f<3w 0 dv du 0 dv) 

°-JJ M^ + t4 dxdy 

= j* ds - J*J (u)(Au 0 ) dx dy. 


However, v(x , y) = 0 if x + iy is in B , so we finally have 

(i;)(Au 0 ) dx dy 


°-£ 


for any (smooth) function v(x 9 y) that is zero on B. This, of course, implies that 
Am 0 = 0 on D (see Exercise 17). That is, the energy integral is minimized exactly by 
the function u 0 , which is the unique harmonic function on D with values / on B. 
Figure 4.2 shows the surface S = {(x, y, x 3 — 3xy 2 ), — 1 ^ x, y ^ 1}. This 



252 Chapter 4 Analytic and Harmonic Functions in Applications 


then depicts a thin membrane having minimum strain energy stretched across the 
frame whose equation is the edge of this surface. 


EXERCISES FOR SECTION 4.1 

1. Decide whether each of the following functions u is harmonic; if so, find a 
harmonic conjugate. 

(a) u(x, y) = x 4 - 6x 2 y 2 + y 4 ; (b) u(x, y) = [cos(2xy)] exp(x 2 - y 2 ); 

(c) u(x, y) = 2 2 — ; (d) u(x, y) = sin(x 2 - y 2 ) cosh(2xy); 

x t y i i 

(e) u(x, y) = arctan x. 

2. Let / be analytic and never zero in a domain D ; show that In |/| is harmonic 
in D. 

3. Use Exercise 2 to show that log r is harmonic if 0 < r < R. 

4. Use the chain rule to derive this expression for the Laplace operator in polar 
coordinates: 


d 2 u d 2 u 1 du d 2 u 1 d 2 u 

dx 2 + dy 2 r dr + dr 2 + r 2 SO 2 * 


5. Use the result in Exercise 4 to answer these two questions. 

(a) When is a function of 9 alone harmonic? 

(b) When is a function of r alone harmonic? 

6. Suppose that u is harmonic on a domain D and u(x, y) = 0 for all points x + iy 
in some open set V in D. Show that u = 0 on all of D. 

7. Let <D = u + iv be a nonconstant analytic function on the domain D with range 
in the domain Q. Suppose that / is a smooth function on Q and g is defined on 
D by g(z) = /(O(z)). Show by direct (and tedious) use of the chain rule that 


S 2 g d 2 g 
dx 2 dy 2 


= |0'(x -b iy ) | 2 


W ay 

du 2 dv 2 


Use this to conclude that if / is harmonic in Q, then g is harmonic in D. 

8. Use formula (6) to establish (4). (Hint: If |m(z 0 )| is greater than |u(z)| for 
| z 0 — z\ < S, then 


|u(z, 


•Hif 

j_ f 2 " 
^ 2n Jo 

= |m(z 0 )I- 


u(z 0 + re “ ) dt 


\u(z 0 + re“)\ dt ^ 


0 < r < 8 


if' 


|u(z 0 )| dt 


What is wrong with this?) 

9. Show that the function 
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1 -r 2 

1 - 2r cos 0 + r 2 

is harmonic for 0 ^ r < 1, 0 ^ 9 < 2n. 

10. Show that the second-degree polynomial in x and y 

p(x, y) = ax 2 + bxy + cy 2 + dx + ey + / 

(a, b , . . . , / are constants) is harmonic if and only if a + c = 0. 

11. Show that the cubic polynomial in x and y 

q(x 9 y) = Ax 3 + Bx 2 y + Cxy 2 + Dy 3 + Ex 2 + Fxy + Gy 2 + Hx + Iy + J 
is harmonic if and only if 

3,4 + C = 0, 

3D + B = 0, 

E + G = 0. 

12. Suppose that u is a real-valued harmonic function on a domain D and that u 2 
is also harmonic on D. Conclude that u is constant. Show that the same 
conclusion holds if u n is harmonic for some integer n 9 n ^ 2. Note how this differs 
from the situation for analytic functions. 

13. Let u(x, y) be harmonic and bounded for all x + iy with y > 0. Suppose further 
that u(x, y) is continuous for all x + iy with y > 0 and that u(x, 0) = 0 for all x. 
Show that u(x, y) = 0 for all x + iy. By means of an example, show that the 
hypothesis that u(x, y) is bounded cannot be omitted. 

14. Find the harmonic conjugate v on the disc {z: |z| < 1} of 

U (z) = A r g([±|). 

Conclude that u is bounded but v is unbounded. 

15. Let u(x, y) be harmonic and real- valued in the disc |z — x 0 | < S, x 0 real, and 
suppose that u(x, 0) = 0, x 0 — 5 < x < x 0 + <5. Show that u(x, y) satisfies the 
relation u(x, y) = — u(x, — y), z = x + iy and |z — x 0 | < 5. (Hint: Let f(z) be the 
analytic function on the disc |z — x 0 | <6 with /(x 0 ) = 0 and u = Re /. Show 
that /(z) satisfies the relation /(z) = — /(z).) 

16. Let u be a real- valued harmonic function that is bounded above on the whole 
plane; that is, u(z) ^ M for all z. Show that u is constant. 

Vanishing Integrals 

17. Suppose that H is a continuous bounded real- valued function on a domain D 
such that JJ Hv dx dy = 0 for every smooth real- valued function v on D, which 
is zero on D, the boundary of D. Conclude that H = 0 on D. (Hint: Suppose that 
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H(z 0 ) > 0 at some point z 0 e D. Then there are (small) positive numbers e and 
S such that H(z) ^ S if \z — z 0 \ ^ e. (Why?) Define 

V(Z ) = fe 2 ~ lz ~ Z ° ]2)2 ' if l z — z ol ^ e 

(0, if \z — z 0 \ > e,zeD. 

Show that for this choice of v, we have JJ vH dx dy > 0.) 


4.2 Harmonic Functions as Solutions to Physical Problems 

It is a matter of considerable significance that the theory of functions of a complex 
variable can be applied to a great number of “real-world” problems. That is, the 
solution to the physical problem can be formulated as a function that, by means of 
the physical laws operating within the given context, can be shown to be harmonic 
or analytic. We have already seen that this is the case in the investigation of an 
irrotational, sourceless flow of an ideal fluid, where we learned that the complex 
conjugate of the flow must be an analytic function; indeed, it must be the derivative 
of an analytic function. Once the solution of the given problem is known to be 
analytic or harmonic, then the arsenal of results we have collected to this point (or 
that we will develop later) can be applied and the solution can be analyzed or given 
explicitly. 

This section contains an analysis of three types of physical problems: steady- 
state heat flow; electrostatic fields; and the flow of an ideal fluid, including Ber- 
noulli’s Law and a derivation of the lift generated by a flow. There is also a short 
discussion of diffusion and elasticity. 

Steady-State Temperature Distribution 

We imagine a thin plate across which there is a flow of heat; we assume that the 
temperature at a point z = x + iy in the plate depends on the location but not on 
time — that is, the temperature is in steady state. Let T(x, y) denote the temperature 
at a point z = x + iy in the plate; we shall show that T is a harmonic function of x 
and y. 

We envision a (very) small rectangle in the plate with sides of length h and 
k and lower left corner at z = x -I- iy (Fig. 4.3). In a unit time period, there is 
a flux or flow of heat in the amount of — ck(dT/dx)(x,y) across the left-hand 


h 


I I t 

k 

1 I I 

x + iy 


Figure 4.3 
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vertical side of the rectangle. Here c is a constant that incorporates the thermal 
conductivity of the material. Likewise, the flux across the right-hand vertical side is 
— ck(dT/dx)(x + h, y). The difference 

[ r\ r r 3'T ~| 

represents the net flux of heat out of the rectangle in the x-direction. Similarly, 

r 8T „ dT ,1 

represents the net flux of heat out of the rectangle in the y-direction. Of course, both 
these expressions are only approximately correct, but the accuracy of the approxi- 
mation increases as h and k approach zero. Since there is no net flux of heat out of 
the rectangle (because there are no heat sources and no heat sinks within the region), 
we find that 


0 = ckh 


^ r T 3 r T 

- _ ( x + M) - -(X, y) -to y + k) - -(x, , ) 


and after dividing by ckh , and letting h and k both approach zero, we obtain 

c^T d^T 
dx 2 + dy 2 9 

which tells us that T(x, y) is a harmonic function of x and y. 

Electrostatics 

Most electrostatic phenomena involve three independent space variables, but cer- 
tain important situations are basically just two-dimensional. For instance, a very 
long charged wire, a group of parallel charged wires, and a very long charged cylinder 
each produces an electric field in the surrounding space. This electric field, it turns 
out, is the same in each plane that is perpendicular to the wires or cylinder (we shall 
derive this fact). By considering such a cross-sectional plane, we can use complex 
variables to understand the electric field in this plane and hence in all space. 

The basic tool is Coulomb’s Law, which asserts that two charged particles of 
charges q and Q , respectively, exert a force on one another whose magnitude is 

CqQ 


where r is the distance between the particles; the force is directed along the line 
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through the two points and is attractive if q and Q have opposite signs and repulsive 
if q and Q have the same sign. C is a constant depending on the choice of units; we 
shall take C = 1. 

Imagine now a very long, straight wire carrying a uniform charge of X cou- 
lombs per unit length. We may suppose that the wire is perpendicular to the usual 
xy-plane (the complex plane) and cuts through the plane at the point z x . Let r be 
the distance from z to z x : r = \z — z x |, and let h be the coordinate along the wire 
(Fig. 4.4). 



Figure 4.4 


The electrostatic force at z, due to the wire, has two components — one is in 
the xy-plane and is directed toward the wire and the other is perpendicular to this 
plane. The first we shall temporarily term the planar force and the second the vertical 
force. We envision the wire as being made up of many small pieces of equal length 
dh 9 each therefore carrying a total charge of X dh. The magnitude of the planar and 
vertical forces at z due to this short segment are, respectively, 

, Xdh 

dm p = q cos 9 — =— 
s 

and 

, . n Xdh 

dm v = q sm 9 — =— , 
s 

by Coulomb’s Law, where q is the charge at z and s is the distance from z to the 
small segment on the wire. Simple trigonometry produces the relations 
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h = r tan 9 
s = r sec 9. 

Hence, dh = r sec 2 9 d9 , so 

, „Xr sec 2 9 d9 „ d9 

dm n = q cos 0 — = qX cos 9 — 
p r 2 sec 1 9 r 


and 


dm v = qX sin 9 — . 

If the wire is very long, then 9 varies from — 7r/2 to 7i/2, so the total magnitude of 
the planar force at the point z is 

f* /2 1 C n/2 2 qX 

m p = dm p = qX- cos 9 d9 = . 

J-n/2 T J-n/2 T 

The vertical force is 

C n/2 aX C" 12 

m v = dm v = — sin 9 d9 = 0. 

J-n/2 r J-n/2 

That is, the charged wire produces an electric field that is directed perpendicular to 
the axis of the wire and whose strength is directly proportional to the product of 
the charge at z and the charge per unit length on the wire and inversely proportional 
to the distance between the point and the wire. Note how this differs from the 
situation when just point charges are involved — there, the force depends (inversely) 
on the square of the distance between the charges. 

The electric force thus has magnitude 

2Xq 

\z - Zi\ 


and is directed along the line joining z to z x . The force is repulsive if q and X have 
the same sign and attractive if q and X have opposite signs. Hence, the force is 


F(z) = 2 Xq 



2 Xq 

Z j — Z 


The real- valued function 


</>{*, y) = -q* log[(x - x x ) 2 + (y - yj 2 ] 
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has the property that its gradient is F; that is, 

86 86 

te + % = F - 

Furthermore, a simple computation shows that ^(x, y) is a harmonic function of x 
and y , for 

dV A (*-*i) 2 -(y-yi ) 2 

8x 2 q [( X -*!) 2 + (y-y,) 2 ] 2 

and 

— al — — ^ ~ Xl)2 

dy 2 q [(x-x^ 2 + (y - yi) 2 ] 2 

Adding, we find that 

ax 2 dy 2 ~ 

The harmonic function which carries all the information about the electric field, 
is called the electrostatic potential of the field F. 

After understanding the situation of one wire, we can easily pass on to other, 
more complicated, configurations. First, suppose there are many long wires, all 
perpendicular to the xy-plane. Let z l9 . . . , z„ be the points at which the wires meet 
the xy-plane, and let ..., X n be their charge densities, which we assume to be 
uniform all along the length of each. By superposition of forces, we find the force at 
z to be 




Note that 


F(z) = 2 q 



— z 


is a rational function of z of degree n and has therefore exactly n zeros. Since one 
zero is at infinity, F(z) has at most n — 1 zeros in the plane. Each of these zeros 
is an equilibrium point of the field, since there the force vanishes. In the case that 
, . . . , A n are all positive integers, we also have 


2 qP' 


P(z) 
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where P(z) is the polynomial 


P(z) = (z-z l )*'...(z-z m )\ 


Thus, here we can apply the information studied in Section 1 of Chapter 3 about 
the location of the zeros of an analytic function. Also, there is considerable infor- 
mation on the zeros of a polynomial; see Appendix 1. 

The potential function for this field is 

y) = -q Z kj log[(x - X;) 2 + (y - y,-) 2 ]; 
j= 1 

(/>(x, y) is the sum of harmonic functions and so is harmonic. Furthermore, as before, 
the gradient of <j> is F. 

Next, imagine a very long charged cylinder with its axis parallel to the vertical 
axis (see Fig. 4.5). We assume the charge is uniform along any line in the cylinder 
parallel to the axis of the cylinder but not necessarily uniformly distributed in the 
cross-sectional cuts. Each cross section is identical and is nothing but a curve y; 
y is not necessarily a closed curve. Suppose that z(t) is a parametrization of y, 
a ^b. Let u(z) be the strength of the charge at the point z on y; that is, the line 
through z and parallel to the axis of the cylinder carries a uniform charge of u(z) 
coulombs per unit length. To find the electric field produced by the charged curve 
y (or rather by the cylinder), we imagine y broken up into many small segments (see 
Fig. 4.6). Let ds be the arc length along y: 

ds = y/x'(t) 2 + y'(t) 2 dt 
= \z'(t ) I dt. 

The total charge due to the segment of length ds is (about) dX = u(z) ds , so the 
field it produces is 




A section of a “closed” cylinder An “open” cylinder 

Figure 4.5 
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Figure 4.6 


dF = 2q dX 


z(t) - z 

2q 


z(t) - z 


-u(z(t))\z'(t)\ dt. 


Thus, the electric field is just 

F(z) 


--te 


W!l '" 


z(t) 


The electrostatic potential of this field is 


1 


<f>(x, y) = —2q log {| z - z(t)\}u(z(t))\z'(t)\ dt. 


Equivalently, 


d>(z) 


= -2 {log |z - w|}M(vv)d|w|, 


where d |w| is short for \z'(t)\ dt; u(w)d|w| is the charge density along the curve y. If 
we write dp(w) for the charge density, then (except for the factor of 2q). 


<j>(z) 


-[ log i^ 


W 


-dp(w). 


This is an example of a potential function; the study of such functions and the 
potentials they produce is called potential theory. 
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Flow of an Ideal Fluid 

The analysis of the flow of an ideal fluid provides a setting in which we can apply 
many of the theorems and formulas derived earlier, especially results from conformal 
mapping. 

We begin by envisioning an incompressible, frictionless fluid flowing through 
a region in space. If all cross sections perpendicular to some axis are the same, the 
flow can be described by just two space variables, which, as usual, we take to be the 
regular xy-coordinates. Situations such as this arise, for example, in the flow of a 
fluid through a wide channel with identical cross sections (Fig. 4.7a) or the flow of 
a fluid past a long object, each cross section of which is the same (Fig. 4.7b). The 
latter model is applicable, for instance, in analyzing the flow past the wing of an 
aircraft in order to determine the lift (though air is compressible, the model is valid 
at relatively low speeds). 





Figure 4.7 


In Sections 1.1 and 4 of Chapter 2 and 4.1 of Chapter 3, we have already 
discussed some aspects of the flow of an ideal fluid. To summarize, we saw that if 
the velocity of the flow was given by / = u + iv , the twin assumptions that the flow 
is irrotational and sourceless-sinkless imply that / = u — iv is analytic on the 
domain and, even more, / is the derivative of another analytic function G on the 
domain. We write G = <j> + i\jj\ </> is called the potential function of the flow, and i/j 
is the stream function of the flow. The terminology results from the fact that the path 
followed by a particle within the flow is just i j/(x, y) = constant. Furthermore, <f> is 
the potential of the flow in just the same sense that this word was used earlier when 
describing the electrostatic potential: the gradient of <j> is just (u, — v). Hence, the 
level lines </>(x , y) = constant are the curves where the flow has the same potential. 
Furthermore, since G' = u — iv, we see that whenever / ^ 0, it follows that the level 
curves of (j> and \j/ are perpendicular. Finally, both <j> and if/ are harmonic functions, 
so we can apply to them any results that we know for harmonic functions in general. 

We begin our discussion of flows by examining flows in several regions, 
making use of conformal mapping as needed. We then elaborate on sources and 
sinks for flows and illustrate how the ideas are applied. Next, we derive Bernoulli’s 
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Law, which relates the pressure and the speed of a flow. Finally, we examine the 
circulation of a flow and show how a circulation around an object can produce a 
force on it. 

The simplest flow is the uniform flow f(z ) = A, A real and not equal to zero, 
in the upper half-plane U = {z: Im z > 0}. This flow is sourceless and irrotational 
in U; a complex potential is G(z) = Az. The streamlines are the curves Im G = c. In 
this case, these are the horizontal lines Ay = c or y = c/A . If A > 0, the flow is from 
left to right; the reverse holds if A < 0. The function f(z) = A also gives a flow in 
any horizontal strip S = {x + iy:a < y < b}. The flux of this flow in S is A(b — a); 
this is the total quantity crossing any arc connecting the line y = a to the line y = b 
in unit time. We show here how this simple flow can be combined with conformal 
mapping to find flows in other regions that are more complicated in shape. 




Figure 4.8 


Example 1 Find the flow out of the end of a very long channel. 

Solution We take the channel to have sides (z = x + iy: y = ±n and — oo < x < 
— 1}. We know from Example 11, Section 5, Chapter 3 that the function ^(w) = 
w + e w is a conformal mapping of the strip {w = o + iz: — n < i < 7r, — oo < a < 
oo } onto the complex plane with the two rays {x ± in: —co<x< — 1} deleted. 
(See Fig. 4.8.) The uniform flow (Q/2n)w of strength Q in the strip {n> |i| } is carried 
by ^ -1 (z) = w to the desired flow out of the channel. Thus, the curves Im w = 
constant, which are the streamlines in the strip, are carried to the streamlines of the 
flow out of the channel; the latter, then, are 

r c = {or + ic + e a e ic : — oo < a < oo}, c = constant, —n<c<n. □ 

Some of these are sketched in Figure 4.9. 

Example 2 Find the flow through a horizontal aperture of width L. 

Solution The aperture may be taken to be the segment ( — a, a), 2 a = L, on the 
real axis, and the domain D to be the complex plane with the two rays ( — oo, —a] 
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gives the desired flow in the domain D. The streamlines of g are the vertical lines 
Re C = c, — n/l < c < n/2. Hence, their images under <S> are the streamlines of /. 
These are the hyperbolas 

* 2 * 2 - ff *. 
r - “ r - — (J j 

(sin c) 2 (cos c) 

see Section 5, Chapter 1. Some of these curves are shown in Figure 4.11. □ 




Figure 4.11 The flow from the lower half-plane to the upper half-plane through a horizontal aperture. 


Point Sources and Sinks for Flows 


Suppose that z 0 is a point in a domain D. A flow / in D\ {z 0 } has a source of strength 
Q at z 0 if 


Im 



= 2 , 


for every piecewise smooth, positively oriented simple closed curve y in D that 
contains z 0 in its interior. If Q < 0, it is conventional to refer to z 0 as a sink of 
strength —Q. 

The function /(z) = q/z , q > 0, produces a flow with a source of strength 2 nq 
at the origin, since 


'{I 


Im < f(z) dz \ — Im 


dz 


= Im{27rig} 


= 2 nq 9 
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for any piecewise smooth positively oriented simple closed curve y that contains the 
origin in its interior; see Example 13, Section 6, Chapter 1. Similarly, the function 
qfiz — z 0 ) produces a flow with a source of strength 2nq at the point z 0 . 

A flow in the upper half-plane U has a source of strength Q at a point x 0 in 
the real axis if 


Im 



= < 2 , 


for every simple piecewise smooth arc F in the closed upper half-plane {x + iy: 
y ^ 0} that connects a point on the real axis to the right of x 0 to a point on the real 
axis to the left of x 0 (see Fig. 4.12a). As above, if Q < 0, then x 0 is called a sink of 
strength —Q. 




(b) 


Figure 4.12 


Example 3 Show that f(z) = q/z , q > 0, gives a flow in the upper half-plane U with 
a source at the origin of strength nq. 

Solution A complex potential for f is G(z) = q Log z. The imaginary part of G is 
q Arg z; the curves q Arg z = c are the rays emanating from the origin, making an 
angle c/q with the positive real axis. These all lie in U provided 0 < c/q < n. The 
cases c = 0 and c = n give the positive and negative half-lines, respectively. Thus, / 
is indeed a (sourceless, irrotational) flow in U. 

To see that / has a source at z 0 = 0, let T be any arc as in Figure 4.12a. Let y 
be the piecewise smooth simple closed curve shown in Figure 4.12b, where e is so 
small that F does not meet the circle |z| = e. Since / is analytic on and inside y, the 
integral of / over y is zero, by Cauchy’s Theorem. It follows that 

0 = Im jj* f{z)dz 

- ,m {L W)dz+q L i i +q lT\- 

where S is the semicircle {ee ie : n ^ 6 ^ 0} and L stands for the two line segments in 
the real axis that form a part of y. On these line segments, z = x, so the integrals are 
real-valued. Consequently, their imaginary parts are zero, and we find that 
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= qn. □ 

Example 4 It is evident from the results of Example 3 that 



+ 


z — x 2 


gives a flow in the upper half-plane with sources at x x and x 2 of strengths q x and 
q 2 , respectively. (If either or both of q l9 q 2 are negative, then of course the corres- 
ponding point x l9 x 2 is a sink.) This idea extends to any number of sources on the 
real axis: 


m = x - 


<ik 


k = 1 Z X k 


gives a flow in the upper half-plane with sources at x x , . . . , x N of respective strengths 
• • • » 4n- □ 


Example 5 A source of strength Q is located on one of the long sides of a semi- 
infinite strip. Find the resulting flow. 

Solution We take the strip to be the domain D = {x + iy: —o<x<a 9 y> 0} 
and locate the source at the point a + zt, z ^ 0 (Fig. 4.13a). The function i)/(z) = 
sin(7cz/2a) maps the strip D onto the upper half-plane, Im w > 0, with ij/(o) = 1 and 
il/( — (j)= — 1 (see Section 5, Chapter 1). The point a + it is carried by ij/ to the point 




Figure 4.13 
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The function 


g (w) = (^j Log(w - A) 

is the complex potential of a flow in the upper half-plane U with a source at A of 
strength Q; (see Example 3). Hence, 

C( 2 ).(f) L o g (sm(g)-4) 

is the complex potential for the desired flow in the semi-infinite strip. The velocity 
of this flow is 


G'(z) 



Write z = x + iy 9 with —n/l < x < n/2 and y > 0; this leads to 


/2az\ _ /Qi\ e ix + e ix e 2y 

J ~ \2G)e ix - e~ ix e~ 2y - 2iAe ~ y * 

This quantity approaches 


as y approaches oo. Hence, the velocity of this flow is virtually uniform far from the 
source. Furthermore, since the width of the strip is 2a, the total flux out of the “end” 
of the strip (that is, at oo) is exactly Q, the amount entering at a + it. Thus, the 
amount flowing into the strip per unit time equals the amount flowing out, as it 
must. Some streamlines of this flow are shown in Figure 4.14. □ 

Example 6 Find the flow in a long narrow channel if there is a source of strength 
Q at a point on one side. 

Solution This problem is actually a special case of Example 5, despite the different 
geometric configuration. We take the channel to be the strip {x -h iy: — o < x < a, 
— oo < y < oo } and locate the source at the point x 0 = a, y 0 = 0 (see Fig. 4.15). The 
flow has obvious up-down symmetry about the x-axis and hence may be considered 
as a flow in the semi-infinite strip {x + iy: — o < x < a, 0 < y < oo} resulting from 
a source at x 0 = a, y 0 = 0 of strength Q/ 2. However, this is a special case of 
Example 5. The complex potential of this flow is 
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Figure 4.14 The flow in a semi-infinite channel resulting from a source on one of the long sides. 



Figure 4.15 The flow in a long channel resulting from a source on one side. 


c<2) -(£)*"«(”(£) “’)• 

(The constant A from Example 5 equals 1, since t = 0.) Our problem is therefore 
solved. The stagnation points of this flow occur where its velocity is zero. These are 
found from 
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0 = G'(z) = 




Such points occur, then, only when cos(nz/2a) = 0 and sin(nz/2a) + 1. Thus, 


nz 

2a 



+ (any multiple of 2n). 


The only such point in the channel is 7 tz/ 2 <t = — 7r/2-or z = — a. Several of the 
streamlines of this flow are sketched in Figure 4.15. □ 

Digression At this point, it is worth spending a minute to elaborate on the use of 
the words source and sink in connection with the circulation produced by a lin- 
ear fractional transformation (see Section 3.3). Specifically, the linear fractional 
transformation 


T(z) = 


z - h 2 
1 + 2z 


sets up a circulation from — 1 to 1 with a point z moving progressively closer to 1 
along the circle centered on the imaginary axis and passing through —1,1, and z 
as T is iterated. That is, the streamlines are the circles centered on the imaginary 
axis and passing through both — 1 and 1. Recall now from Section 2 of Chapter 1 
that the family of curves |z — 1| = p|z + 1 1, 0 < p < oo, are all circles centered on 
the real axis. In the notation of that section, this is the family C x . The orthogonal 
family C 2 is the collection of circles we are interested in. However, C x is just the 
family of circles given by 

= — log p = constant. 

Consequently, by Example 7 of Section 3.4, the orthogonal family C 2 is just the 
family of curves described by 



c “ im { L ° g (^)}" Ar8 (^)' 

The complex potential for the flow is, therefore, 

G(z) = Logf^-^ = Log(z -hi) - Log(z - 1). 


This flow has a source at — 1 and a sink at -h 1, just as we already knew. 
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p(x,y) = pressure 

h 


I 

k 

1 

x + iy 

Figure 4.16 



h and k are 
small and positive 


Bernoulli's* Law 

Suppose that / = u + iv represents the velocity of a locally sourceless and locally 
irrotational flow in a domain D ; we shall use the knowledge that / = u — iv is 
analytic on D to derive a fundamental relation between the pressure and the speed 
of the flow. We begin by imagining a small rectangle in D , as in Figure 4.16. Let 
p(x, y) be the pressure at the point (x, y). The net force acting on this rectangle in 
the x-direction is (almost) 


{p(x,y)-p(x + h,y)}k. 

However, by Newton’s Law, force is mass times acceleration. The mass of the little 
rectangle is its (constant) density p, multiplied by its area hk. Furthermore, the 
acceleration in the x-direction is the time derivative of u, since u is the x-component 
of the velocity. This yields 


du 

(mass) (acceleration) = phk—~ 

dt 

. . (du dx du dy 

~ P k {fal[i + tyTt 

However, dx/dt = u and dy/dt ~ v , which then gives 

r On On i 

{P(x,y) - p(x + h,y)}k = phkl — u + 

Divide both sides by hk , then let h and k tend to 0. We obtain 

dp (du du 1 

In an entirely similar manner, working with the y-component of the forces acting 
on the rectangle, we obtain 


dp 


dy 


du 


du 




dx dy 


* Daniel Bernoulli, 1700-1782. 
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However, du/dx = —dv/dy and du/dy = dv/dx , by the Cauchy-Riemann equations, 
since u — iv is analytic. This gives us two equations: 



Integration of the first with respect to x and the second with respect to y yields 

^p{u 2 + v 2 } + p = A(y) 

and 

^p{u 2 + v 2 } + p = B(x), 

where A(y) and B(x) are functions of y alone and of x alone, respectively. Since the 
left-hand sides are identical, it is clear that A(y) must also equal B(x), so both are 
(the same) constant. Thus, the equations are 

2 1 

-(ir + tr) + — p = constant. 

2 p 

This says that for an ideal fluid, half the square of the speed plus the pressure divided 
by the (constant) density adds up to a constant; this is Bernoulli’s Law. 

Circulation and Lift 

We now investigate the flow around an object — for instance, the situation pictured 
in Figure 4.17. Let T be the boundary of the object, which we take to be a simple 



Figure 4.17 The flow around a solid object with boundary T. 
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closed piecewise smooth curve. We assume that the flow / is both locally irrotational 
and locally sourceless in the domain exterior to T; that is, we assume that/ = u — iv 
is analytic in the domain exterior to T. Let y be any smooth simple closed positively 
oriented curve that contains T in its inside. The value of the integral 



is called the circulation of the flow around T; here /• i is the component of / tangent 
to the curve y, and ds is arc length. As we showed in Section 1.1, Chapter 2, 

c = Re jj* f(z)dz 

so it follows from the fact that f is analytic that the integral itself is not dependent 
on the choice of curve y. Hence, the value of the circulation depends on the flow / 
only. Furthermore, because the flow is around T (that is, T is a streamline), we know 
that the component of / that is normal to T must be zero. (For if f-n is, say, 
positive at a point p of T, then there is a net flow over T in a small segment of T 
near p, contradicting the fact that T is a streamline of the flow.) Hence, 


0 = 


L 


f-n ds = Im 



Once again, the analyticity of / implies that 


0 



for any piecewise smooth closed curve y surrounding T. 

We now calculate the force exerted on T by the flow /. For this purpose, we 
make the reasonable assumption that the flow is “uniform at oo”; that is, the limit 


lim f(z) = a 
l z h°o 


exists. Since / is analytic in the region exterior _to T and bounded at oo, oo is a 
removable singularity for / Hence, for |z| large, f has the expansion 


C 1 ® b k 

f(z) — a + — ~ + X ~k > 
2.711 Z k = 2 z 


( 1 ) 


where c is the circulation and b 2 , b 3 , . . . are constants. 

To begin the analysis of the force exerted on T by the flow, we let p(x, y) be 
the pressure at the point (x, y) in T (Fig. 4.18). By a simple resolution of forces 
argument, we find that the horizontal component of the force on a little segment in 
T is — p dy , so the total horizontal component of the force is 
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Figure 4.18 


dy 



small segment 
inT 


z(t) = x(t) + />(/) parametrizes T 

ds = element of arc length along T; (< ds ) 2 = ( dx ) 2 + (dy ) 2 



Likewise, the total vertical component of the force on T is 



From Bernoulli’s Law, derived earlier, 

P = “P(w 2 + v 2 ) + cons t a nt, 
where p is the (constant) density. Hence, 

V + iH = j* p{dx — i dy) 

= | (m 2 + v 2 )(dx - i dy), 

since the integral of the constant term is zero. A bit of manipulation produces the 
relation 

{ u 2 + v 2 )(dx — i dy) — (u — iv) 2 (dx + i dy) = — 2i(u — iv)( — v dx -h u dy). 

However, — v dx + u dy is exactly the component of the flow / that is normal to T. 
Since V is a streamline of the flow, this quantity is zero. This results in 



274 Chapter 4 Analytic and Harmonic Functions in Applications 


The function f 2 is analytic, so the integral above is identical with the integral of 
f 2 over the circle |z| = R, where R is so large that (1) is valid. Therefore, after 
squaring the expression for / in (1) and replacing f 2 with the resulting series, we 
obtain 


V + iH = 



f U(z)V dz 

J\z\ = R 

f 

Jm-h\ ™z 


+ 



dz 


= -pea. 


where a = lim z _ 00 /(z) is the complex conjugate of the velocity of the flow at oo. 

This result, called the Kutta- Joukowski Theorem, is what we have been aiming 
for. It says that the flow / produces a force on T that is directed perpendicular to a , 
the velocity at oo, and of magnitude p|c| \a\. In particular, if a is real, the force is 
vertical and thus is a lifting force. 

Example 7 We begin our analysis of the lift generated by a flow with the flow 
around a circle. We make use of the observation in Section 4.1, Chapter 3 that it is 
enough to find an appropriate function that has the circle as one of the level curves 
of its imaginary part and the correct behavior at oo. Specifically, let the circle be 
centered at the origin and of radius R and let 

/ Jr 2 \ 

G x (z) — si Xz h J, s > 0, \X\ = 1 


and 


„ . w t 

G 2 (z) = ——log z, c real. 

2n 

G x is just a scaling of the mapping discussed in Example 5, Section 4, Chapter 3. 
Here s, X, and c are all constants. On the circle |z| = R, 


Im G x (Re u ) = 0 


and 


Im G 2 (Re u )= -^log R. 

In 

Consequently, the circle |z| = R is a streamline for G x + G 2 . Although G 2 (z) is not 
well-defined (because log z has multiple values), its derivative is. Set 
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m = GHz) + GHz) 



Then / is analytic on the plane minus the origin and / is also analytic at oo, where 

lim f(z) = As. 

|z|-oo 

Furthermore, the circulation of the flow / is 


Re 


{L /w *} 


= c, 


r ^ R. 


Hence, / is exactly the flow with circulation c and velocity As at oo; see Exercise 3. 

The points z at which f(z) = 0 are called stagnation points of the flow. For this 
flow, there are stagnation points when 


s 



ic 

2nz' 


Multiplying through by z 2 , we obtain a quadratic equation in z, which has roots 


Z l> Z 2 


ic ± y/l 6n 2 s 2 R 2 — c 2 
4nsA 


If 0 ^ c ^ 4nsR, then both roots lie on the circle |z| = R; they coincide if c = 4ns R. 
Several streamlines of this flow are sketched in Figure 4.19. □ 

Example 8 The Joukowski Airfoil Let C be a circle with center z 0 which passes 
through the point — R and contains the point R in its inside, R > 0. The function 

R 2 

<t>(z) = 2 ^ 

z 


maps C onto a simple closed curve T (Fig. 4.20). The image curve T, which resembles 
the cross section of a wing, is called a Joukowski* airfoil. 

Our goal is to find the flow / with T as a streamline and with uniform velocity 
As at oo, s > 0 and |A| = 1; for this we make use of conformal mapping and the 
results of Example 7. 

Our first task is to prove that the mapping <f> given above is a one-to-one 
mapping of the exterior of the circle C onto the exterior of the curve T. To this end, 
let r 0 be the (unique) circle through both the points R and — R, which is tangent to 


♦ N. J. Joukowski, 1842-1921. 




Figure 4.20 
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Cat —R (Fig. 4.21). The center of T 0 lies at the point ia 0 , a 0 real. It is easy to prove 
(see Exercise 1 at the end of this section) that a point z = x + iy lies inside, on, or 
outside r 0 if and only if the quantity 

|z| 2 - 2a 0 y - R 2 

is negative, zero, or positive, respectively. Thus, z is outside T 0 if and only if w = R 2 /z 
is inside T 0 (also, see Exercise 2). From this it follows easily that <j>(z) = z + R 2 /z is 
one-to-one on the outside of T 0 . For if ^(z x ) = <t>(z 2 \ then 



If z x ^ z 2 , then z 2 = R 2 /z 1# so z x and z 2 lie on opposite sides of r 0 , a contradiction. 
Since the outside of C is within the outside of T 0 , <t> is one-to-one outside C. 

Now we are ready to analyze the flow around the Joukowski airfoil. Let G(f) 
be the complex potential of this flow, and let H be the complex potential of the 
flow around the circle C; we know H from Example 7. After taking into account the 
change of origin and scale, we find that 

H(z) = s | ' X(z - z 0 ) + j - ^ lo g( z “ z o)- 

However, the function ( = <j>(z) carries the exterior of C onto the exterior of T, 
as we have just shown, so H(z) and G(() must be related by H(z) = G(<f>(z)). 
Consequently, 


ff'(z) = G' {<j>(z))<j>' (z) = G'{<j>(z))^\ - 
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Thus, the flow H'(z) has a stagnation point at z = —R. Some simple arithmetic then 
yields 


c = — 4ns Im (A(R + z 0 )), 

so the circulation is determined by three factors: (1) the point R ; (2) the center, z 0 , 
of the circle C; and (3) As , the velocity of the flow at oo. Thus, in turn, the circulation 
of the flow determines the lift in accordance with the Kutta-Joukowski formula 
derived earlier. If A = 1 (that is, the flow is horizontal at oo), then the lift is 

Lift = 4ns 2 Im z 0 , s = speed of flow at oo. □ 


Other Physical Phenomena in Which Harmonic Functions Arise 

Diffusion 

Imagine a level channel connecting a very large body of fresh water to a very large 
body of salt water, say the ocean (Fig. 4.22). The water in the channel will have 
various degrees of salinity, depending on location; that is, the salt from the ocean 
will diffuse through the channel to the fresh water, which being large, will absorb it. 
If we let c(x, y) be the concentration of salt at the point x + iy in the channel, then 
an analysis exactly like that for temperature distribution shows that c(x, y) is a 
harmonic function of x and y. More generally, if a substance diffuses from a region 
of high concentration to one of low or zero concentration, then the concentration 
function c(x, y) is a harmonic function in any domain in which there are no sources 
or sinks. 



Figure 4.22 The diffusion of salt through a channel joining the ocean with a lake. 
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Planar Stress 

In an isotropic, homogeneous body, there are nine stress components: the normal 
stress component and two shear stress components in each of the x, y, and z 
directions. There are compatibility relations among these stress components, which, 
in the case of plane strain with no body forces acting, reduce to 


dx x 


dx 

dy 

dX y 

dY, 

dx 

dy 


(d 2 d 2 \ 


Here X x9 X y9 and Y y are the normal and shear stress components in the x-direction 
and the normal stress component in the y-direction, respectively. We now assume 
that the cross-section of the body is a simple closed curve together with the domain 
D inside it. From equation (2), we deduce that there is a function F with 


dF 

7T x -- X > 


and 


dF 

dy 


= X r 


From equation (3), it follows that there is a function G with 


— =Y 
dx y 


and f=-X y . 

dy 


From the relations among the partial derivatives of F and G, we further conclude 
that there is a function U with 




and 


dU 

dy 


= F. 


Thus, 


dHJ_ = 
dx 2 y ’ 


d 2 U 

'dy 2 




and 


d^U _ 

dx dy y 


U is called the stress function or the Airy function, after G. B. Airy (1801-1892), who 
worked with it (circa 1860). Thus, from equation (4), 


0 = A(X x + Y y ) = A(A17) = A 2 U. 
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The stress function U is therefore Inharmonic — that is, it satisfies the equation 

d*U d*U d*U __ 
dx 4 + dx 2 dy 2 + dy 4 

The famous nineteenth-century physicist J. C. Maxwell (1831-1879) was the first to 
note that U must be biharmonic. 

The Representation of Biharmonic Functions 

If U is biharmonic, then P = AU is harmonic. Let <f> be an analytic function on D 
with 


ty = P + iQ, 


where Q is a harmonic conjugate of P on D; such a <j) exists because D is simply 
connected. We write (p = p + iq. A simple computation shows that 

U — xp — yq 

is harmonic on D. Hence, this is the real part of some analytic function / on £>, again 
because D is simply-connected. Consequently, 

U(z) = Re{z^(z) + f(z)}, (5) 

where (j> and / are analytic and 


4Ref = AU. 

(5) is the most general representation of a biharmonic function U. 

EXERCISES FOR SECTION 4.2 

1. Let T 0 be the circle of radius -Jr 2 -I- ocq centered at the point ia 0 , a 0 > 0. 
Show that a point z is outside, on, or inside T 0 exactly when the quantity 
|z| 2 — 2a 0 y — R 2 is positive, zero, or negative. 

2. Let T 0 be the circle from Exercise 1. Show that z is inside T 0 if and only if R 2 /z 
is outside T 0 . 

3. Let T be a simple closed curve. Show that a flow outside T (including at oo) with 
T as a streamline is completely determined by specifying the velocity at oo and 
the circulation. That is, show that there is at most one analytic function g outside 
T with 

c 1 

(a) g(z) = a + -- + ■■■; a,c fixed, \z\ large, 

2ni z 

(b) Im G = 0 on T, where G' = g. 

4. Find the stagnation points of the flow in Example 5. 



4.2 Harmonic Functions as Solutions to Physical Problems 281 


5. Discuss the flow within a disc caused by placing a source and a sink of equal 
strengths at distinct points on the edge of the disc. Find the streamlines for the 
flow and sketch a few. 

6. Extend Example 4 by finding the potential of the flow in the upper half-plane 
U resulting from a source uniformly distributed on the interval [—1, 1]. 

7. Find the flow in the semi-infinite strip {x + iy: y > 0 and — n < x < n) estab- 
lished by placing two sources across from each other (on the long sides). 

8. Redo Exercise 7 with one of the sources changed to a sink. 

9. Find the flow in the strip of Exercise 7 if there is a source on the short edge 
(where y = 0). 

10. Let D be a region bounded by a smooth simple closed curve T and let / be a 
sourceless flow in D; / is not assumed to be ir rotational. The kinetic energy of 
the flow is 

K = ^p ^Jf(z)\ 2 dxdy, 

where p is the density (which we assume to be constant). Show that among all 
sourceless flows in D with given normal velocity at the boundary of D (that is, 
the normal derivative df/dn is specified at T), the flow of smallest kinetic energy 
is irrotational. This result is known as Kelvin’s* Minimum-Energy Theorem; you 
will need to use Green’s Identity (Exercise 13, Section 6, Chapter 1). 

11. (a) Show that the function G(z) = Log(z 2 + 1) is a conformal mapping of 

the first quadrant onto the horizontal strip S = {s + it: — oo < s < oo, 
0 < t < n}. 

(b) Show that the flow / in the first quadrant whose potential function is G(z) = 
Log(z 2 + 1 ) is the source less, irrotational flow resulting from a source z 0 = i 
on the boundary of the first quadrant. What is the strength of the source? 

(c) Extend the result in (b) to the case when the source is located at some other 
point in the boundary of the first quadrant. See Figure 4.23. 

12. Find the sourceless, irrotational flow in the upper half-plane that results from 
a source at the point i. (Hint: The flow will be symmetric about the imaginary 
axis; you may now use the result of Exercise 1 lb.) 

13. Find the electrostatic potential due to a uniformly distributed charge on a 
straight wire. (Hint: Take the wire to be the interval [—1, 1] and the charge 
density to be dp = c 0 dx.) 

14. Show that the electrostatic potential inside a long hollow uniformly charged 
tube is constant and that outside the tube the potential is zero. 

15. Find the flow past a long cylinder with an elliptical cross section (Fig. 4.24). 


Sir William Thompson, Baron Kelvin of Largs, 1824-1907. 



Figure 4.23 The flow in the first quadrant from a source on the imaginary axis. 



16. Show that the function 


f(z) = 


K 1 

2ni z — z o 


K> 0, 


is the velocity of a flow that rotates clockwise about the point z 0 . This flow has 
a vortex at z 0 of strength K. Show that the streamlines are circles centered at z 0 . 
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17. Show that the function 


0(z) = 


*1 1 
2ni z — z { 


K 2 1 

2ni z — z 2 ’ 


and K 2 both positive, is the velocity of a flow with two vortices, one at z x 
of strength K x with clockwise rotation, the other at z 2 of strength K 2 with 
counterclockwise rotation. What is the circulation of this flow on a curve y, 
which is very far from both z x and z 2 ? (Some streamlines of this flow are shown 
in Fig. 4.25.) 



18. The flow 


h(z) = 


Q+JK 1 
2 n z — z 0 


produces a spiral vortex at z 0 (Fig. 4.26). Sketch some of the streamlines and 
decide how the signs of Q and K affect the streamlines; that is, when will the 
streamlines spiral into z 0 clockwise and when will they spiral in counterclock- 
wise? See Figure 4.26. 
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Figure 4.26 A spiral vortex produced by the flow ^ — 3 , QK ^ 0. 

2ni z 

19. Use Example 2 to find the electrostatic potential produced by two parallel, 
horizontal charged plates whose edges are separated by a distance 2 o (see the 
diagram below). Sketch some of curves of flux of the field. 

pot ential V 0 ^ ^ potentia l K, 

— 2a — 

4.3 Integral Representations of Harmonic Functions 

A function / has an integral representation formula if f(z) is equal to an integral of 
an expression containing z as a parameter. A perfect example is the Cauchy Integral 
Formula: 


/(z) = 


2 ni 


f m 

JrC-Z 


dC 


Integral representation formulas are important tools in solving boundary-value 
problems. In this section, we explore such formulas in two special but important 
cases: the disc {z: |z| < 1 } and the upper half-plane {z: Im z > 0}. 

Suppose first that u is a real-valued function that is harmonic on some open 
set that includes the closed disc (z: |z| ^ 1}. We shall derive a formula for the values 
of u(x, y) when x 2 + y 2 < 1, which makes use only of the values of u(x, y) when 
x 2 -h y 2 = 1. Since u is harmonic on some disc centered at the origin and of radius 
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larger than 1, there is an analytic function / on this same disc with Re / = u. Thus, 
for a particular z with |z| < 1, we have two formulas: 


f(z) 


= J_ f M) 

2m J r C - 


dC 


( 1 ) 


and 



1 - z( 


( 2 ) 


The first, (1), is the Cauchy Integral Formula with T the circle |C| = 1 oriented 
positively. The second, (2), is just Cauchy’s Theorem applied to the function 


G( 0 = 


fm 

1 -zC 


which is analytic on an open set containing |£| < 1. We set ( = e ix , 0 ^ t ^ 2n, as 
usual, and find that 


and 


/»4rA* 

2n Jo 1 - ze 


2n } 0 1 - ze 


However, 


1 


1 - |z| 2 


1 — ze u 1 — ze lt 1 1 — ze lt \ 2 
When we add (3) and (4), we therefore obtain 


/(*) 


r 

2n Jo 


2 ” 1 — \z\ 2 

f(e u ) r . iL dt. 


(3) 


(4) 


'|1 — ze‘'| 2 

The function appearing after f(e il ) under the integral sign has a special notation. Set 

1 — r 2 


m = 


1 — 2r cos t + r 2 


(5) 




if z = re“. 
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P r {t) is called the Poisson* kernel for r and t. Thus, we have shown that 

f(re ie ) = T £* f(e u )P r (9 - t) dt. (6) 

Since P r (9 — t) is real-valued, we may take the real part of both sides in this formula 
and conclude that 


u(re ie ) = T j* u(e u )P r (9 - t) it. (7) 

This is the Poisson Integral Formula; it gives the value of the function u in the disc 
|z| < 1 in terms of the values of u(e u ) 9 0 ^ t ^ 2n. 

Several extensions of this formula are immediate. First, if the disc is not \z\ ^ 1 
but rather |w — w 0 | ^ R, then the change of variables 


z = 


w - W 0 

R 


produces the formula 


u(w) 


1 C 2n 
2?r Jo 


u(w 0 + Re il ) 


R 2 - |w-Wo | 2 


\R - (w - w 0 )e u \ 2 


dt. 


( 8 ) 


The formula is valid for |w — w 0 | < R. 

Substantially more important, we need not assume that u is harmonic on an 
open set containing the disc \z\ ^ 1. Suppose, in fact, only that u is a continuous 
function on the circle |z| = 1. Set 

U(re w ) = ^ £* u(e“)P r (0 - t) dt. (9) 

It is then true that U(z\ z = re ie , is a harmonic function on the disc |z| < 1 and at 
all points X on the circle \X\ = 1, 


lim U (z) = u(X). (10) 

z->A 

That is, the function defined by 

f U(z) if |z| < 1 

ju(z) if |z| = 1 

is continuous on the closed set {z: |z| ^ 1} and harmonic on the open set {z: |z| < 1}. 
Part of this assertion is easy: If u has only real values, then 


* Simeon Denis Poisson, 1781-1840. 
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= Re 



4- z 

u(^)-» dt\. 


e ‘ — z 


The expression within the braces is an analytic function of z, so U is harmonic, being 
the real part of an analytic function. In general, u = u x + iu 2 , where and u 2 are 
real- valued. Hence, U = U t + iU 2 , where both U x and U 2 are harmonic; thus, U is 
also harmonic. The proof that (10) holds is more difficult; it is outlined in the 
exercises at the end of this section. 

There is even a further extension of (7). A function u(e lt ) is piecewise con- 
tinuous if the circle {z: |z| = 1} can be broken up into closed arcs J l5 . . . , I N that are 
disjoint except for their endpoints (Fig. 4.27) and, furthermore, on each of the arcs 
Ij , u(e u ) is continuous. (This gives two values to u at each of the N endpoints of the 
arcs; this situation will not bother us, because such a set “does not count” in 
integration.) If u(e u ) is piecewise continuous and U is defined by (9), then U is 
harmonic in the disc |z| < 1, and, except for the N points that are the endpoints of 
the arcs / x , . . . , I N , 


lim U(z) = u(X\ A is not an endpoint of I l9 . . . , I N . 

z-* A 



Figure 4.27 


Example 1 A long cylinder with circular cross section is split lengthwise down the 
middle, and the two halves are insulated from one another. One half is given a charge 
of + 1 and the other half is given the charge of — 1. Find the resulting electrostatic 
potential inside the cylinder. 

Solution We may assume that a cross section of the cylinder is the circle 
x 2 + y 2 = 1. Hence, we must find a function u(x, y) that is harmonic for x 2 -h y 2 < 1 
and that has the value + 1 on the semicircle x 2 + y 2 = 1, y > 0, and the value — 1 
on the semicircle x 2 -I- y 2 = 1, y < 0. The answer is given to us immediately by the 
Poisson Integral Formula: 
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ie ) = — f * 1 ~ r 2 _ J_ f° 1 — r 2 

2rc Jo 1 — 2r cos(0 — t) + r 2 t 2n J 1 — 2r cos (9 — t) -hr 2 

We evaluate the integrals in the following way. Since 

/l+z\_ 1 — r 2 

” \1 — z/ 1 — 2r cos 0 + r 2 ’ 


z = re , 


and since 


we have 


Thus, 


1 + z 4 2z 

1 = 1 + i ’ 

1 — z 1 — z 


1 + ze lt 2 ze lt 

177 = 1 “h 


1 — ze u 1 — ze u 






where y is the semicircle {e*: 0 ^ t ^ 7r}. The antiderivative of z(l — zw) 1 with 
respect to w is log(l — zw), so 

1 — ircU^OTr^ 1 - ' + 2Ar8 (r^r)' 

Likewise, 

Putting these two together yields 

„ ( z) .iArg(i±i). □ 


The Poisson Integral Formula in the Upper Half-Plane 

Suppose that w(t) is a bounded, piecewise continuous function on the real axis, 
— oo < t < oo. There is an integral formula, much like the Poisson Integral For- 
mula, that yields a function W(Q that is bounded and harmonic in the upper 
half-plane {£ = a + it: t > 0} and satisfies 
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lim W( C) = w(s) 


for all points s on the real axis at which w(t) is continuous (that is, at all but a finite 
number of points). The formula is this: 


W(o + it) 


iT> - 


w(t) 


(<T — I ) 2 + 


-dt. 


T > 0. 


( 11 ) 


Its derivation is simple. Let 


f = '!>(z) = i 


1 + Z 

1 — z ' 


Then ^ is a linear fractional transformation that maps the disc {z: |z| < 1} onto the 
upper half-plane, and if/ maps the circle |z| = 1 onto the real axis. Hence, 


u(e ie ) = w 



is bounded and piecewise continuous on the circle { e l ° : 0^0^ 2n}. Consequently, 
the function 


U(z) 


1 C 2n 

-si " ,e " 


1 -r 2 

1 1 — 2r cos(s — 0) + r 


dd. 


z - re 


is bounded and harmonic in the disc \z\ < 1, and U(z) -> u(e ie ) as z -* e w . Suppose 
that w(t) is real- valued; then u is real-valued and 

Now z = (C - i)/(C + i), so 


is harmonic on the upper half-plane. But e ie = (t — i)/(t + i) and e ie dd = 2 (t + i) 2 dt. 
With these changes of variables, 


W(t) 


-[ij: 

-[y: 


u{e ie ) 


e w + z 


d0 


w(t) 7 


tc + 


i(t ~ 0 




■it 


w(t) 


(t - a ) 2 + T 2 


-dt. 
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This is the desired formula; it is called the Poisson Integral Formula for the upper 
half-plane. 

Example 2 Find the electrostatic potential in the region y > 0 if the segment 
( — a, a) of the real axis is kept at potential V 0 > 0 and the remainder of the real axis 
is kept at potential 0. 

Solution The electrostatic potential K(x, y) is a harmonic function for y > 0 and 
must satisfy 

To find such a harmonic function, we use the Poisson Integral Formula for the 
upper half-plane. 




V(t, 0) 


(x - t) 2 + y 2 


dt 


= VoC° 

J-„(f ~ 


x) 2 + y 2 


dt 


V 0 [ (a - x\ 

= — < arctan — arctan 

* l V y ) 



A function U(x, y) that is a harmonic conjugate of V(x, v) in the upper half-plane is 
given by 



Figure 4.28 
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U(x,y) = — log 

71 


z — a 
z + a 


The level curves of U represent the curves of flux of the electric field; these curves 
are just the Circles of Apollonius, 


\z — a\ = p\z + o|, 0 < p < oo, 

which are centered at the real axis, either in the interval ( — oo, — a) or in the interval 
(a, oo) (Fig. 4.28); see Section 2, Chapter 1. □ 


The Reflection Principle 

The Poisson integral formula in a disc can be used to give a proof of the following 
theorem, which is called, for reasons that will be clear from its statement, the 

reflection principle. 

THEOREM 1 The Reflection Principle Suppose D is a domain in the upper half-plane {x + iy : 
y > 0}, which includes in its boundary a segment (a, b ) of the real axis. Suppose that 
/ = u + iv is analytic in D and, moreover, is continuous at each point of (a, b). If 
v(x) = 0 for all x in the interval ( a , b\ then / extends to be analytic in the domain 
Q = Du(fl,ft)u D*, where D* is the reflection of D over the real axis: 


D* = {z: z e Dj. 


Furthermore, / satisfies the relation 

f(z) = 7(f), z g Q. 

Proof The sets D , D*, and Q are illustrated in Figure 4.29. We begin the proof by 
defining a function f* in D* by 



Figure 4.29 




292 Chapter 4 Analytic and Harmonic Functions in Applications 


/*(z) = /(z), zeD*. 

We shall show that /* is analytic in D* by this simple argument. If z 0 e D *, then 
z 0 eD. Now/ is analytic in some disc | z — z 0 1 < S centered at z 0 ; thus, / has a power 
series valid in this disc: 


00 

/(z) = £ /4 t (z - z 0 )\ I z - z 0 | < S. 

k = 0 


Hence, in the disc |z — z 0 | < S, 


f*(z) = f(z) = f z4*(z - z 0 )* 

k = 0 


= £ >Mz - 2 0 )‘- 

k=0 

Consequently, /* is analytic for |z — z 0 | < <5, since it has a representation there as 
the sum of a convergent power series. 

Next, we define a function F on Q by 

n \ Z 6 DKj(a,b) 

f(2) -j/«(z). 2 e D*. 

The assumption that u(x) = 0 for a < x < b implies that F is continuous on ft. The 
functions u and v are extended by D* by the rules u(z) = u(z), v(z) = —v(z) 9 z e D*. 
The tricky part of the proof is to show that F = u + iv is analytic across the segment 
(a, b). To see this, let x 0 e (a 9 b\ and let r be a positive number so small that the disc 
\z — x 0 \ < 2r lies in ft. Let y be the positively oriented circle \z — x 0 \ = r. On this 
circle, the function 


{v(x 0 + re ie \ if 0 ^ 9 ^ n 

\ — v(x 0 + re~ ie \ if — n ^ 6 ^ 0 


is continuous and odd: w(0) = — w( — 9). Let v t be the harmonic function on the 
disc |z — x 0 | < r, whose values on y are w; v x is found by using the Poisson inte- 
gral, appropriately scaled. Then v x satisfies (z) = — v x (z) if |z — x 0 | < r (also, see 
Exercise 8). Thus, v 1 vanishes on the real segment x 0 — r ^ x ^ x 0 + r. The function 
v — v x is then harmonic on the half-disc ^ = {z: |z — x 0 | < r and Im z > 0} and 
vanishes on the boundary of % since v = = w on the semicircle z = x 0 + re i0 , 

0 ^ 0 ^ 7r, and v = v x = 0 on the segment x 0 — r ^ x ^ x 0 + r. Hence, the maxi- 
mum principle for harmonic functions [(5) in Section 1] implies that v = v x on 
all of Likewise, v = v t on all of = {z:z e %}. Thus, v = v x on the disc 
\z — x 0 \ < r. But Vi is harmonic on all this disc; hence, so must be v. The function 
u is a harmonic conjugate of v on both % and Since v is harmonic on all the disc 
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\z — x 0 \ < r, it has a harmonic conjugate on all this disc that must differ from u by 
a constant on ^ u %*. Hence, u is also harmonic on the disc \z — x 0 \ < r, so F is 
actually analytic on this disc. ■ 

REMARK: The reflection principle is frequently proved by use of Morera’s Theorem. 

Example 3 Show that an entire function that is real-valued on some interval ( a , b) 
in the real axis is real-valued on all the real axis. 

Solution Let / be an entire function that is real- valued on the interval (a, b). Set 

Ft \ if Im 2 > 0 

yZ) (/( 2 ), if Im z < 0. 

The reflection principle implies immediately that F is analytic on the domain ft, 
which consists of the union of the upper and lower half-planes and the interval (a, b). 
Furthermore, /itself is of course analytic on ft and equals F if Im z > 0. Thus, / = F 
throughout ft; in particular, 


f(z)=f(n Imz^O. 

Since / is actually continuous on the whole plane, it follows that for any real number 


fix) = lim f(x + I» = lim f(x - iy) = f(x), 

y-> 0 y-*0 

which says exactly that / is real on the real axis. 


□ 


EXERCISES FOR SECTION 4.3 

1. An arc of 9 0 radians in a circle is kept at temperature T u while the remainder 
of the circle is kept at temperature T 2 . Find the temperature distribution inside 
the circle. Sketch some of the equitherms. 

2. The segment [ — or, a] is kept at temperature T l9 while the remainder of the real 
axis is kept at temperature T 2 . Find the temperature distribution in the upper 
half-plane; sketch some of the equitherms. 

3. Let w(£) be a bounded piecewise continuous function on the real axis with 
J-oo |w(£)| dt < oo and w(£) -* 0 as |t| -* oo. Let W(Q be the harmonic function 
on the upper half-plane Im ( > 0, with W(o, 0) = vv(or), given by formula (11). 

(a) Show that lim^^ W(() = 0. 

(b) Show that if is (another) harmonic function on Im f > 0 with 

Wi(or, 0) = w(or), and that if W x also satisfies (a), then W t = W. 

(c) Show that | W(x -I- iy) \ dx ^ |w(£)| dt for each y > 0. 

4. Let P r (t) be the Poisson kernel, defined in formula (5). Show that 

(i) P r (t) > 0 for 0 ^ r < 1, 
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(ii) J* P r (t) dt= 1, 0<r<l. 

(iii) if S > 0, then lim_, ,P r (t)} = 0. 

5. We show here that (10) holds. Fix a point A with \A\ = 1 and write A = e l0 °. Fill 
in the reasons for each of the following steps: 

(i) Given e > 0, there is a 5 > 0 such that 


|u(^)-u(^o)|< if |£ - 9 0 \ < s. 


(ii) U(re ie ) - u(e w °) = ^- j {u(e u ) - u(e ie °)}P r {0 - t) dt. 

2ft J -n 

Now consider 9 with |0 — 9 0 \ < d/4. Write the integral as the sum of two 
integrals: The first, , is over those t with \t — 9 0 \ < S ; the second, / 2 , is over all 
the remaining t. 


(iii) | I x \ < 


p r (0-t)dt< 


2 if PA 

2 271 J|l-«ol<« 

(iv) |/ 2 | < 2M^max ji»(0 - t): \0 - t\ > 

where Af is an upper bound on |u(e‘ r )|, — n^t^n. 

6 

( v ) \h\ < 2 r * s c ^ ose enou gh to 1. 

(vi) | U(re ie ) — u(e ie °)\ < e if \0 — 9 0 \ < - and r is close enough to 1. 


6. Show that the function 
u(x, 




t) 2 + y 2 (x + t) 2 + y 2 
is harmonic in the upper half-plane and satisfies 

u(0, y) = 0, 0 < y < oo 

u(x, 0) = /(x), 0 < x < oo. 


fit) dt 


7. Use Exercise 6 to find an integral representation for a harmonic function u(x, y) 
in the first quadrant {x + iy: x > 0 , y > 0} with 

u(x, 0) = /i(x), 0 < x < oo 

w(0, y) = f 2 (y ), 0 < y < oo. 


8. Show that the function 


u(re ‘ e) = h £ {Pr(t ~ 9) ~ Pr(t + 6)]f{eit) dt 
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is harmonic in the half-disc { re ie : 0<r<l, O<0<7c} and satisfies the boun- 
dary conditions 


u(e ie ) = f(e ie ), 0 < 0 < n 

u(x) = 0, — 1 < x < 1. 

9. Solve the Dirichlet problem for the exterior of the disc of radius 1 centered at 
the origin. That is, give an integral formula for a harmonic function v(z ) on the 
region 1 < \z\ ^ oo (including oo) that satisfies 

lim v(z) = f(X), |A| = 1. 

Z-*k 

10. Use the result of Example 2 to find the electrostatic potential in the region 

D = {x + iy: x 2 + y 2 > a 2 and y > 0} 

when the potential is 0 on both the segments (— oo, — a) and (cr, oo) and 1 on 
the semicircle x 2 + y 2 = a 2 , y > 0. 

11. The function 


u(re ie ) 


1 — r 2 

1 - 2r cos 0 + r 2 


is harmonic on the disc {z:\z\ < 1. Show that 

lim u(re i0 ) = 0 if n ^ |0| > 0. 

r^l 

Show, moreover, that u(re id ) represents the temperature distribution in the disc 
0 ^ r < 1 due to a “hot spot” at the point r = 1,0 = 0 (that is, the temperature 
there is “oo”). (Hint: Find the temperature distribution u n in the disc due to the 
boundary temperature 


u n (e w ) = i 


n , 


0 , 


| 0 |< 


2 n 


— < |0| ^ n. 


Then let n -► oo.) 

12. Extend the result in Exercise 11 to the case when there are N “hot spots” at 
points e i0 \ . . . , e l ° N of the circle of radius 1 centered at the origin. Discuss what 
happens if some of the “hot spots” are instead “cold spots” (that is, the tempera- 
ture there is — oo). 

13. Give the temperature distribution in the upper half-plane y > 0 that is produced 
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by a single “hot spot” at the point x 0 on the real axis. Do the same for several 
“hot/cold spots” at the points x l9 . . . , x N on the real axis. 

14. Argue on physical grounds that if v(re l6 ) is a nonnegative harmonic function on 
the disc {z: |z| < 1 with 

1 — r 2 

v(re ie ) ^ - 2 = P r (9\ 0 ^ r < 1, 0 ^ 0 ^ 2tt, 

1 — 2 r cos 6 + r z 

then v(re ie ) = LP r (0) for some A, 0 < A ^ 1. (Hint: What temperature distribu- 
tion on |z| = 1 does v represent?) 

15. Suppose u(z) is a real-valued harmonic function on the disc {z: |z| < 1 + 5} for 
some S > 0; let v be the harmonic conjugate of u on this disc, which is zero at 
the origin. Show that 


(Hint: The function 

/(z) 


211 , jn 2 r sin(0 - t) 

u(e“)- - : r dt. 


1—2 r cos(0 — t) + r 2 


_L p 

Jo 

is analytic on the disc {z: |z| < 1}, and its real part is n(z), by (7).) 


%2n e u 4- z 

u(e‘')— t dt 

e — z 


Fourier Series and Harmonic Functions* 

16. Let u(e 10 ) be a piecewise continuous function on the circle { e ie : 0^0^ 27 t}. Set 
ii(n) = Lj U (e w )e~ ine d6, n = 0, ± 1, ±2, 
u(n) is the nth Fourier coefficient of u. Show that 


|ri(n)| < max \u(e id )\. 

O^O^ln 

17. Let k be an integer. Show that 


1 

2n 



fi> 

lo. 


k = 0 
k¥=0. 


18. If u( e ie ) = X-ot, a n e in9 , where X-* 1 4.1 < go, then a„ = i )(n). 

19. Let P r (6) be the Poisson kernel: 


Pr(0) = 


1-r2 Rt 7 1 + rg ^ 

1 - 2r cos e + r 2 \l - re ie ) 
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Show that 


P r (6) = £ r M e ine . 

-oo 

(Hint: 1/(1 — z) = 1 + z + z 2 + • • *, if 0 ^ |z| < 1.) 

20. Let U(re ie ) be the harmonic function on the disc {z: |z| < 1} with lim^j U(re ie ) = 
u(e ie ) 9 except at the finitely many points of discontinuity of u(e ie ). Show that 

U(re ie ) = £ u(ri)r^e in0 9 0 ^ r < 1, 0 ^ 0 ^ In. 


21. Suppose v(e 10 ) is another piecewise continuous function on the circle {e i0 : 0 ^ 
0 ^ 2n} and V(re id ) is its harmonic extension to the disc {z: |z| < 1}. Show that 
for each r, 0 < r < 1, 


1 f 2 * 

— U(re ie )V(re ie )d0 

Jo 


£ r 2n u(n)fi(n). 

-oo 


( 12 ) 


(Hint: By Exercise 18, with U(re ie ) in place of u(e i0 ) 9 we know that the nth 
Fourier coefficient of U(re ie ) is r |n| u(n).) 

22. Let r increase to 1 in (12); conclude that 


L u(e ie )v(e ie ) dd 


E mm 

-oo 


(13) 


(This is a correct formula, but this passage from (12) to (13) needs more 
mathematical justification than just letting r 1.) 

23. In Exercise 22, take v = u and conclude that 


x- [ \u(e ie )\ 2 dd = Y \a(n)\ 2 . 

^ JO -oo 

This equation is known as Parseval’s equality. 


(14) 


The Reflection Principle 

24. Suppose that g is analytic in a domain D in the right half-plane, Re z > 0, 
which includes a segment (ia, ijS) of the imaginary axis in its boundary. Show 
that if g is real-valued on this segment, then g extends to be analytic in the 
domain formed by the union of D, the reflection of D over the imaginary axis 
( = { — z: z g D}), and the interval (ia, i/?). 

25. Suppose that / is an entire function that is real- valued on some segment of the 
real axis and also real- valued on some segment of the imaginary axis. Show that 
/( — z) = f(z) for all z. (Hint: Reflect / over the imaginary axis.) 

26. Use the reflection principle to prove this result. Let D be a domain in the upper 
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half-plane with the segment ( a , b) of the real axis in its boundary. Suppose that 
/ is analytic on D , continuous on D u ( a , b), and f(z) = 0 if z is in (a, b). Then 
f(z) = 0 for all zeD. 

27. Find the form of a rational function M that is real on the circle {z: |z| = 1}; 
assume that M has no poles on this circle. 

28. Show that an entire function has only real coefficients in its power series 
expansion about the origin if and only if it is real- valued on the real axis. 

29. Suppose that / is analytic on the open disc {z: |z| < 1} and continuous on 
the closed disc {z: |z| ^ 1}. Show that if |/(z)| = 1 whenever |z| = 1, then / can 
be extended by reflection to be analytic, except for finitely many poles, in the 
whole complex plane by the rule 


/*(z) 



w > 1- 


Show further that / is a rational function and, in particular, has the form 


f(z) = * 


z — a x 
1 — a l z 


Z — a M 

1 - a M z 


N < 1, W = i. 


30. Suppose / is analytic on the disc {z: |z| < 1}, continuous on the set {z: |z| ^ 1}, 
and real-valued on the circle {z: |z| = 1}. Use the reflection princi ple to s how 
that / is constant. (Hint: Extend / to the set {z: |z| > 1} by /*(z) = /(1/z)) 


4.4 Boundary-Value Problems 

In a boundary-value problem, we are given information about an unknown function 
on the boundary of a domain and an equation (usually a differential equation) that 
the function satisfies on the domain; we are challenged to find the function itself on 
the domain. In complex variables, the boundary- value problems typically have one 
of two different forms. In the first, we are to find a harmonic function u on the 
domain D from the knowledge of the function itself on the boundary of the domain; 
this is the Dirichlet* problem for D. In the second, we are again to find a harmonic 
function on D, but this time we know only the normal derivative of the function on 
the boundary of D; this is the Neumann t problem for D. Of course, there is also a 
mixture of these two cases, where we know the function on part of the boundary 
and its normal derivative elsewhere on the boundary. 

There are two basic techniques in solving boundary-value problems. The first 
is to use an explicit integral representation formula such as the Poisson Integral 
Formula. This technique was illustrated in Section 3, where we examined the 
Poisson Integral Formula both on the disc and on the upper half-plane. The second 

* Peter Gustav Lejeune Dirichlet, 1805-1859. 

+ Carl Neumann, 1832-1925. 
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basic technique is to transform the given region by a conformal mapping to a new 
region on which the boundary-value problem is easily solved. This solution can then 
be carried back to the original region by means of the conformal mapping, thus 
yielding an explicit solution to the problem. Care must be taken to be sure that the 
boundaries of the two regions correspond to each other in the correct way, but this 
happens automatically in most cases. 

We illustrate this second technique of conformal mapping by several examples. 




Example 1 Find the electrostatic potential between two long, parallel, charged, 
hollow, circular cylinders if one is inside the other. 

Solution A cross section of the cylinders perpendicular to their axes gives two 
circles, one inside the other. By a simple translation, rotation, and change of scale 
we may assume that the outer circle is the circle T 0 = (z: \z\ = 1} and the inner circle 
is the circle T x = {z: \z — x 0 | = r 0 }, where 0 < x 0 < 1 and x 0 + r 0 < 1 (Fig. 4.30a). 
Let the charge on the inner and outer cylinders be C x and C 0 , respectively. Thus, 
we are searching for a harmonic function on the region between the two circles T 0 
and r x , which has the value C 0 on the outer circle T 0 and the value C x on the inner 
circle r x . If the smaller circle is centered at the origin (that is, if the two cylinders 
are coaxial), then the solution is immediate*; namely, 


U(re ie ) 


C 0 


log r 0 - log r 

l°g *0 


+ Q 


log r 
log 'o’ 


r 0 ^ r ^ 1, 


because we know that w(re ie ) = log r is a harmonic function (see Exercise 3 of 

* The domain and the boundary data are circularly symmetric, so the solution U{re ie ) should be as well. 
However, the only harmonic function that is independent of 0 is A + B log r (see Exercise 5(b) in 
Section 1). 
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Section 4.1). However, it may not be the case that the circles are concentric, so we 
must first transform the region between T 0 and r x into the region between concentric 
circles. This can be accomplished by use of an appropriate linear fractional trans- 
formation. A computation (or see Exercise 16, Section 5, Chapter 3) shows that there 
is a real number b such that the function 


«Hz) = 


z — b 
1 — bz 


maps the inner circle r x onto a circle of radius r x centered at the origin; of course, 
<j> also maps the outer circle r o onto itself. Consequently, from the solution to the 
problem in the coaxial case, we obtain the desired solution in this case: 

, , ^ logri - log|^(z)| log|^(z)| 

«(z) = C 0 + C,— • D 

log r, log r, 

Example 2 A magnetic field is established by a north and south pole, each of large 
rectangular cross section (Fig. 4.31a). Find the magnetic field in the surrounding 
space. 


w = <t>(z) 



Figure 4.31 


Solution We arbitrarily assign the value — 1 to the field on the boundary of the 
north pole and -f 1 to the field on the boundary of the south pole. Our task is then 
to find a harmonic function in the region D outside the poles with these boundary 
values. (In practice, of course, the poles do not have infinite extent; this model 
assumes that the gap between the poles is small in comparison to the width of the 
poles. The model is accurate for the magnetic field in the region and close to the 
gap, where it is of the most interest in any event.) 

In Section 5, Chapter 3 we found the Schwarz-Christoffel transformation that 
maps the upper half-plane U onto the domain D : 



n 



— 1 + arcsin 
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</> carries the ray ( — oo, 0) onto the edge of the north pole and the ray (0, oo) to the 
edge of the south pole (Fig. 4.31b). The function 1 — (2/n) Arg z = U(z) is harmonic 
on the upper half-plane, and its boundary values are 1 on (0, oo) and — 1 on (-oo,0). 
Therefore, the function 

u(w) = 1 - -Arg(^ _1 (w)) 

71 

is the desired function on D. The curves of magnetic flux are the images under </> of 
the level lines of V, a harmonic conjugate of U : V(z) = (2/n) log|z|. These level lines 
are circles centered at the origin, so the curves of magnetic flux of the field are the 
curves 



Figure 4.32 The curves of magnetic flux and equipotentials. 


The Neumann Problem 

In this boundary-value problem, we are given a function g on the boundary of a 
domain £>, and we are to find a harmonic function u on D with normal derivative 
equal to g on the boundary of D: du/dn — g on dD. This is physically realizable as 
specifying the flux over the boundary of the region of a field or the permeability of 
the boundary for diffusion. This problem, like the Dirichlet problem, can be explicitly 
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solved in the case of a disc or a half-plane. We work out the case for the disc |z| < 1 
here and leave the other setting (which is handled similarly) for the exercises. 

Let g be the value of the normal derivative at the unit circle |z| = 1. We seek 
a function v(re ie ) that is harmonic on the disc {re i0 : 0 ^ r < 1} and satisfies 

dv 

= g{t), 0^t^2n. 


Consider the function 


-1 C 2n 

v(re l °) = — — g(t) Log(l — 2 r cos(0 — t) + r 2 ) dt. 

2*: Jo 

This function is harmonic, since it is the real part of the analytic function 

— f g(t) Log(l - ze~ ix ) dt , z = re ie 9 

n Jo 

assuming g(t) is real. Furthermore, 
dv 1 f 2 * d 

— (se ,# ) = -— I g(t)— Log(l - 2 r cos(0 - t) + r 2 ) 

1 f 2 ' M 2 cos(0 — t) - 2s 

= — I d(t) dt 

2n Jo ; 1 — 2s cos (9 — t) + s 2 

-2-r^r — t-iI* 

2ns J 0 |_1 — 2s cos (9 — t) + s 2 J 

= 2ns jo j. 9(0 *■ > 

where P s (6 — t) is the Poisson kernel. However, we know from Section 3 and the 
properties of the Poisson kernel that 

1 C 2n 

Km — g(t)P s (0 — t)dt = g(0). 

5-1 ^ JO 



Hence, 

dv 1 C 2n 

lim T-(se i9 ) = g{0) - — g(t) dt. 
s~* i dr 2n J 0 

However, the integral of g must vanish, since there are no sources or sinks within 
the disc {z: |z| < 1}. Therefore, v is the desired solution. (Another way to see that 
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jo* 0(0 dt — 0 is to use Green’s Theorem: 

j* g(t) dt = J* ^~ds = JJ Av dx dy = 0, since Av = 0.) 

Example 3 A long cylinder with a circular cross section (for example, a blood vessel) 
contains a fluid with a certain chemical A dissolved within it. The walls of the 
cylinder allow the chemical A to permeate through with a permeability that depends 
only on the angular location; moreover, there is a “line” source of the chemical A 
within the cylinder of strength exactly sufficient to keep the whole system in steady 
state. If the permeability function is given, find the strength of the source and the 
lines of flow of the chemical within a cross section of the cylinder (Fig. 4.33). 


\ t / 



diffusion 
through the 
boundary 


/ i \ 


Figure 4.33 


Solution By taking a cross section, we work within a circle, which we can take to 
be the circle x 2 + y 2 = 1. The total flux of the chemical A through the circle is 


Q = 



g(t) dt , 


where g(t) is the coefficient of permeability at the point e ix , 0 ^ t ^ 2n. Since the 
system is in steady state, Q is also the strength of the source. If the source is located 
at the point z 0 , it is given by 



1 ~ *pZ 

Z-Zq * 


\z\ < 1. 


We wish, then, to find a function u(z) that is harmonic on the disc |z| < 1 except at 
the point z 0 and that satisfies 
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du . 
dr 


0 e " ) = g(t). 


The function u t (z) satisfies 


J± L {e i. )= 0_( LlZo \ 

dr V 2n \1 — 2 r 0 cos (0 O — 0 + r o /’ 


z 0 = fo^ 0 - 


(See Exercise 13 at the end of this section.) Furthermore, the function defined by 


«2 (re") = - 


1 

2n 


2n 


'-£«■*>} 


g(t) - V" Log(l - 2 r cos(0 - t) + r 2 ) dt 


is harmonic on the disc |z| < 1 and satisfies 




Consequently, u(z) = u^z) + u 2 (z) is the desired solution to the problem. In par- 
ticular, in the very special case when the permeability is constant and the source is 
at the origin, the solution is 


u(z) = log|z|. 


□ 


Example 4 A thin layer of a chemical solution occupies the lower half-plane 
{x -h iy: y < 0}. The segments ( — oo, — 1] and [1, oo) are insulated so that there is 
no diffusion across these portions of the boundary, but across the segment (—1, 1) 
there is a semiporous membrane that allows diffusion at a constant rate into the 
upper half-plane. Find the steady-state concentration of the substance in the upper 
half-plane, and the lines of flow of the chemical. 

Solution The concentration function c(x, y) for which we are searching must 
satisfy lim {c(z): z -+ oo, y > 0} = 0, and 


dc 

dy 


(x, 0) 


As a first guess, we try 


fc(x, y) = 


c o 

2n 



if |x | > 1 
if |x| < 1. 


- t) 2 + y 2 ] dt. 


( 1 ) 


The function b has the correct normal derivative on the real axis, since 


db_Co C 1 y 
dy n J— , (x — t) 2 + y 2 9 
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and by the Poisson Integral Formula for the upper-half-plane, we know that 


lim— (x,y) 
y -0 oy 



1*1 <1 
1*1 > 1 


(also see Exercise 1 in this section). However, this function is not the solution we 
wish, because it is clearly unbounded for large values of x 2 + y 2 . Instead, we 
consider 


C(*, y) = ^ J log[(* - t) 2 + y 2 ] dt - 2 log(x 2 + y 2 ) 

This function is still harmonic for y > 0 and certainly satisfies (1). Furthermore, if 
x 2 + y 2 is large, c(x, y) is virtually zero. Thus, c(x, y) given above is the desired 
solution. □ 

Example 5 Groundwater flows out of an underground aquifer bounded on the 
bottom by a layer of impervious rock and on the top by a semi-infinite layer of 
impervious rock; the remainder of the top is fully permeable (Fig. 4.34). Find the 
flow and its streamlines if the discharge per unit width of the aquifer is q. 



Figure 4.34 


Solution By the introduction of a coordinate system with the x-axis along the 
bottom face of the aquifer and the y-axis passing through the left end of the top face, 
we have the situation shown in Figure 4.35a. The flow has a source “at oo” (that is, 
far to the right) of total strength Q = qh. We now consider the domain £>, which is 
the horizontal strip {x + iy: -oo < x < oo, 0 < y < h}. See Figure 4.35b. On D we 
seek a harmonic function i;(x, y) (the potential) with these boundary conditions: 


dv 

if 

jy = 0 and 

— 00 < X < 00 


\y = h and 

0 < x < oo 

v(x 9 y) = 0 

if 

y = h and 

— oo < x < 0. 


The first of these conditions says that the boundary is impermeable, and the second 
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1 

ih 

ih 


D 





0 



(a) 



(b) 


Figure 4.35 


says that the groundwater is free to go out of the aquifer from that portion of the 
top that is not blocked by the impervious rock. The flow must, of course, have a 
source of strength Q far to the right. Therefore, we are faced with a mixed Dirichlet- 
Neumann problem; we solve it by finding a conformal mapping of the strip D onto 
a domain in which the corresponding problem is solved by inspection. 

The function 


c = 


— 1 + cos w 
2 


maps the vertical half-strip S = {w: Im w > 0 and — n < Re w < 0} onto the upper 
half-plane, Im ( > 0. In turn, the function z = (h/n) Log ( maps the upper half-plane 
onto D. Thus, 


z = /(w) = - Log 

71 


— 1 + COS 

2 ) 


is a one-to-one analytic mapping of the strip S onto D. Furthermore, the mapping 
has been carefully arranged so that the left vertical edge of the strip S is mapped to 
the segment {x + ih: 0 < x < oo}, the right vertical edge of 5 is sent to the real axis, 
and the horizontal bottom edge of S is sent to the segment {x + ih: — oo < x < 0}. 

On S, the function (Q/n) Im w has all the required properties: it is zero on the 
bottom edge; its normal derivative (that is, its partial derivative with respect to Re w) 
is zero on both the vertical edges; and the flow given by the gradient of (Q/n) Im w 
has a source at oo at strength Q. Since 


we see that 


w = arccos 1+2 exp 


1 + 2exp(j^J , 


v(x, y) = — Im jarccos 1 + 2 exp | 
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is the required potential. The complex potential is, then, 


G(z) 


q r, . 

— i — arccos 1 + 2 exp 

71 



□ 


EXERCISES FOR SECTION 4.4 

1. Derive this formula for a solution to the Neumann problem in the upper 
half-plane y > 0: 

i r°° 

«(*, y) = 2 ^ I g(t) log[(x - t) 2 + y 2 ] dt + c, 

where we assume that \g(t)\ ^ Ct~ v for all large t and for some v > 1, to make 
the integral converge. 

2. Suppose that g( — t)= —g(t) for all t ; show that 

if 00 (l _ I y2 

^\^WT? d, + c 

is a harmonic function in the upper half-plane y > 0 with u(0, y) = 0 and 
(du/dy) = g on the real line. 

3. Suppose that g(t) = 0 if |t| > M; let 

“(X, y) = 2 ^ J g(t) log[(x - t) 2 + y 2 ] dt - A log(x 2 + y 2 \ 

where A = (\/2n)\- M g(t) dt. Show that u(x, y) is harmonic in the upper half- 
plane, m(x, y) -* 0 as x 2 + y 2 -► oo and 

lim ^(x, 5) = g(x\ — oo < x < oo. 

ho vy 

4. Show that the function 


m{— 


+ - 


t) 2 + y 2 (t + x) 2 + y 2 
is harmonic in the first quadrant and satisfies 

u(x, 0) = g(x ), 0 < x < oo 

du 


dt 


dx 


(0,y) = 0. 
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5. Modify the integral formula in Exercise 4 to find an integral formula for a 
function n(x, y) harmonic in the first quadrant x > 0, y > 0, which satisfies 

w(0, y) = /(y) 

p(x, 0 ) = 0 . 

dy 

6. Find the temperature distribution T(x, y) in the upper half-plane if T(x, 0) = 7i 
for x < — <r, T(x, 0) = T 2 for x > cr, and the segment — o < x < o is insulated 
(that is, (dT/dy)(x, 0) = 0 for — a < x < c). 

7. Find the temperature distribution in the first quadrant if T(0, y) = T u 0 < y < oo, 
T(x, 0) = T 2 for a < x < oo, and the segment (0, a) on the real axis is insulated. 

8. Find the temperature distribution in an infinite straight rod if the boundary 
temperatures are as shown in Figure 4.36. (Hint: Assume that the width is n and 
use w = e z to map the strip onto the upper half-plane.) 



Figure 4.36 


9. Find the electrostatic potential between two long parallel cylinders of circular 
cross section if one is inside the other and they touch along one line. (The line 
of contact is assumed to be insulated.) 

10. Find the electrostatic potential in the region exterior to two cylinders (neither 
inside the other). (See Fig. 4.37 for a cross section.) (Hint: Invert over a point 
inside one of the cylinders; you may also need to use Exercise 16, Section 5, 
Chapter 3.) 



Figure 4.37 
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11. Find the temperature distribution inside the half-disc {x 2 + y 2 < 1, y > 0}, if 
the temperature is 7i along the bottom and T 2 along the semicircle. (Hint: Use 
a conformal mapping onto the first quadrant.) 

12. Find the temperature distribution in the lens-shaped region within both the 
circles (x — l) 2 + y 2 = 1 and x 2 + (y + l) 2 = 1 if one edge of the lens is held at 
temperature T x and the other at temperature T 2 . 

13. Let |a| < 1; show that the function 


satisfies 


g{z) = log 


1 — az 
z — a 



l-|a | 2 

1 — 2\a\ cos t + \a\ 2 * 


14. Justify the use of conformal mapping to solve the Neumann problem by showing 
that a Neumann condition on a segment of the boundary of one domain is 
transformed to a Neumann condition on the corresponding segment in the 
boundary of the second domain — provided that the mapping is actually con- 
formal, not only inside the domain, but on these segments in the boundaries as 
well. 

15. Let D be the region obtained from the strip {x + iy: 0 < y < n} by deleting the 
half-line (x + (in/2): 0 ^ x < oo} (Fig. 4.38). Exercise 14 in Section 5, Chapter 
3 gives the Schwarz- Christ offel transformation of the upper half-plane U onto 
D. Use this to determine the potential in D if the top and bottom surfaces are 
held at potential zero and the middle (semi-infinite) surface is held at potential 
Vo * 0. 


IT 


D 


hr 

2 


0 


Figure 4.38 


4.5 Impulse Functions and the Green's Function of a Domain 

It is often very useful in the analysis of physical systems to imagine an “impulse 
function” with these two properties: (1) The impulse function is zero everywhere 
except at one point, where it has the value oo, and (2) the total area (or volume) 
under the graph of the function is 1. Such “functions” represent an idealization of 
an impact of short duration or a short, strong, driving pulse, for instance.* We can 

* In mechanics, this type of function is also referred to as a “concentrated force.” In electrostatics, a unit 
point charge is like an impulse function. 
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understand an impulse function (say, on a domain D in the plane) by the following 
limit argument. Fix a point p in D , the point where the impulse will be felt, and let 
r be a small positive number. Set 


0, if |z — p\ > r,z e 

(nr 2 )' 1 , if|z — p|<r 


Then the total volume under the graph of h r is 1, and for each continuous function 
/ on D, 


HmjJ f(z)h r (z) dx dy = f(p). (1) 

Equation (1) is valid by the following argument. Since the volume under the graph 
of h r is 1, 


\l mK 


(z) dx dy - f(p) 


IL,. 


{/(z) - J'(p) } dx dy. 


The function / is continuous at p, so if e > 0 is given, then r can be chosen with 
I f(z) - f(p ) I < e whenever \z - p\ < r. 


Hence, 


II 


f(z)h r (z) dx dy - f(p) 


^ e 


if r is small, 


which is what we wished to show. Thus, in some sense, the impulse function S p equals 
lim r - 0 h r . 

In complex variables (particularly in the applications of complex variables), 
we are interested in harmonic functions u — that is, in solutions of the equation 
A u = 0. Often, as well, the values of u are prescribed on the boundary of the 
domain D. Let us consider here the function G, which is the solution of the 
boundary-value problem 

fAG = 5 P on D 
} G = 0 on the boundary of D, 


where S p is the impulse function for p e D. Thus, G is harmonic on the open set D\{ p} 
and vanishes on the boundary of D * Green’s Formula (formula (9) of Section 6, 
Chapter 1) gives us the relation 


* That is, G is the response to the impulse at p for a system governed by the Laplacian, with zero boundary 
data. 
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where T is the boundary of D. If we assume that / is continuous onDuT and 
harmonic on D , we find that 


I, 


,SG 

r f T« is 



(AG)/ dx dy = 



S p f dx dy = f(p). 


Consequently, the normal derivative of G is precisely the function that takes the 
boundary values / and produces the value at p of the harmonic function with these 
boundary values; that is, dG/dn solves the Dirichlet problem for the domain D . Of 
course, the derivation carried out above is only heuristic, but it can be made 
mathematically sound (see the exercises). 

We now give the “official” definition of the Green’s function and then some 
examples that illustrate the Green’s function and its use. 


The Definition of the Green's Function of a Domain 

Suppose that D is a bounded domain whose boundary is a finite number of disjoint 
smooth simple closed curves (Fig. 4.39). Let p be a point in D. The Green’s function 
for D with singularity at p is the function G(z; p) with these three properties: 



Figure 4.39 A domain bounded by three disjoint, piecewise smooth simple closed curves. 

(a) G(z; p) is harmonic for z in D, z ^ p, 

(b) G(z; p) + log|z — p| is harmonic near p, (2) 

(c) G(z; p) = 0 if z is in the boundary of D. 

Such a function G(z; p) can be found in the following way. Let v be the har- 
monic function on D with v(z) = log|z — p| if z is in the boundary of £>; then set 
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G(z; p) = v(z) - log| z - p |. 

Exercise 1 at the end of this section shows that G(z; p) is unique. 

The Green’s function for an unbounded domain is defined exactly as in (a), 
(b), and (c) above if p is not the point at oo. If oo is a point in the domain £>, then 
the Green’s function for D with singularity at oo is the function G(z; oo) satisfying 

(a) ' G(z; oo) is harmonic on £>\{oo}, 

(b) ' G(z; oo) — log|z| is harmonic for |z| large, (3) 

(c) ' G(z; oo) = 0 if z is in the boundary of D. 

Domains that include the point at oo, and their Green’s functions, are impor- 
tant in the subject of potential theory. 

Example 1 Let D be the disc {z: |z| < 1} and fix p e D. Set 


G(z; p) = log 


1 — pz 


z-p 


M < 


Then G is harmonic except at p, G = 0 on the boundary 


1 . 

of D, since if |z| = 1, then 


On the disc D, 


1 — pz 
z-p 


= 1. 


G(z; p) + log|z - p | = log| 1 - pz|. 

Note that log| 1 — pz| is harmonic on D. Furthermore, the (inward) normal deriva- 
tive of G at the boundary is just minus the partial derivative of G with respect to r, 
which is 


d_ 

Jr 



1 - pre ie 


re 


k=i 


1-lpl 1 2 

\e w ~p \ 2 * 


You should recognize this function immediately as the Poisson kernel for the point 

p, |p| <1. □ 


Example 2 Let D be a simply-connected domain, bounded or unbounded, with at 
least two points in its boundary, and fix a point p e D. Let <j> be the Riemann 
mapping of D onto the disc A = {w: |w| < 1} with <j>{p) = 0, </>'(p) > 0; such a 
mapping exists and is unique, by Theorem 1, Section 5, Chapter 3. Show that 



4.5 Impulse Functions and the Green's Function of a Domain 313 


G(z;p) = -log|^(z)|, zeD 
is the Green’s function for D with singularity at p . 

Solution Let us suppose first that p is not the point at oo (if this point is even in 
D). On £>\{p}, the function <j> is analytic and nonzero, so log|^| is harmonic, by 
Exercise 2 of Section 4.1. Furthermore, <j> has a zero of order one at p, so 

<f>{z) = (z - p)g(z), 

where g(z) is never zero on D. Thus, 

log | ^(z) | = log|z - p\ + log|gf(z)|, zeD , 

and log|p| is harmonic on all of D. This shows that log|^| satisfies (a) and (b) of (2); 
to see that log|^| satisfies (c), we need to use this fact: 

if {z n } is a sequence of points in D with lim z n = A 

n-*oo 

for some X in the boundary of D, then lim \</>(z n )\ = 1. 

n-*>oo 

(See Exercise 19, Section 5, Chapter 3.) From this, it is evident that (c) holds, so 
— log | ^(z) | is, in fact, the Green’s function for D with singularity at p. 

The case when p is the point at oo is left for the exercises, but it is done in much 
the same way. □ 

Example 3 Let D be the complement of the segment [ a , fe], including the point at 
oo. Find the Green’s function for D with singularity at oo and evaluate 

k = lim {G(z; oo) — log|z|}. 

|z|->co 

Solution Let 


M z ) = 


2z 

b — a 


+ 


a + b 
a — b 


^i(z) is a one-to-one analytic function that maps the segment [a, fr] onto [— 1, 1] and 
D onto the domain D l that is the complement of [ — 1, 1]. Let ^ 2 (w) = w — ^/w 2 — 1; 
</> 2 (w) is an analytic function that maps the domain D x one-to-one onto the disc 
A = {£: | C| < 1}; <fr 2 is the inverse of the function ^(() = y(£ + C -1 )> which maps the 
unit disc A onto (see Example 5, Section 4, Chapter 3). The composition 
^(z) = </> 2 (<f>i(z)) is the Riemann mapping of D onto A with ^(oo) = 0. According to 
Example 2, the Green’s function for D with singularity at oo is 
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G(z; oo ) = -log|^(z)| 

= — log| (Az + B)~ J(Az + B) 2 - 1|, 
where A = 2/(ft — a) and B = (a + ft)/(a — ft). Next, for |w| large, 

where c 2 , c 3 , . . . are constants (see Exercises 25 to 27 of Section 2, Chapter 2). Hence, 


w 


V w2 - 1 =y- + ^| + ^| + --. 

2w w 3 w D 


and consequently, 


1 


1 "* 3 "h 

2w vv J 


-\og\<t> 2 (w)\ = -log 

= log|2w| - log 


Replacing w with Az + B gives 
G(z; oo) - log|z| = log 
so finally, 


/ 


21 ^ H — 1 

- log 

V Z J 


t 2 c 2 
1 +— | + 
w 2 


2c 2 

1 H h 

(Az + £) 2 + 


k = lim {G(z; oo) - log|z| } = log(2y4) 
l z h°o 


= log 


ft — a 


EXERCISES FOR SECTION 4.5 

1. Let p e D. Show that the Green’s function of the domain D with singularity at 
p is unique. (Hint: If both G(z; p) and G x (z; p) satisfy the definition of the Green’s 
function, show that the difference, G — G u is harmonic and bounded in D and 
vanishes on the boundary of D.) 

2. Let £>! and D 2 be two domains with Green’s functions G x and G 2 , respectively. 
Suppose that <j> is a one-to-one analytic function mapping D x onto D 2 . Show 
that G 1 (z; p) = G 2 (<j>(z)\ </>{p)). 
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In Exercises 3 to 6, use Exercise 2 or the definition of the Green’s function to 
explicitly find the Green’s function for the domain D with singularity at p e D. 

3. D = {z = x + iy: y > 0} 

4. D = {z: | z — z 0 1 < R }, z 0 , R fixed, R > 0 

5. D = {z = x + iy: x > 0 and y > 0} 

6. D = {z = x + iy: y > 0 and |z| < 1} 

In Exercises 7 to 9, use Example 2 to find the Green’s function for the domains 
indicated. 

7. D = {z = x + iy:0 < y < n) 

8. D = {z = x + iy : — n/2 < x < n/2 and y > 0} 

9. D = {z = x + iy: x $ ( — oo, 0] } 

10. Show that the Green’s function for a domain D with singularity at p is always 
positive on D\{p}. (Hint: Show that G(z; p) is positive on the circle |z — p| = e 
for all small a; then use the maximum/minimum principle on the domain 

D\{z:\z-p\^e}.) 

11. Argue on physical grounds that the Green’s function is symmetric: G(q ; p) = 
G(p; q) for all p ^ q in D. 

12. Let D be a bounded domain whose boundary, T, consists of a finite number of 
disjoint piecewise smooth simple closed curves. It is a fact that the normal 
derivative of the Green’s function exists and is continuous on T. Use this to 
show that 


i r o 

2k J U ^dn^ Z ' ds = 

for any function u that is continuous onDuT and harmonic on D. (Hint: Apply 
Green’s Formula on the domain D e = {z e D: |z — p\ ^ e}; you’ll have to show 
that the term 


ff 

2n J \z-p\=e [on dn ) 

approaches u(p) as e decreases to 0. This is accomplished by noting that 

dG 1 u . 4 

— = r + bounded term 

on | z — p | 

on this circle. Next, estimate |G(z; p)\ by log(l/|z — p\) and recall that e log e 
goes to zero as e 0.) 

13. Let D be an unbounded domain including the point at oo, and let E be the 
complement of D; let G(z; oo) be the Green’s function for D with singularity at 
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oo. The number c(E) defined by 

-log c(E) = lim {G(z; oo) - log|z|} 

|z|-oo 

is called the logarithmic capacity of E. Find the logarithmic capacity of E if (a) 
E = {z: |z| ^ l};(b)E = {z: |z — z 0 | ^ r 0 };(c)£ = [ a , b\a < b (see Example 3); 
(d)E = {x + iy:(x 2 /a 2 ) + (y 2 /b 2 )^l}. 

14. Complete Example 2 by showing that if D is a simply-connected domain con- 
taining the point at oo, then 


G(z; oo) = log | ^(z) |, 

where </>(z) is the Riemann mapping of D onto the disc {w: |w| < 1} with 
<^(oo) = 0. 

Impulse Functions 

15. Show that the Poisson kernel 


PM = 


l-r 2 

1 — 2 r cos 9 + r 2 


converges to the impulse function at 0 = 0 as r-+l in the sense that 
X\m r ^(\l2n)\\h(e ie )P r (e ie ) dO = h(l) for each function that is continuous on 
the circle { e ie : —n ^ 9 ^ n}. 

16. Let [a, 6] be an interval in the line, and let a < p < b. Show that the “impulse 
function” S p for [a, 6] has the property that 

f f(x)S„(x)dx = f(p) 


for every continuous function f(x) on [a, 6]. (Hint: Let u n (x) be zero for 
\x — p\ > 1/(2 n) and u n (x) be n for |x — p\ < 1/(2 n). Show that 


lim f f(x)u„(x) dx = f{p).) 

n -> oo J a 


17. Let H{x) 


■ft 


a ^ x < p 
p < x ^b. 
H' = S p . (Hint: If /(b) = 0, then 


Use integration by parts to “show” that 


J> 


(x)H(x) dx 



f(x)H\x) dx. 


But f’(x)H(x) dx = J* /'(x) dx = f(b) - f(p) = -f(p).) 
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Further Reading 

The following two books present a substantial number of applications of complex 
variables to engineering and science problems. 

Henrici, P. Applied and computational analysis . Vol. 1. New York: Wiley, 1974. 

Kyrala, A. Applied functions of a complex variable. New York: Wiley, 1972. 

More specialized books that I have found useful in dealing with the topics in this 
chapter include the following: 

Chorin, L., and Marsden, J. A mathematical introduction to fluid mechanics. 
New York: Springer- Ver lag, 1979. 

Crank, J. The mathematics of diffusion. New York: Oxford University Press, 
1956. 

Kellogg, O. D. Foundations of potential theory. New York: Dover, 1953. 

Milne-Thompson, L. M. Theoretical aerodynamics. 4th ed. New York: Mac- 
millan, 1966. 

Milne-Thompson, L. M. Theoretical hydrodynamics. 5th ed. New York: Mac- 
millan, 1968. 

Muskhelishvili, N. I. Some basic problems of the mathematical theory of 
elasticity. Groningen, Netherlands: P. Noordhoff, 1963. 

Verruijt, A. Theory of groundwater flow. New York: Macmillan, 1970. 



5 

Transform Methods 


5.1 The Fourier* Transform: Basic Properties 

The Fourier transform is a powerful tool in both applied and theoretical mathematics. 
Its utility is due in no small part to the simple relationships between a function 
and its Fourier transform. However, a careful mathematical justification of these 
relationships is not elementary. For that reason, we postpone our discussion of these 
relationships until Section 2. In this section, we define the Fourier transform, 
demonstrate some of its basic properties, and show some of its applications. The 
relationships between the function and its transform are stated in Section 2, and 
several examples illustrate their uses. At the end of Section 2, we sketch a portion 
of the mathematics establishing these relationships. 

We begin with the notion of a piecewise smooth function on the real line. 
Suppose t 0 is a real number and u is a function defined for t near t 0 ; then we say 
that u has a limit at t 0 from the right if 

lim u(t 0 + h) = u + (t 0 ), h > 0 
hio 

exists; we say that u has a limit at t 0 from the left if 

lim u(t 0 — h) = u~(t 0 \ h > 0 

hi 0 

exists. We do not make any requirement about the possible equality of u + (t 0 ) and 
u~(t 0 ). If it happens that these two limits exist and are both equal to u(t 0 ), then 
(and only then) u is continuous at t 0 . 

Example 1 The function 



Ul < a 

|t| > a 


* Jean Baptiste Joseph Fourier, 1768-1830. 


318 
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has both left and right limits at all points t 0 . The left and right limits coincide except 
at t 0 = ±a; at t 0 = —a, the limit from the left is zero and the limit from the right 
is 1; at t 0 = a, exactly the reverse situation occurs. □ 

A function u is piecewise smooth if the following conditions are met: there are 
a finite number of points t 1 < t 2 < * * * < t N in the real line such that 

a. both u and u' are continuous on all the intervals (— oo, t x ) 9 (t l9 1 2 \ . . . , ( t N , oo). 

b. both u and u' have limits from the right and left at each of the points t l9 ... 9 t N . 

We do not require that the right and left limits of either u or u' coincide at any 
of the points t l9 ... 9 t N9 although this may happen. 

Example 2 The function 


u(t) 


■ft 


\t\ < a 
\t\>* 


from Example 1 is piecewise smooth. The graph of u is shown in Figure 5.3a. 
Example 3 The function 


0, —oo < t < —a 


U(t) = 


<t + 0 T, 

l 2a, 


— a ^ t ^ a 
a < t < oo 


is piecewise smooth. U is continuous and differentiable (except at ± a). However, 
U f = u, the function from Example 2, so U ' is discontinuous at ± or. □ 

Example 4 If u is piecewise smooth and U is any function with U'(t) = u(t) for all 
t t j9 j = 1, ..., N , then U is piecewise smooth. The elementary demonstration of 
this is left to the exercises. □ 

Example 5 The functions 


and 


Uj(£) 


1 


t’ 

0 , 


t > 0 
t < 0 


« 2 (f) 


t log t, 

0 , 


t > 0 
ts$0 


are not piecewise smooth. u l does not have a (finite) limit from the right at t = 0. u 2 
is continuous on the real line; however, u’ 2 fails to have a (finite) limit from the right 
at t = 0. □ 
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The Fourier Transform 

Let u be a piecewise smooth function on the real line, and assume that 



\u(t)\ dt < oo. 


( 1 ) 


Condition (1) will certainly hold if u(t) = 0 for 1 1| > M or if \u(t)\ ^ C/t 2 for all large 
t. We define the Fourier transform of u by the rule 


u(x) = u(t)e ltx dt, —oo < x < oo. (2) 

J —00 

The condition (1), together with the fact that \e~ ltx \ = 1 if both t and x are real, 
assures us that the integral defining tJ(x) makes good sense (see Exercises 16 to 19 
in Section 2). As we shall see, the Residue Theorem will be an indispensable tool in 
the computation of Fourier transforms. 


Example 6 Find the Fourier transform of the function 

u(t) 

Solution By the definition of the Fourier transform, 


-ft 


\t\<* 
\t\ > o. 



□ 


Example 7 Find the Fourier transform of u(t) = e f2 . 
Solution The Fourier transform of u is given by 


f*ao f*oo 

= e~ t2 e~ ltx dt = £-('+»*/2) 2 £-* 2 /4 fa 

J -00 J -00 

= {exp( - x 2 /4)j | exp [ ' — ( ( + y) ] dL 


To evaluate this last integral, we make use of some complex analysis. Let R be a 
large positive number; the integral 
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converges to 

M-B)> 

as R -► oo. However, the integral from — R to R is nothing but the integral 

f ix 

exp ( — z 2 )dz, z = t + — , — 

where y R is the line segment joining — R + (ix/2) to R + (ix/ 2). Consider now the 
rectangle T R with vertices at — R, R, R + (ix/2), and — R + (ix/2) (Fig. 5.1). By 
Cauchy’s Theorem, the line integral of f(z) = exp( — z 2 ) about T R is zero. Further- 
more, on the vertical edges of T R9 we may make the estimate 


\m = |exp(— z 2 )| 


= exp 





so the integral of / over the two vertical edges of T R is very small if R is very large. 
The integral of f(z) as z runs from — R to R cannot be computed exactly, but as 
R-+ oo it converges to 



e f2 dt = y/n. 


(The value of this integral should be familiar from calculus; also see Exercise 20, 
Section 3, Chapter 2.) Hence, we have shown that 

exp( — t 2 — ixt) dt = yfn exp 

J —00 



SO 



Figure 5.1 
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ri(x) = y/n exp 

That is, the Fourier transform of e~ %2 is yfne~ x2lAr . □ 

Example 8 Find the Fourier transform of 



u(t) = 


1 + t 2 


Solution The Fourier transform of u is 


m 


-tr 


+ r 


dt. 


To evaluate this integral, we use the Residue Theorem. Let 


/(z) = 


1 + z 


2 > 


and set z = a + ix. Thus, 


\m\ ^ 



|z| large 





if xx ^ 0. 


The necessity that xx be less than or equal to zero requires us to consider two cases. 
If x is negative, we integrate / over the contour shown in Figure 5.2a; if x is positive, 
we integrate / over the contour in Figure 5.2b. We can apply the Residue Theorem 




r* 


Figure 5.2 


5.1 The Fourier Transform: Basic Properties 323 


(or just use Cauchy’s Formula). For the case where x ^ 0, the pole is at i, and we 
find that 


1 


f(z) dz = 2ni- 




2 i 


= ne x , x ^ 0. 


For the case where x ^ 0, the pole is at — i. As before, 


L 


-ix(-i) 


f(z)dz = 2 ni — 

r« ~ Ll 


= —ne 


x > 0. 


Since the integral of / over the semicircular part of T R goes to zero as R oo, we 
find that 


u(x) = 



1 + V 


dt = 



x ^ 0 
x ^ 0. 


Consequently, 


u(x) = ne w , x real. 


□ 


Basic Properties of the Fourier Transform 

The operation of taking the Fourier transform of a function has certain convenient 
and useful properties, which we list here. (In all cases, we assume that (1) holds.) 

Property 1: Linearity 

If and u 2 are functions and and A 2 are complex numbers, then 

(yliUj + k 2 U 2 Y(x) = /liWi(x) + (3) 


Property 2: Translation 

If a is a real number and v is the function defined by v(t) = u(a + t\ — oo < t < oo, 
then 


v(x) = e lfl *w(x), — oo < x < oo. 


(4) 


Property 3: Scaling 

If b is a real number, b ^ 0, and w is the function defined by w(t) = u(bt\ 
—oo < t < o o, then 



(5) 


Property 4: Transform of the Derivative 

If u is differentiable everywhere on the real axis, and if u and u’ both satisfy (1), then 
u'(x) = ixw(x), 


—oo < X < 00. 


( 6 ) 
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Property 5: Derivative of the Transform 


assuming that 


= — i(tu(t)) A (x), 

*00 

\tu(t)\ dt < oo. 

J -00 


(7) 


The demonstrations of (3) through (7) are simple and left for the exercises; (4) and 
(5) are done by a change of variables and (6) by an integration by parts. (See 
Exercise 20, Section 2 of this chapter, to conclude that 1™^.,^ u(t) = 0.) 

Example 9 Find the Fourier transform of 


(i) 

“i(0 = (t 2 + 4t + 5)' 1 

L 

(ii) 

u 2 (t) = exp|^-yj. 



f 1 + t, - 

•1 

(iii) 

MO =(!-(. 

0 < t s? 1 


U 



Solution (i) u x is given by 


MO 


1 

(t + 2) 2 + 1 


M + 2), 


where u is the function in Example 8. Hence, by Property 2, 


M*) = e 2ix fi(x) 


= ne 2lx e w , — oo < x < oo. 

(ii) Next, u 2 (t) is exactly u(t/y/ 2), where u is the function from Example 7. 
Consequently, with b = 1/^/2, Property 3 gives 

U 2 (x) = Jlu(j2x) 

= V^exp^-^-J 

= y/2nu ? (x). 

Thus, u 2 is a constant multiple of its Fourier transform. 
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(iii) Finally, the function u 3 (t) has a very simple derivative: 


«3 W = 


■i 


— 1 < t < 0 
0 < t < 1 

Itl > 1. 


The Fourier transform of u' 3 is easily computed to be 


«s(*) = 


2(cos x — 1) 
ix 


Thus 


1 ^ 

= 


1 — COS X 


□ 


There is one more very important property of the Fourier transform, but we 
need a definition in order to introduce it. Suppose u and v are two functions 
satisfying (1); the convolution of u and v is the function u*v defined by 


(u*v){t) 



u(s)v(t — s) ds , 


— 00 < t < 00 . 


Example 10 Let 


u(t) = v(t) = 


f 1 - 

0 . 


|t| < a 
|£| > a. 


( 8 ) 


Find u*v. 

Solution The convolution of u and v at t is given by 


(u*v)(t) 


*00 

u(s)v(t — s) ds. 

J -00 


Now v(t — s) = 0 unless \t — s\ < a; since u(s) = 1 only when \s\ < a, we know 
that 


u(s)v(t — s) = 


ft 


if \t — s\ < a and \s\ < a 
otherwise. 


Thus, u(s)v(t — s) = 0 for all s if |t| > 2or, so (u * v)(t) = 0 if \ t\ > 2a. Moreover, if 
0 ^ t < 2or, then 


u{s)v(t — s) = 


if t — a < s < a 
otherwise, 
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and, for — 2 a < t ^ 0, 

u(s)v(t 

Thus, 


v fl, if 

o, 


— a < s < t + a 
otherwise. 


(u*v)(t) = 


0, t ^ —2a 

t + 2a, — 2a^t^0 

2(7 — t, 0 ^ t ^ 2a 

0, t > 2a. 


A sketch of the graphs of u, v, and u*v is shown in Figure 5.3a and 5.3b. 



Example 11 Let u be a bounded continuous function on (— oo, oo), satisfying (1), 
and, for y > 0, let 


Then the function 



y 

+ y 2 ' 


U(x, y) = (u*K y )(x) 


-;j: 


u(t) 


(x - t) 2 + y : 


dt 


is exactly the bounded harmonic function of x + iy defined in the upper half-plane 
{x + iy: y > 0}, which satisfies 


lim U(x , y) = m(s), — oo < s < oo; 

x+iy-*s 

see Section 3, Chapter 4. □ 
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In the exercises, the reader is asked to show that u * v is the same as v * u; that 
is, the order of the convolution is not important. It is also true that convolution 
“distributes” across addition just as multiplication does: 

u*(t; + w) = u*t; + u*w. 

The critical connection between the Fourier transform and convolution is that 
the Fourier transform of the convolution of u and v is just the product of the Fourier 
transforms of u and v, respectively. In symbols, 


(u*i;) A (x) = u(x)v(x\ —oo < x < oo. (9) 

This is not too hard to show (if one takes on faith the reversibility of the order of 
integration in an iterated integral): 


(u * v) 


•»-£ 
-£(f 
-Oft 
-(j: 


(u * v)(t)e~ ltx dt 

u(s)v(t — s) dsje _If * dt 

v(t — s)e~ i(t ~ s)x dt\ e~ i5X ds 


u(s)e lsx ds J v(x) 


= u(x)v{x). 


The Fourier transform has powerful applications in the area of differential 
equations; we illustrate with two examples. Both examples make use of the fact that 
if u x and u 2 are two functions with u x = u 2 , then = u 2 \ see Exercise 12, Section 2. 

Example 12 At a particular time, a very long thin rod has a given temperature 
distribution /(s), — oo < s < oo. Find the temperature at all future times. 

Solution The rod is one-dimensional (it just has length), so the temperature is 
a function of the position s on the rod at the time t\ we let u(t, s) be the temperature 
at time t and position s. The function u(t, s) satisfies the heat equation 

du d 2 u 

~8i = d^ 9 


with initial condition 


u(0, s) = /(s), 


— 00 < S < 00 . 
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We now use the Fourier transform (on the s variable) to solve this equation. We 
begin by setting 


<Kt, x) = 



u(t, s)e isx ds. 


— 00 < X < 00. 


Then 


~dt 


f 00 du 

-f 


s)e isx ds 


d 2 u _ 

2^2 M)e lsx ds. 


In this second integral, we use (6) (or integrate twice by parts); we also make the 
natural assumption that u(t, s) and ( du/ds)(t , s) both tend to zero as s -► ±oo for 
each t. The net result, then, is that 




r u(t, 

J -00 


s)e isx ds 


= -x 2 <f>(t, x). 


Furthermore, 


^(0, x) = J u(0, s)e isx ds 
J —00 

= f(s)e~ isx ds 
J -00 

= f(x). 

Consequently, for each fixed x, ^(x, t) satisfies the ordinary differential equation 


— = -x 2 (p, (/>{ 0,x) = /(x). 


Hence, we must have 


x) =/(x) exp[— tx 2 ]. 


However, we recognize (and this is critical!) that exp[ — x 2 t] is the Fourier transform 
of 
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/C(s) = -4=fT s2/4 ', t> 0. 

Isjllt 


Since </>(t, x) is the Fourier transform of u(t, s), we use the convolution theorem to 
discover that u(t, s) must be the convolution of / and K: 


u{t, s) = 


Ay) 


2 yfin 


=— r 

2y/nt J- 


f(y)e 


-(s-y) 2 /4r 


-(s-y) 2 /4f 


dy 


dy. 


This explicitly displays the dependence of the solution u(t , s) on the initial tempera- 
ture distribution /. The function K given above is the heat kernel. □ 


Example 13 (Biharmonic Functions in the Upper Half-Plane) In this example, we show 
how the Fourier transform can be used to give an integral representation formula for 
a function u(x, y) that is biharmonic on the upper half-plane, U = {x - h iy: y > 0}, 
and that has given values on the real axis. The formula will be in many ways 
analogous to the Poisson Integral Formula for the upper half-plane. Refer to 
Section 2, Chapter 4, for a physical problem whose solution is biharmonic. 


We wish to find a function u(x, y) satisfying 


d*u d*u d*u 

(i » 4 ' 4 “'-a? + 2 w + v - 0 - 0 

(ii) u(x, 0) = /(x), —oo < x < oo. 

Let U(s 9 y) be the Fourier transform of u(x, y) on the x-variable: 


U(s, y) = 


u(x, y)e isx dx. 


We hold s fixed and treat U as a function of y. Differentiation yields 


d*U 
dy 4 


<9 4 u 

dy* 


-i: 


<T l ' s * dx 


2 d*u d*u\ _ is 

dy 2 dx 2 dx*] 6 


dx. 


Using (6), or integrating by parts, we find that 
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w.2 s =r r 

if Ley 2 J- 


u(x, y)e isx dx 


= 2s 2 ^-- s*U. 
dy 1 


Hence, U satisfies the fourth-order linear ordinary differential equation 

d*U „ ,d 2 U ^ r7 „ 

2s 2 — + S*U = 0, 


dy 4 


dy 2 


with 


U (s, 0) = u(x, 0)e isx dx 


= f(x)e' i5X dx 

J -00 

= /(4 

The linearly independent solutions of u (4) — 2s V' + s 4 y = 0 are e sy , ye sy , e~ sy , and 
ye~ sy . In our problem, y is positive, and the solution U must be a Fourier transform. 
This leads to the conclusion that 

l/(s, y) = X(s)e' y|51 + £(s)ye' y|s| , -oo < s < oo, 

where A(s) and B(s) are functions of s (see Exercise 21 at the end of this section). 
The condition l/(s, 0) = /(s) yields A(s) = /(s). Furthermore, e _y|s| is the Fourier 
transform of 


rp- 

(See Example 8 and formula (5).) Likewise, ye ~ y |s| is the Fourier transform of 

1 y 2 

u 2 (t) = --T 2 - 

n t 2 + y 

The convolution result, equation (9), then gives 


,2 ‘ 


1 f» 

"(*, y) = ~ 


/(*) 


(x - t) 2 + y ; 


dt + 


i f°° 

Jt J-c, 


0(f) 


(x — t) 2 + y 2 


dt. 
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The Poisson Integral Formula shows that the first term on the right is a harmonic 
function on the upper half-plane U whose boundary values on the real axis are /. 
The second term is just yG(x, y ), where G is a harmonic function on U whose 
boundary values on the real axis are g. Thus, as y decreases to zero, yG(x , y) 
converges to 0 • g(x) = 0. Since G is harmonic, yG(x, y) is biharmonic. The function 
g is arbitrary, within the limitations that the integral defining G(x, y) makes sense; 
for instance, g could be any piecewise continuous, bounded function. □ 


EXERCISES FOR SECTION 5.1 


In Exercises 1 to 12, find u from the given u. 
\t\<b m 
\t\>b 9 


i. «».{; 


b a positive constant 


-1. 

— a < t < 0 

1, 

0 < t < a; 

0, 

|t| > (7 

(1 + t) 2 . 

— 1 < t < 0 

(1 - 1) 2 , 

o < t l 

0, 

\t\>i 


2 . u(t) = 

3. u(t) = | 

4. u(t ) = 16e -4 ' 2 

5. u(t) = (20 St t 

6 . u(t) = (a 2 + b 2 t 2 )' 1 ; 

7. u(t) = ^ ^ — 

J-a 1 + (t — S 

f 00 1 1 

J_ool+S 1 + (t ~ 


g a positive constant 


2 


a and b positive constants 
2 ds; a a positive constant 
1 

ds 


s) 2 

\t\ > G 

a \ 2 \t\<a' 

(Hint: Let u x (£) = e f2 and u 2 = u — u l . Find and u 2 .) 
10. u has the graph shown in Figure 5.4. 


9. u(t) = 


-* 2 

e — e 


g a positive constant 



Figure 5.4 
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1 1. u has the graph shown in Figure 5.5. 



Figure 5.5 


U, \t\ < a 

12. u(t) = < B, a <\t\ <b\ a , b , A, and B constants, and 0 < a < b 

[o, \t\>b 

(Hint: Write u = u x + u 2 , where each of and u 2 has just one step.) 

13. Give the details to show that (i) (3) is valid; (ii) (4) is valid; (iii) (5) is valid; and 
(iv) (6) is valid. 

14. Let u be piecewise smooth and U'(t) = u{t). Show that U is also piecewise 
smooth. 

15. Use the Residue Theorem in the manner of Example 8 to find u(x) if 

U(t) = (1 + r 4 )- 1 . 

16. Let u(t)<= 2 " if n ^ \t\ < n + 1, n = 0, 1, 2, Find 

17. Let * be the operation of convolution defined in (8). Show that u*v = v*u 

and that u*(v x + v 2 ) = u * + u * v 2 . 

18. Let S(t) be the “impulse function” at 0 discussed in Section 5, Chapter 4, 
Exercise 16. Show that <5 * S = 6 and that <5(x) = 1 for all x. 

19. Suppose that / is piecewise continuous on (— oo, oo) and satisfies 

f°° \f(t)\dt = M. 

J -00 
Let 

r>0 ' 

Show that 

f 00 

| u(x 9 y)\ dx < M, for each y > 0. 


20. Suppose that u(x, y) satisfies 
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I u(x 9 y) | dx ^ M, 


for each y, y ^ 0. Let 


U(s, y) = u(x, y)e isx dx. 

J -00 

Show that | U(s, y)| ^ M for all y ^ 0 and all s, — oo < s < oo. 

21. Let L/(s, y) be a bounded function on the region — oo < s < oo, y > 0. Suppose 
that U can be written as 

U(s, y) = lA(s) + y£(s)]e s > + [C(s) + 


Show that 


y4(s) = £(s) = 0 if s > 0 

and 

C(s) = D(s) = 0 if s < 0. 

(Hint: is unboundedly large as y | oo if s > 0, and e sy and ye sy both go to 

zero as y | oo if s > 0.) 

22. Let u and v satisfy (1), and let w be their convolution: 

f ° 0 

w(x) = u(x — t)v(t) dt. 

J -00 

Show that 



|w(x)| dx ^ 



|«(t)| dt 



MO I dt 


> 


In Exercises 23 to 26, use the Fourier transform in the manner of Examples 12 and 
13 to solve the given partial differential equations. 

23. Solve the wave equation 


= u xx , * ^ 0, -oo < x < oo, 


subject to 


u(x, 0) = 0 


— (x, 0) = g(x). 


— OO < X < OO. 
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24. Solve the Dirichlet problem in the upper half-plane: 

U xx + U yy = 0, U(X, 0) = /(x), —00 < X < 00. 

(At one point, you will need to make use of the conclusion of Exercise 21.) 
Compare your answer to the solution given in Section 3, Chapter 4. 

25. Solve the Neumann problem in the upper half-plane: 

du 

u xx + u yy = 0, lim — (x, t) = g{x\ -oo < x < oo. 

U o oy 

Compare your answer to the solution given in Section 4, Chapter 4. (As in 
Exercise 24, at one point you will need to use the conclusion of Exercise 21.) 

26. Solve the modified heat equation, 

du d 2 u 

~ = — + g (x), -oo < x < oo, t ^ 0, 


with 


u( 0; x) = /(x), —oo < x < oo. 

Here g is a function of x alone; we assume that both g and g' satisfy (1). 

27. (The telegraph equation*) Current flows along a long cable according to the 
equation 


d 2 u 

dx 2 


CL^ + ( RC + SL)~-f + RSu, 
ot 


, du 

] ~di 


where u(x; t) is the current at point x, — oo < x < oo, and time t, t > 0. The 
constants C, L, R , and 5 are, respectively, the capacitance, inductance, resis- 
tance, and leakage, all per unit length. Suppose that the initial conditions are 
u(x;0) = /(x) and (du/dt){x;0) = g{x) 9 — oo < x < oo. We shall take steps 
toward solving this equation. Set a = RS/CL , b = ^[( R/L ) + (S/C)], and 
c = (CL)“ 1/2 . The equation becomes 


2 __ 

dx 2 


d 2 u du 

—~2 + 2ft— - + AM. 
dr dt 


Define 


1/0 = 



w(x; £)e ixs dx , 


s fixed. 


The telegraph equation was discovered by Oliver Heaviside; see Section 3. 
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(i) Show that U satisfies the ordinary differential equation 

U" + 2bU' + (a + s 2 c 2 )U = 0, 

and solve for U. 

(ii) In the special case where RC = SL, complete the work by solving for 
u(x; £). 


5.2 Formulas Relating u and u 


The relationships between a function u and its Fourier transform u are set forth in 
the following two formulas. The first, the Fourier Inversion Formula, is 

u(t) = 2 “ J &(x)e ix ’ dx, (1) 


if the function u is continuous at t. Since u could possibly be discontinuous at a finite 
number of points, a more general version of (1) is 

^(u + (t) + u~(t)) = u(x)e ixt dx. (1') 

Either of these formulas shows that the function u can be recovered from its Fourier 
transform u by means of a formula almost identical to the formula that defines ti in 
terms of u. 

The second formula states that 2n times the integral over the real axis of \u\ 2 
is exactly the same as the integral of \d\ 2 : 

2n [ \u(t)\ 2 dt = f |<J(x )| 2 dx. (2) 


These two formulas are at the heart of the theory of the Fourier transform. As 
mentioned in the opening paragraph of Section 1, a thorough mathematical justifi- 
cation of formulas (1) and (2) is not elementary. 

The equality in (2) is called Parseval’s equality. In physical terms, it states 
that the total energy of a system is preserved by the Fourier transform — the 
transformed system has exactly as much energy as the original system. Furthermore, 
equation (2) is equivalent to the seemingly more general equality 


2 n 



u(t)v(t) dt = 


*00 
J -00 


u(x)6(x) dx. 


( 3 ) 


Indeed, (3) follows from (2) by replacing u with u + v and using the known equality 
(2) for both \u\ 2 and \v\ 2 . (See the exercises at the end of this section.) 



336 Chapter 5 Transform Methods 


Example 1 

Solution From Example 6, Section 1, 
transform of the function 



Thus, by the Fourier Inversion Formula, 



know that 2(sin x)/x is the Fourier 


\t |<1 
1*1 > 1 . 


i*i <i 
i*i > i- 


Find the Fourier transform of f(t ) = (sin t)/t. 

we 


You might try to compute f(x) directly, to appreciate better the strength of the 
Fourier Inversion Formula we are using here. 


Example 2 Compute 


Solution The function 


j: 


(1 — cos x) 2 


dx. 


/(*) = 2 


1 — COS X 


is the Fourier transform of the function 


u(t) = 


1 + t, 
1 -t, 
0, 


-1 ^ t SC 0 
0 t s$ 1 


(See the function u 3 in Example 9, Section 1.) The integral we want is one-quarter 
the integral of the square off = i3; by (2), this is equal to 

Hence, 

f 00 (1 — cos x) 2 . n 

4 — ~dx = ~. □ 

J-oo X 4 3 


The Complex Fourier Transform 

Let us look back at formula (2) in Section 1, which defines the Fourier transform 
of a function m, but now replace the real variable x with the complex variable 
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z = x + iy: 


lJ(z) = 


*00 

u(t)e~ ia 

J -00 


dt. 


( 4 ) 


We need to concern ourselves first with the question of whether the integral makes 
sense and, if so, for which z. We note that 

\u(t)e~ izt | = \u(t)\e» 

First take — oo < r ^ 0; in order that the integral on ( — oo, 0) converges, we assume 
that 


t^O (5) 

for some constant and some number It follows from this that 
\u{t)e~ izt \ t <0, 


so 



dr 


converges for all z with y = Im z > (see Exercises 16 to 19 at the end of this 
section). Likewise, if u satisfies the growth condition 

|u(r)| ^ M 2 e~ X2t for r ^ 0 (6) 

for some number t 2 , then the integral 

J u(t)e~ izt dt 

is absolutely convergent for all z with — t 2 + y < 0. Thus, if both (5) and (6) hold 
and if < i 2 , then the integral defining iJ(z) is convergent for all z with 


ij < Im z < i 2 . (7) 

In this way, we see that the complex Fourier transform tJ(z) is defined for all z in 
the horizontal strip defined by (7). Moreover, in this strip, tJ(z) is an analytic function 
of z with derivative 





u(t)te izt dt. 


( 8 ) 
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The analyticity of d(z) can be validated more fully by use of Morera’s Theorem 
(see the exercises at the end of this section). Thus, for example, if u(t) = 0 for all t 
with \t\ ^ A > 0, then surely both (5) and (6) hold for every and i 2 , so u(z) is 
analytic for all z; that is, d is an entire function. 

Example 3 Let u(t) = Then x x = — 1 and t 2 = 1, so d(z) is analytic within 
the strip |Im z| < 1. In fact, 

as Example 8, Section 1, and the Fourier Inversion Formula show. Thus, the strip 
of analyticity of d is as wide as possible: d is not analytic in any wider (open) 
strip. □ 

Example 4 Let us look at Example 3 the other way around. Take u(t) = 2(1 + £ l 2 ) -1 ; 
then d(x) = 2ne^ x [ and this function has no analytic extension to a strip of the form 
< Im z < t 2 , no matter how and t 2 are chosen, ^ 0 ^ i 2 . Thus the bounds 
on the growth of |u(£)| given by (5) and (6) are not at all superfluous. □ 


To invert the complex Fourier transform, we use the usual formula, but in 
a new location. Let y 0 be any number with Tj < yo < x 2 ; then 


| u(t)e if(x+i *> ) | = \u(t)\e ty ° 


M^ x ift^O 

M 2 e + * 2t if r < 0, 


where Af 1# M 2 , s l9 and e 2 are positive constants. (See (5) and (6).) Let 


Uj(£) = u(t)e ty °. 

Then for — oo < x < oo, 

d^x) = d(x + iy 0 ). 


Consequently, by the Fourier Inversion Formula, 


u(t) = e ty °u t (t) 

i r°° 

I d x (x)e ltx dx 


= e~ ty <>- 


d(x + iy 0 )e it(x+iyo) dx 


--f 

J- 

l f oo+iy 0 

= — u(z)e i,z dz. 

J-oo+i^o 
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The lower and upper limits on this last integral mean that z traverses the entire 
horizontal line y = y 0 from left to right. Since y 0 is any number in the interval 
(ti, t 2 ), we can write 

1 I* oo+iy 

u(t) = — u(z)e i2 ‘ dz, T, < y < t 2 . 

^ J -oo+iy 

u(z) is analytic; obviously so is e izt . Thus, it is frequently possible to use the Residue 
Theorem, or some other similar device, to evaluate this integral. 

Example 5 Find u if u(z) = 1/z 2 . 

Solution u(z) is analytic except at the origin, so we may use the Residue Theorem 
to evaluate the integral 


r co+ iy 0 

J — oo+iy o 



We choose y 0 to be a positive number. If t is positive, we integrate over the semicircle 
shown in Figure 5.6a; if t is negative, we integrate over the semicircle in Figure 5.6b. 
In both cases, the integral over the curved portion goes to zero as R oo. Cauchy’s 
Theorem and the Residue Theorem then give, respectively, 



t > 0 
t <0. 


□ 



Figure 5.6 


A Mathematical Justification of Formulas (1) and (2) 

The correctness of what is done as follows depends on the validity of two steps 
that, although clearly believable, are themselves in need of further mathematical 



340 Chapter 5 Transform Methods 


justification. We will point these out and comment further on them after the 
derivation of the formulas. 

Let u and v be two piecewise smooth functions that satisfy the conditions 

/*00 f * 00 

\u(t)\ dt < oo ; | m(0I 2 < oo; lim u(t) = lim u'(t) = 0, 

J- 00 J- 00 |t| —►GO |r|-»oo 

and the same with v in place of u. Then 

I tl(x)v(x)e lsx dx = J u(x)j f u(t)e“ lxf dt dx 
J -oo J -00 LJ-oo ) 


= | u(0 1| v(x)e~‘ x< '~ s) <fxj dt 

1*00 1*00 

= u(t)0(t — s) dt = u(t + s)tf(t) dt. 

J -oo J- 00 


Now take u(x) = e £ * 2 , where e is a small positive number. We know, from Example 
7 in Section 1 and (5) in Section 1, that 


0(0 = yfn 


e -tW 


£ 


Hence, 


i: 


e * x2 ti(x)e isx dx 




u(t + s)- 


p-t 2 / 4e 2 


dt 



= y/n I u(ey + s)e y2/4 dy. 


Now let £ decrease to zero; the left-hand side converges to 



&{x)e i5X dx . 


The right-hand side converges to 



u(s)e y2/4 dy = u(s)27c 


if u is continuous at s or to (27r)^(u + (s) + u (s)) if s happens to be one of the finite 
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number of points of discontinuity of u. This gives (1) if u is continuous at s or (T) if 
u is discontinuous at s* 

To prove (2), let e > 0 and set 

v,(t) = 


w t(t) = —^ e ,2/4£ \ 
2yjne 


and 


p(t) = u(-t). 

A simple computation gives tJ(£) = p(t ), so 

»e(0 = = (P * W £ )"(0. 

Using (1), we find that 

1 


2n 


0«(*) = (P **«)(-*) 


-I. 

1 r 


p( — x — s)w e (s) ds 

p( — x — 2 et)e~ t2 dt 


u(x - h 2 et)e 1 dt. 


In the formula 


i: 


d(x)v(x)e isx dx = j u(x + s)tf(x) dx , 

J -00 

derived above, we take s = 0 and v = v e . This produces the relation 

l2„-e 2 x 2 


i: 


\m\ 2 e- 


-ML (2 v /?t)u(x + let )e ' 2 </fj dx 
M>iL u(x)u(x + 2 et) dx j dt. 


Upon letting e decrease to zero, we obtain (2). 

* An alternative justification of (1) is given in Exercises 22 to 25. 
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A few comments now on the preceding mathematics. To prove (1), we wrote 
down the integral of u(x)v(x ), then replaced u(x) with its integral formulation, and 
then interchanged the order of integration in the resulting iterated integral. This is 
mathematically justifiable here, but only with some effort. We then made the choice 
v(x) = exp( — ex 2 ); after a change of variables, we then asserted that 

( ) = j lim( ), 

J -oo e->0 

where the expression ( ) depends on e as well as the variable of integration. 

Again, this is reasonable but needs mathematical justification. 



EXERCISES FOR SECTION 5.2 

1. Use (3) to show that 



sin ax sin /?x , . , . 

2 dx = n min{a, /?}, 


a and /? positive. 


2. Show that 


sin oit _ 

e dt = arctan a, a positive. 


(Hint: Rewrite the integral as 


1 

2 



t 


dt 


and use (3).) 

3. Compute the value of 



dx 


using (2) and Exercise 2, Section 1 . 

4. Compute the value of 



(x — sin x) 2 


dx 


using (2) and Exercise 3, Section 1. 

5. Using (2), compute the value of 


00 dx 
-00 ( 1 +* 2 ) 2 ' 
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6. Find u if 


7. Find u if 


u(t) = 



e _ |( _ s| sinas 

s 


ds. 




8. Suppose that u(t) = 0 if \t\ > A. Use Morera’s Theorem to show that u(z) 
is an entire function of the complex variable z; moreover, u is bounded on 
the real axis and, in general, satisfies |w(z)| ^ 2AMe A |y| if z = x + iy , 
M = maximum {|m(£)|: \ t\ ^ A}. 

9. Use (3) to find the value of 

f 00 (x — sin x)(sin ax) 

L — ? — 


10. Use (3) to show that 



(sin 2 ax) (sin 2 /?x) 


dx = - min (a, /?}. 


(Hint: Use 2 sin 2 6 = 1 — cos 20 and Exercise 2, Section 5.1.) 

11. Suppose that u(t ) = 0 for \t\ ^ X and that w(x) = 0 for |x| ^ B 9 A and B > 0. 
Show that u is identically zero. (Hint: Refer to Exercise 8.) 

12. Suppose that u x and u 2 are two functions satisfying (1) of Section 5.1 and u x 
and u 2 have the same Fourier transform. Show that u l —u 2 at all points of 
continuity of u x and u 2 . 

13. Give the details of how (2) implies (3). 

14. Suppose that \u(t)\ dt < oo; show that m(x) is a continuous function of x. 
(Hint: We can write 


{l(x 2 )-u(x x ) 


*00 

u(t){e~ lX2t — e~ lXlt } dt = 

J -00 


'M 

+ 

J-M 



The second and third integrals are small for all x x and x 2 if only M is big, while 
for M fixed the first integral is small if x x is near x 2 .) 

15. Suppose (1) of Section 1 holds. Fill in the details of the following steps to show 
that the Riemann-Lebesgue Lemma holds: 


lim u(x) = 0. 

JC->00 


(a) u(x) = —j- x e ix ‘u(t + (n/x)) dt 
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(b) d(x) = e~ ix ‘^{u(t) - u(t + n/x)} dt 

(c) + + dt, 

where w(t) = \u(t) — u(t + n/x)\. Show that the second and third integrals 
are small for any x if M is big; show that the first integral is small for M 
fixed if x is big and u is continuous. 

(d) Modify step (c) above to include the case when u is merely piecewise 
continuous. 


Improper Integrals on (— oo, oo) 

A piecewise continuous function u on the real axis has an improper integral on 

(— 00 , oo) if 

fMj 

lim u(t) dt 

M i-oo J -M 2 
M 2 ~* oo 


exists, no matter how and Af 2 go to oo. u(t) is absolutely integrable if |u(t)| 
has an improper integral. We denote the improper integral of u on (— oo, oo) by 

1-00 U(t)dt. 

16. Show that u is absolutely integrable if and only if there is a constant C such 
that 



\u(t ) | dt ^ 


C 


for all choices of M. Show that the numbers \u(t)\ dt increase to \u(t)\ dt 
as M | oo. 

17. Let u be absolutely integrable. Show that 


lim j \u(t)\ dt = lim j 

B-»oo J -oo A -* oo JA 


\u(t)\ dt = 0. 


18. Let u be absolutely integrable. Show that u has an improper integral on 
(—oo, oo) and that 


11 “H* I 


< \u(t)\dt. 


(Hint: For any A < B, 


IJ>H 


< \u(t)\dt. 


Next show that for M l and M 2 sufficiently large and M[ > M l9 M 2 > M 2 , 
we have 
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r*t 

Jm, 

t-m 2 

J -M ' 2 


u(t) dt\ < 


fM', 

1“ 

Jm, 

t-m 2 

J-M^ 


(01 dt < e 


u(t) dt\ ^ \u(t)\ dt < e.) 


19. Let \u(t)\ ^ \ v(t)\ for — oo < t < oo, and suppose that i; is absolutely integrable 
on (—oo, oo ). Show that u is also absolutely integrable on (— oo, oo). 

20. Suppose that |u'(£)| dt < o o and \u(t)\ dt < oo. Show that lim*^ u(x) = 

0. (Hint: Given a small e > 0, choose M so large that j^|u'(OI dt < e (see 
Exercise 17). For any s > 0, 


|u(s + M) — u(M) | = 


rM+s r\f+s 

u'(t)dt ^ \u'(t)\dt<e. 

Jm Jm 


Now let s —► oo. This shows that lim*.^ u{x) exists. Now show that this limit 
must be zero.) 

21. Use Morera’s Theorem to prove that u(z) is analytic for < Im z < z 2 if u 
satisfies (5) and (6). 


An Alternate Proof of the Fourier Inversion Formula (1)* 

We shall show that, for x fixed, 

lim J- f u(s)e ixs ds = \(u + (x) + u"(x)). 

M~> 00 Z7T l 

22. Show that 


rM r oo 

t2(s)e IXS ds = 2 
J-M J-oc 


v sin Mix — t) , 
u(t) — — -dt 


x — t 


x sin Aft , 
u(x + 0 dt. 


23. Use Exercise 15 to show that for each x and each <5 > 0, 

sin Mt 


(i) lim [ u(x + t) : 

M -*oo J <5 t 


dt = 0 


and 

.. C~ d sin Mt 

(n) lim u(x + 0 dt = 0. 

M->oo J -oo t 


24. Choose <5 so small that u(x -Ft) — u + (x) is continuous on [0, <5] and u(x + £) — 
tT(x) is continuous on [ — <5, 0]. Show that 
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(iio 


r* 

M-> oo Jo 

• r° 

im 

r -»oo J -5 


& ctn A/f t 

(u(x + t)-u + (x)) dt = 0, 


/•x «. I / / v xx sin Mt , 

(iv) lim | (u(x + 0 — u (x)) ^ = 0. 

-5 t 


M 

25. Conclude from Exercises 23 and 24 that 

sin Mt 


lim 

oo J 


u(x + ^ = (u + (x) + 


v. f 00 sin ; 


dx 


= ^(u + (x) + u-{x)). 


and hence that 


lim — 

M->oo 27T 


‘ M 1 

rt(s)e IXS ds = — (u + (x) + u (x)). 

-M 2 


5.3 The Laplace Transform 

Roughly speaking, the Laplace transform is just the Fourier transform rotated by 
90° and applied to a function that vanishes on the ray ( — oo, 0). Specifically, suppose 
that u is a piecewise continuous function on [0, oo) such that both u and u' have 
limits from the right at t = 0. The Laplace transform of u is 

(J S?u)(s) = J u(t)e~ s ‘ dt. (1) 

Initially, we can think of s as a real variable, but with the knowledge we already 
have about the complex Fourier transform, it is natural to investigate immediately 
for which complex numbers s the integral in (1) makes sense. We shall henceforth 
suppose that the function u has exponential growth a\ that is, there is a constant M 
such that 


\u(t)\^Me a \ t> 0. (2) 

Let the complex number s be s = a + ii; then 


\u(t)e- st \ ^ Me at e~ at 


= Me t(a ~ a \ 


Hence, if a — a < 0, then the integral in (1) is absolutely convergent. We see, 
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therefore, that the Laplace transform of u is defined at least for all s with Re s > a, 
where a is the exponential order of growth of u from (2). Furthermore, within the 
half-plane Re s > a, the Laplace transform of u is an analytic function of the complex 
variable s. One way to see that ifu(s) is analytic is to write down the elementary 
relationship between the Laplace and Fourier transforms of the function u: 

(i?u)(s) = u( — is), Re s > a. (3) 


Since tf(z) is analytic in the half-plane Im z < —a, it follows that J£?u(s) is analytic 
for Re s > a* 

Why should we bother with the Laplace transform when it is so much like the 
Fourier transform? There are several reasons. One is that in a physical system, 
there is typically no output until there is input. That is, the function that represents 
the output must vanish on the ray (— oo, 0) (assuming that the input begins at 
t = 0); such functions are termed causal. Another reason is that by beginning the 
integration at t = 0, when we integrate by parts the boundary terms will incorporate 
the numbers u(0), w'(0), etc., so the Laplace transform is an effective tool for handling 
differential equations on the ray (0, oo) that include initial conditions. 

Finally, the Laplace transform is a better tool than the Fourier transform for 
dealing with the impulse function S(t) and the Heaviside + function H , defined by 


H(t) 


-ft 


t < 0 
t > 0. 


As was pointed out in Exercise 17, Section 5, Chapter 4, H is in some sense an 
indefinite integral of S(t). Furthermore, the Fourier transform of H(t 0 — t) makes 
no sense for any £ 0 , whereas the Laplace transform is defined for all t 0 : 


f to 

H(t 0 - t)e~ si dt = £T sr dt 
Jo Jo 


= -[1 — e sf °] if t 0 > 0, 
s 


and 


i: 


H(t 0 — t)e st dt = 0, if t 0 < 0. 


Example 1 Find the Laplace transform of each of the following functions (all the 
functions vanish for t < 0): 


* It is possible to prove that there is a number s 0 such that the Laplace transform of u converges if 
Re z > s 0 and diverges if Re z < s 0 ; s 0 is much like the radius of convergence of a power series. 

+ Oliver Heaviside, 1850-1925. 
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a. u l (t) = 1; 

b. u 2 (t) = t k , k a positive integer; 

c. u 3 (t) = exp(at), a a complex number; 

d. m 4 (£) is the impulse function at the point £ 0 , t 0 > 0. 

Solution 

a. JSfu^s) = Jo e~ st dt = 1/s. 

b. j£?m 2 (s) = Jo d£ = k\/s k+l 9 integrate by parts k times. 

c. j£?m 3 (s) = Jo e" d£ = 1/(5 — a) for Re s > Re a. 

d. o £? m 4 (s) = Jo <5(£ — £o)^” sr □ 

Example 2 Find the Laplace transform of u', u", in terms of the Laplace 
transform of u and the initial data u(0), u'( 0), 

Solution We assume that u and all its derivatives have exponential growth a. For 
R e s > a, 

r 00 00 1*00 

(j£V)(s)= u'itye'* dt = u(t)e~ st +s u(t)e~ st dt 
Jo o Jo 

= — u(0) + sj£?u(s). 

Likewise, 





u"(t)e~ st dt = u'We'* 


CO 

0 



u'(t)e st dt 


= -u'( 0) + s(&u’)(s) = -u'( 0) - su(0) + s 2 &u(s). 


Continuing in this way, we obtain the formula 


(&u in) )(s) = s n &u(s) - s” -1 u(0) - s"”V(0) - • • • - (4) 

which is valid for all complex numbers s with Re s > a. □ 

Further Properties of the Laplace Transform 

It is clear that the Laplace transform is linear: 

+ k 2 u 2 )(s) = k l ^ 7 u 1 (s) + A 2 ifu 2 (s), Re s > a, 

for any two functions u l9 u 2 , both of exponential growth a, and complex numbers 
k l9 k 2 . In addition, like the Fourier transform, the Laplace transform of the con- 
volution of two functions is just the product of their Laplace transforms. Since the 
functions vanish on (— oo, 0), the convolution takes the form 

(u * v)(t) = j* u(x)v(t — x) dx 9 t > 0, 
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and the transform formula is 

L^(u^vms) = (^u(s))(^v(s)). (5) 

Another useful formula relates the derivative of the Laplace transform of u to 
the transform of tu(t). The formula is 

j s (J?u)(s)= (6) 

The derivation of (6) is immediate (see Exercise 18). 

Next, if the Laplace transform of u is identically zero, then u is also identically 
zero. Consequently, if u x and u 2 are two functions with the same Laplace transform, 
then u t and u 2 are the same function. 

Furthermore, because of the close connection between the Fourier and Laplace 
transforms, we can quickly and easily obtain the inversion formula for the Laplace 
transform. Suppose that u(t) vanishes for t < 0 and is of exponential growth a; let 
a be any number larger than a. The Laplace and Fourier transforms are related by 

t2( — is) = (i?u)(s), Re s > a. 

By the Fourier Inversion Formula, we know that 

| Pao+io 

u(t) = — ti(z)e iz ‘ dz. 

J -00+ iff 

In this integral, set z = — is; this produces the formula 

| Po+iao 

u(t) = — (<?u){s)e« ds, (7) 

Ja-ioo 

where a is any number larger than a, and the integration is over the entire vertical 
line x = a. Formula (7) is the inversion formula for the Laplace transform. Typically, 
the integral is evaluated by means of the Residue Theorem, as the following 
examples show. 

Example 3 Find u if 


ifu(s) = 


1 

s 2 — 2s + 3* 


Solution The function u is found from the Laplace inversion formula (7). With <£u 
as given, we obtain 
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The function (s 2 — 2s + 3) -1 has poles at 1 ± ijl and so is analytic for Re s > 1; 
hence, we choose a > 1 for the vertical line of integration. We distinguish two cases: 
t ^ 0 and t < 0. For t ^ 0, we integrate 




z 2 - 2z + 3 


over the curve T shown in Figure 5.7. On the semicircular part of T, z = a + Re ie , 
7i/2 ^ 6 ^ 37r/2; this gives the estimate (for t ^ 0) 


\m\ ^ e° 


p2 5 

— - 2R - 3 
4 


if K is large, 


< 


Ae a 


R 2 — &R — \2 

Thus, the integral of / over the semicircular part of T is no larger than 

4e at 


R 2 -SR - 12 


7i R — ► 0 as R oo 


(see formula (3), Section 6, Chapter 1). The function / has simple poles at 1 ± i^Jl 
with residues 


Res (/; 1 + j'^/2) = — 


its/ 2 


2iy/2 


Res (/; 1 - /V2) = 


-2iV2' 


and 
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An application of the Residue Theorem and passage to the limit as R oo then 
yields 

u(t) = Res (/; 1 + i^/l) + Res (/; 1 - i^/l) 


= -—= sin( v /2t). 


t > 0. 


On the other hand, if t < 0, the integration is taken over the curve T shown 
in Figure 5.8. 

Estimates such as those just completed show that the integral of / over the 
semicircular part of T goes to zero as R -+ oo. However, because / is analytic on 
and within T, Cauchy’s Theorem (and passage to the limit as R oo) yields u(t) = 0 
for t < 0. Hence, 


u(t) = 


e' sinfy/lr), 

0 , 


t >0 
t < 0. 


□ 


Example 4 Find u if 


JS?«(s) = 


s 

(s 2 + A 1 ) 2 


Solution We recall that 


i?(sin At) (s) = 


Hence, 
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However, by formula (6), we also have 

- 2(t sin At) = J?(sin At)(s) = — 2 + 2 ^ 2)2 

Consequently, 


u(t) 


= — t sin At. 

2A 


Another technique to find u is to use the Residue Theorem (see the exercises). □ 
Example 5 Let u be a piecewise smooth function that satisfies the equation 

u(t) = u(t + T), t $s 0 

for some fixed positive number T. Find the Laplace transform of u. 

Solution For Re s > 0, 




u(t)e~ a dt 


-r 

rr rir /• 3T 

= + + +••• 

Jo Jr J 2 r 

rr rr rr 

= u(t)e~ st dt + u(t)e~ s{t+T) dt + u(t)e s(t+2T) dt 
Jo Jo Jo 

= J u(t)e~ st { 1 + e~ sT + e~ 2sT + •••} dt 


+ ••• 


Jo u (t) e * dt 

l-e~ sT * 


The number T is called a period of u, and the smallest such T is called the 
period of u. □ 

EXERCISES FOR SECTION 5.3 

In Exercises 1 to 10, find the Laplace transform of the given function u. In all cases, 
u(t) = 0 if t < 0. 

1. u(t) = cos At 

2. u(t) = sinh At 

3. u(t) = e~ Bt sin At 
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4. 

5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 


“(0 

u(t) 

«(t) 

u(t) 

u(t) 

u{t) 


e Bt cos At 

(T, a < t < b, a > 0 

(0, otherwise 

{ 1, 0 < t < a 

— 1, a <t <2a 
0, t>2a 

ft, 0 < t < a 

[0, t > a 

1, 0 < t < a 

_ and u(t) = u(t + 2<r), t>0 

{0, a < t < 2a 

m t 

H(s)H(t — s) ds, H = Heaviside function 


Jo 

u(t) = J cos(f — u) sin u du 

Use term-by-term integration to show that the Laplace transform of 


u(t) = 


0 , 

sin t 
t ’ 


t < 0 
t > 0 


is arctan(l/s), s > 1. This can also be done by using formula (6). 

12. Use term-by-term integ ration to show that the Laplace transform of the 0th 
Bessel function J 0 is 1/^/s 2 + 1, s > 1. (Hint: Compute J 0 and then square it.) 


In Exercises 13 to 17, find u from S£u by means of the Residue Theorem or another 
technique. 


13. 

14. 

15. 

16. 

17. 

18. 


ifu(s) = 
ifu(s) = 


(s 2 + A 2 ) 2 
1 

(s - l) 2 


ifu(s) = 
J2?u(s) = 


1 

(s - l) 4 
(5 - 2)e~* 
(s 2 - 4s + 3) 


£fu(s) = 


1 


(1 - is) 
Establish the formula 


( 6 ): 


= ~^(tu(t))(s). 

(Hint: The differentiation on the s variable can be brought inside the integral; 
this can be proved by techniques from real analysis.) 
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19. Show that if u(t) = 0 for t ^ A, A > 0, then J£?u(s) is an entire function of the 
complex variable s, and 


(<?u)(s) = 



u(t)t n dt 


} 


is its power series expansion about s = 0. 

20. Find the Laplace transform of the function 


0 , 


u(t) = 




-c/t 


t ^ 0 
t > 0, 


where c is a positive constant. 


Answer: = 


-e 2 v cs 5 s 



Further Integral Transforms*: The Gamma and Beta Functions 
The Gamma function is defined by 


For Re z = x > 0, 



e x t z 


dt. 


Re z > 0. 


\e x t z l \ = e X t x \ 


( 8 ) 


so the integral is absolutely convergent. 

21. Show that t z ~ l = ^ z_1 ) l0 8 r j s analytic on the half-plane {z: Re z > 0}. 

22. Use Morera’s Theorem and an interchange of the order of integration to show 
that T(z) is analytic on the half-plane {z: Re z > 0}. 

23. Let z = x be real and bigger than 1; use integration by parts to show that 


T(x) = (x - l)T(x - 1). 


24. Conclude from Exercise 23 that T(z) = (z — l)T(z — 1) if Re z > 1. 

25. Show that T(n) = (n — 1)! if n is a positive integer. 

26. Derive the formula 

mny) = f 00 t *- 1 

r(x + y) Jo (1 + t) x+ > * 


(Hint: Write 


r(x)roo = 



~ l e x dt j* u y 1 


e u du. 


( 9 ) 
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Now let u = tv in the second integral; we obtain 


r(x)r(y) = e~ t{v+l) v y ~ l dv dt 


Then set s = (1 + v)t to obtain 


r ( x)r(y) = r(x + y)^ ^—^dv.) 


The Beta function is defined by 


P(x, y) = 


jWQQ 

r(x + y)’ 


for x and y positive. 

27. In the integral in (9), substitute u = 1/(1 + t) and conclude that 




= 2 (sin 6) 2x *( cos 0) 2y 1 dO. 


28. Set x = y = \ and use T(l) = 1 to get T(^) = yj n . 

29. Put y = l — x, 0 < x < 1; this yields 


T(x)T( 1 - x) = —— du. 

Jo 1 + u 


Now employ formula (8), Section 6, Chapter 2, to obtain 


r(x)T(l - x) = 0 < x < 1. 

sin(7rx) 


30. Use the conclusion of Exercise 29 to deduce that 


r(z)r(1 - z '-sSo5) 


for 0 < Re z < 1. 


Now use the fact that T(z) is analytic for Re z > 0 to define T(w) for those w 
with Re w ^ 0: 


T(w) = 


sin(7c(l — w)) T(1 — w)’ 


Re w ^ 0. 
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More on Bessel Functions* 

31. Let v be a real number, v ^ 0; show that one solution of the differential equation 
z 2 f"{z) + zf'(z) + (z 2 - v 2 )/(z) = 0 


is 


-2 n+v 


J,(Z) ° ’>* 2 2, *VI> + n + I) ’ R ' 2> °' 


where T is the Gamma function. Note how this extends the results of Exercise 
29, Section 4, Chapter 2. 


5.4 Applications of the Laplace Transform to Differential Equations 

The Laplace transform finds a major application in the solution of linear ordinary 
differential equations; it is frequently used to solve certain partial differential equa- 
tions as well. Its advantages as a tool for solving such equations are twofold. First, 
the initial conditions and the nonhomogeneous term are incorporated from the 
start, so the solution is generated without any “constants of integration” that need 
further evaluation. Second, an ordinary differential equation is converted into an 
algebraic equation. The technique is illustrated by means of several examples. 

Example 1 Solve the equation 


u'(t) + u(t) = 


ft 


if 0 < t < 1 
if 1 < t < oo 


with initial condition u(0) = 1. 

Solution We take the Laplace transform of both sides of the equation; this yields 


J^u'(s) + J£?u(s) = -(1 -e~ s ). 

s 


However, J^w'(s) = —u( 0) + sifu(s), by Example 2, Section 3, so we obtain the 
equation 


- 1 + sifu(s) + ifu(s) = -(1 - e~% 
s 


and hence 


l-e~ s 

c 


-1 +(s+ 1 )(^u)(s) = 
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or 


S£u{s) = e 

s 


§ 



The function e~ s is the Laplace transform of the impulse function at t 0 = 1; the 
functions 1/s and l/(s + 1) are the Laplace transforms of 1 and e~\ respectively. 
Hence, by the convolution result, 


-e 5 and -e 

s s + 1 


are the Laplace transforms of the convolution of the impulse function at t 0 = 1 with 
1 and e~\ respectively. These are, respectively, 


and 


f; 


£ 


1<5(1 ~ x) dx = 


e (t x) S(l — x) dx = 



if 0 < t < 1 
if 1 ^ t < oo 


if 0 < t < 1 
if 1 ^ t < oo. 


Consequently, 


u(t) = 



if 0 < t < 1 
if 1 ^ t < oo. 


□ 


Note that the solution u(t), although continuous on [0, oo), fails to be dif- 
ferentiable at t 0 = 1, exactly because the function on the right-hand side of the 
original equation is not continuous at t 0 = 1. 


Example 2 Solve each of the following differential equations by means of the 
Laplace transform 

(a) u" + u = /; w(0) = 1, u'(0) = 0, and 


f(t) = 


ft 


0 < t < 71 
n < t < 2n 




(b) u" + 2 u' + 5 u = 5(t — 7c); u( 0) = u'(0) = 0. 

Solutions 

(a) The Laplace transform of the 27r-periodic function f(t) is 


„ f( ) _ R’f(t)e- m dx 1 1 - <T" _ 1 

H 1 - e~ 2ns s 1 - e~ 2 * s s(l + e - ” 5 ) ' 
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Hence, the Laplace transform of the equation gives us 

s 2 ^fu(s) - s + JS?u(s) = 1 

s(l + e ns ) 


or 


^" w "TT7 + TT?'5TT7=)- 

The function s/(l + s 2 ) is the Laplace transform of cos t, and 1/(1 + s 2 ) is the 
transform of sin t. The Convolution Theorem, (8) of Section 1, then gives 


u(t) = cos t + (/* sin)(t) 


i: 


= cos t + f(x) sin(t - x) dx 


1 , 

— cos t , 

1 - 2 cos r, 

— 3 cos t , 
etc. 


0 < t ^ n 
n ^2n 
2n ^ t ^ 37c 
3n ^ An. 


(b) Here, after taking Laplace transforms, we obtain 

s 2 &u(s) + 2si?u(s) + 5i?u(s) = <T* S . 


Thus, 


&u(s) = - 2 — 

s 2 + 2s + 5 


The function l/(s 2 + 2s + 5) is the Laplace transform of \e 1 sin 2 £, so the 
Convolution Theorem gives us 


f f 1 

u(t) = (5(x — n)-e {t x) sin 2 (t — x) dx 

Jo 2 

0, 0 < t ^ n 

= < 1 

-e {t n) sin 2 £, n < co. 

2 


□ 



5.4 Applications of the Laplace Transform to Differential Equations 359 

Example 3 Use the Laplace transform to solve the wave equation u xx = u tt , subject 
to 


f u(0, t) = u(n , t) = 0, t > 0 

< u(x, 0) = sin x, 0 < x < n 


[u f (x, 0) = 0. 

Solution Let U(x , s) be the Laplace transform of u(x, t) on the t variable: 

U(x , s) = J u(x, dt. 

Then U( 0, s) = U(n 9 s) = Jo 0 • e~ st dt = 0 for each s. Treating U as a function of x 
alone (holding s fixed), we find that 


d 2 U 

dx 2 


i: 

i: 


u xx (x,t)e s, dt 
u„(x, t)e~ st dt. 


We now integrate twice by parts and use the conditions u t {x, 0) = 0, u(x, 0) = sin x. 
The end result is the equation 


d 2 U 

dx 2 


= s 2 U — s sin x, 


0 < X < 71 , 


with 


U( 0) = U(n) = 0. 

This is an elementary linear second-order equation whose solution is easily found 
to be 


s 

U (x, s) = sin x. 

s 2 + 1 

The term sin x is constant with respect to s, and s/(s 2 + 1) is the Laplace transform 
of cos t. Hence, the solution is 


u(x, t) = cos t sin x. □ 

You may be aware that in the previous example, the original equation is easily 
solved by separation of variables. However, the example is designed to illustrate, 
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with a minimum of extraneous details, the use of the Laplace transform in solving 
partial differential equations. The following two examples are further illustrations 
of this technique — this time, of a more complicated nature. 


Example 4 A string of length 1 is clamped at its left end and initially is straight and 
at rest. At time t = 0, the right end begins to move up and down, with height sin t 
at time t. Find the resulting displacement at position x, 0 ^ x ^ 1, and time £, t > 0. 

Solution Let u(x, t) be the displacement at position x and time £, 0 ^ x ^ 1, t ^ 0. 
The equation that determines u is the wave equation u xx = u tt , subject to 

{ u(x, 0) = u t (x , 0) = 0 0<x<l 

u(0, t) = 0, t > 0 

u(l, t) = sin £, t > 0. 


Let U(x, s) be the Laplace transform of u(x, t) on the t variable: 

U{x , s) = J u(x, t)e~ st dt. 

We treat U as a function of x alone and differentiate twice. This gives 

d 2 U f 00 

f 00 

= I u ff (x, t)e st dt 
= s 2 J u(x, £)e _s * dt , 


after two integrations by parts (or the use of the formula in Example 2, Section 3) 
and the use of the initial conditions u(x, 0) = u f (x, 0) = 0. The boundary conditions 
on u yield 


f*CO f* 00 

U( 0)= M(0,t)fT s ' dt= 0- 
Jo Jo 


<T" dt = 0 


and 


1*00 l*oo 

U( 1) = u(l, dt = (sin t)e~ st dt 
Jo Jo 


1 

1 + s 2 * 


Hence, U satisfies the elementary second-order equation 
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< ^ = s 2 U with 1/(0) = 0, l/(l) = j-L-j. 

This equation has solution 


rr/ v 1 sinhxs 
[/ x, s) = — — j — — — . 
1 4- s 2 sinh s 


Our final task, then, is to invert U and recover u: 


1 r<r 0 +i oo i 

u(x, t) = — — 

2*711 Ja 0 —ico 1 "I" 


sinh xs 
s 2 sinh s 


e a ds. 


The function V has simple poles at ± i and + inn, n = 1,2,.... The residues of the 
integrand U(s, x)e s ‘ are 


Res([/e s( ; +i)= + j- S | n f e ±u 
~2i sin 1 

and 


Res (Ue s, \ inn ) = - 


L sin(Tmx) 

n 2 n 2 (-1)" ; 


n = ± 1, + 2, . . . . 


Hence, the solution is 


u{x, t) = 


sin x 
sin 1 


oo 

sin r -h Yj — 2 — 2 {sin(nnx)} {sin(nnt)}. 

n =i n n — 1 


□ 


Example 5 A steel wire of length 1 is clamped at both ends. The wire is straight and 
at rest when a sinusoidal magnetic field is activated. Find the resulting displacement 
of the wire at each future time. 

Solution Let u(x, t\ 0 ^ x ^ 1, 0 ^ t 9 be the displacement at the position x and 
the time t from the rest position. The partial differential equation that determines 
the function u(x, t) is 

u xx = u tt — sin cot, 0 < x < 1, t > 0, 
with boundary and initial conditions 
u(0, t) = u(l, t) = 0, t > 0 (the ends are clamped) 

u(x, 0) = u f (x, 0) = 0, 0 < x < 1 (the wire is initially straight and at rest). 

Let U(x , s) be the Laplace transform of u(x, t) on the time variable t : 



362 Chapter 5 Transform Methods 


U(x , s) = j* u{x , t)e st dt. 


We hold s fixed and treat U as a function of x. Then 
d>u ■ 


dx 2 


= | u xx (x, t)e “ , 

f 00 /*00 

= u tt (x, dt - (sin cot)e~ st dt 
Jo Jo 


= s 2 U — 


CO 


s 2 + CO 2 


Furthermore, we have the boundary conditions U( 0) = U( 1) = 0. This is an ordinary 
differential equation for U whose solution is 


U{x 9 s) = 


co (e s - ^ sx )(l - e~ sx ) 
s 2 (s 2 + co 2 ) 1 + e s 


2 co sinh(sx/2) sinh((s/2)(l - x)) 

s 2 {s 2 + co 2 ) cosh(s/2) 


The frequency co of the magnetic field plays a critical role in the nature of the 
solution u. We shall first analyze the case when co is not an odd integer multiple of 
7i. We must find u(x, t) from U(x , s); that is, we must invert the Laplace transform. 
The Inversion Formula, (7) of Section 3, gives 


1 C a+l 

“ <M) -2S.L 


CO 


s 2 (s 2 + co 2 ) 


(e s - e sx )(l - e~ sx ) 
1 +e s 


e 5t ds. 


The integrand has simple poles at s = ± ico and at s = + in , ± 3 in, . . . ; there is no 
pole at s = 0, since (e s — e s *)(l — e~ sx ) has a double zero at s = 0. The residue at 
s = ikn , k = ±1, + 3, . . . , is 


, lico sin knx ... 
Ak = ~^ k 2 (k 2 - (co/n) 2 ) 6 ’ 


so 


4 4co sin knx sin knt ; i ^ c 

Ak + A - k= -^k 2 (k 2 -(coln) 2 y * = 


The residues at s = ico and s = — ico sum to 
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v sin cot 
B(x, t) = — — 


CO 


| (e to - e i: 


- e icox )(l - e~ imx ) 


+ e" 


This gives the solution 


4cu „ (sin /c7tx)(sin kni) 
u(x,t) = B(x,t)~— X 


71 k odd 


k 2 





When co is an odd integer multiple of n, there is a new difficulty; we shall 
examine the case when co = n. We are still faced with the job of inverting U: 


1 C a ~ i( 

0 = ^-: 

2 ni J a - i<x 


s 2 (s 2 + n 2 ) 




1 +e‘ 


The integrand again has simple poles at s = + 3in, ± 5 in, . . . , and again there is no 
pole at s = 0. However, there are poles of order two at s = + in. The residue at 
s = ikn , k = ±3, ± 5, . . . , is 


A l = 


2 i sin knx 

- 1)‘ 


n iknt 


k = ±3, ± 5, . . . , 


and, as before, 


4 sin knx sin knt 
t? k 2 (k 2 - 1) 


k = 3, 5,.... 


The residue at both in and — in is more complicated, because these points are poles 
of order two. Diligent computation shows these residues to be 


. # sin nx V2n + (cos nx)(4nx — 2n) — 10 sin nx 
A x = te — + 


and 


■P 

, _. t sinnx . T 27 c -h 

A- t = te — 2 1 


Their sum is 


A\ + A-j_ — 


47C 4 


(cos nx)(4nx — 2n) — 10 sin nx 
47C 4 


2 1 cos nt sin nx 


n 


} 


so the solution is given by 


v 2 1 cos nt sin nx 4 ® 

U(x, t) = 2 3 L 

7T 7T n=l 


(sin(2n + l)7cx)(sin(2n + l)7ct) 
(2n+ l) 2 [(2n+ l) 2 - 1] ‘ 
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Note that the second term of the solution remains bounded for all t, but the 
first term can become unboundedly large for large t. This is the phenomenon of 
resonance. □ 


EXERCISES FOR SECTION 5.4 


In Exercises 1 to 5, use the Laplace transform to solve the given differential 
equation. 


1 . 

2 . 

3. 

4. 

5. 

6 . 


u" + 9 u 


I 

"ft 


u" - 2 u' + 2 u = 6e~‘; u( 0) = 0, u'(0) = 1 

0 < t < 71 

; «( 0 )= 1 , u'(0) = 0 

71 < t < 00 

u"(t) + tu'(t) + u(t) = 0; u( 0) = 1, u'(0) = 0 

u" + 2 u f + 2u = S(t - 2tt); u{ 0) = 1, u'(0) = 0 

f°- u(0) = 0, h'(0, = 1 

[COS t , 7T < t < OO 

Solve the Volterra* integral equation 


u" + u = 




r. 


k(t - s)</>{s) ds = f(t) 


for the unknown function <j> by taking Laplace transforms. Express the answer 
in terms of the Laplace transform of <f>\ f and k are assumed known. 

In Exercises 7 to 1 1, use the Laplace transform to solve the given partial differential 
equation. 

7. (The traveling wave) Solve the wave equation 

u tt = x > 0, t > 0, 

subject to 

u(x, 0) = u t (x, 0) = 0, x > 0 
u(0 9 t) = f(t), t>0 9 f(0) = 0 

lim u(x, t) = 0, t > 0. 


8. (The falling string) Solve the modified wave equation 

U tt = U xx ~ (h x > 0 , t > 0 , 

(g is a positive constant) subject to 

u(x, 0) = u,(x, 0) = 0, x > 0 

< u(0, t) = 0, t ^ 0 

lim u x (x, t) = 0, t ^ 0. 

^x~*oo 


* Vito Volterra, 1860-1940. 
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9. Solve the wave equation u tt = u xx , subject to 


u(x, 0) = u,(x, 0) = 0, 

0< 

u(0, t) = 0, 

t > 

u(l, t) = sin cot, 

t > 


x < 1 
0 
0 . 


The value of co will affect the nature of the solution. 

10. Solve the wave equation u tt = u xx , subject to 


u(x, 0) = u t (x, 0) = 0, 

0 < x < 1 

u( 0 , t) = 0, 

t > 0 

«*( 1. *) = Co, 

t ^ 0 . 


Here c 0 is a constant. 

11. Solve the heat equation 


du d 2 u 

~di = d^' 


x > 0, t > 0, 


subject to the conditions 


u(x, 0) = 0, 

x > 0 

du 

~ k dx^ 0, £ ) = ^°’ 

<t> 0 = constant, t > 0 

lim u(x, t) = 0, 

t > 0. 


jc-*oo 


To invert U(x, s), you will need to use the conclusion of Exercise 20, Section 5.3. 
k is a constant. 


5.5 The Z-Transform 

The Z-transform provides a technique to deal with sequences (and solve difference 
equations involving sequences) in much the same way that the Laplace transform 
provides a technique to solve differential equations involving functions. The Z- 
transform is a valuable tool in areas such as numerical analysis, where a problem 
may involve solving a difference equation of discrete data. 

Let {dj} be a sequence of complex numbers satisfying the growth condition 

\aj\ ^ Mr<j, j = 0,1,2,... (1) 

for some positive numbers M and r 0 . The Z-transform of {a,-} is the function 
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j = o z' 


The series converges absolutely for all z with \z\ = r > r 0 , because 




and the series £(r 0 /ry converges, since the ratio r 0 /r is less than 1. Consequently, 
the Z-transform of {^} is an analytic function on the exterior of the circle \z\ = r 0 , 
including at oo. 


Example 1 Find the Z-transform of the sequence {aj} if a } = 3 for all j. 
Solution If dj = 3 for all j, then, directly from the definition, 


* 3 3 


3 z 

z - 1 


This function is analytic outside the circle \z\ = 1. 


Example 2 Find the Z-transform of the sequence a } = 1 //!. 
Solution Using the definition 


□ 


Z 



00 1 

= It 7 = * 1/z > 

i=o]\z J 


|z| > 0, 


this function is analytic for all z with |z| > 0. □ 

Basic Properties of the Z-Transform 

The Z-transform is a discrete version of the Laplace transform. To see this, let 3 be 

a positive number and set x n = nS 9 n = 1, 2, 3, The Laplace transform of a 

function u is given by the integral Jo u{t)e~ st dt. This integral is approximated 
by the sum Yjn=o u ( x n) e ~ SXn ^ x n = ^Y.n=o u ( n ^) e ~ sdn ' The function z = F(s) = e sd 
maps the half-plane Re(s) > a onto the exterior of the circle |z| = e ab = l/r 0 . Set 
a n = Su(nS); the Laplace transform of u, 


is then approximated by 


(<?u)(s) = 



u(t)e~ st dt , 



Z({a n }) 9 


z = e 


s5 


Note that the condition \u(t)\ < Me at is translated into the condition \ a„\ ^ SMr^ 
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n = 0 , 1 , 2, This is a reason for saying that the Z-transform is a “discrete Laplace 

transform.” 

The Z-transform shares many of the general properties of the Laplace trans- 
form. First, it is linear: 

If {dj} and { bj } are two sequences both satisfying (1) and if k and \i ... 
are two complex numbers, then Z({kaj + pbj}) = kZ({aj}) + pZ({bj}). ' 

Second, like the Laplace transform, the Z-transform turns a convolution into 
a product. Convolution is defined in this way. If {a,} and {bj} are two sequences of 
complex numbers, then the convolution of {aj} and {bj} is the sequence {c n } given by 

c n =f j a k b n - k , n = 0,1,2,.... (3) 

k = 0 


We make note of the fact that if {a k } and {b k } both satisfy (1), then \c n \ ^ 
MM'(n + 1 )r2 < M"r n for each r > r 0 . Hence, the Z-transform of {c„} is well- 
defined on the domain |z| > r 0 . 

The Z-transform of {c w } is given in the following: 

If {c w } is the convolution of {aj} and {bj}, then ... 

Z({c n }) = Z({aj})Z({bj}). U 

The demonstration of (4) is easy: 


Z({ a,})zabj}) 



n = 0 Z 

The passage from the first line to the second occurs simply by multiplying out the 
two series and collecting equal powers of z (see Section 2, Chapter 2). 

The convolution result in (4) is enormously useful; we give one elementary 
example here to illustrate this fact. 

Example 3 Consider the (infinite) system of linear equations 

&o = a o 
b\ — — 2 a 0 


— ^2 + £2q 

^3 = a 3 ~~ 2a 2 + Oi 
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In general, b n = a n — 2a n . x + a n . 2 , n ^ 2. Solve this system for the sequence {dj} in 
terms of the sequence {bj}. 

Solution The system may be concisely expressed as 

{bj} = { aj } * {fj}, 

where 


fo = 1, fi = -2, f 2 = 1, and fj = 0 for; 5= 3. 

Note that {b n } satisfies (1) with constant (1 + (1 /r 0 )) 2 Af. After taking Z-transforms, 

z(fo}> = Z( wm/,)) - zij«,|)|i + ^ + p) 


Division then yields this equation for the Z-transform of {dj}: 

Z{{a J }) = (^y Z({bj}). 


The convolution result implies that 


{“)} = {9j} * {bj}, 

where {^} is the sequence whose Z-transform is (z/(z — l)) 2 . To find {#,}, we must 
expand (z/(z — l)) 2 in powers of 1/z: 



, 2 3 4 5 

— 1 H + ~2 H 3 H 4 “ 1 “ * * * . 

z z z z 



5.5 The Z-Transform 369 


Hence, g } = j + 1, j = 0, 1, 2, . . . , so 

a i=Yj ( n + l ) b j-n> j = 0 , 1 , 2 ,.... 

n = 0 

In particular, a 0 = b 0 , a x = b l + 2b 0 , a 2 = b 2 + 2b i + 3fc 0 , etc. □ 


Shifting 

If the sequence {uj} is shifted by one unit to form the new sequence {bj}, bj = a J+1 , 
j = 0, 1, 2, , then 


Z({bj}) = z[Z({aj}) - a 0 l 


( 5 ) 


This follows because 


Z({bj}) = b 0 + 


b i 


^2 

Z 



= Z^ 0+ - +? + --U 0 J 

= z[Z({ aj })-u 0 ]. 

More generally, if N is a fixed positive integer and 

= a j+Ni j = 2 , . . . , 

then 

Z({h j }) = z^Z({u j })-|^]. (6) 

The result in (5) or (6) is referred to as the Theorem on Shifting. 

The Z-transform is a particularly effective tool for studying the solution of a 
linear difference equation with constant coefficients. Such an equation has the form 

P Q 

Z A jyj+n = Z B i X J+n, n = 0, 1, 2, ... . (7) 

j=0 j= 0 

Here P and Q are fixed nonnegative integers; A 0 , . . . , ,4 P and £ 0 , . . . , B Q are known 
real or complex numbers, the coefficients of the system. The numbers {xj} (which 
satisfy (1) for some r 0 ), called the forcing function or the input, are known. We wish 
to solve for the numbers {)>,•}, the response or the output of the system to the forcing 
function. The numbers y 0 , ..., y P . x are initial conditions and are assumed to be 
known as well. (If P = 0, then there are no initial conditions.) 
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We begin by taking the Z-transform of both sides of this equation. This yields 

Z A jZ \ Y(z) - X y k z~ k ] = t Bjzj\x(z) - X x k z~ k \ 
j = o L k= ° J j = o L k=0 J 

where 

OO »* 00 v- 

Y(z)=X%, X(z)= Xfj 

j = o z j=o z 

are the Z-transforms of {yj} and {x^}, respectively. We now solve for Y(z): 

Z Bjz J \_x(z) - z x k z - k ] + x A J zi Z yk z ~ k 

Y(z) = ^ k -=y~p . (8) 

Z A J zJ 

7=0 

The solution is completed by applying the inverse Z-transform or by expanding the 
right-hand side in powers of 1 /z (which is the same thing).* One of the advantages 
of this form of the answer is that it prominently displays the denominator, which is 
critical in the determination of the stability of the system. This is discussed in detail 
in Section 5.5.1. 


Example 4 Solve the linear difference equation 


2y„ + y n+i = x„ - x n+2 , n = 0 , 1 ,..., y 0 = l. 


Solution Here P = 1 with A 0 = 2, and A x = 1; Q = 2 with B 0 = 1, B x = 0, and 
B 2 = — 1. The formula for Y(z) yields 


Y(z) = 


X(z) - z 2 X(z)-^x 0 +^ 


+ 2 + z 


2 + z 



2 + z 


+ 2 + z 


* Here the material at the end of Section 5, Chapter 2, can be useful. 
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The expansion 1/(2 + z) in powers of 1/z, valid for |z| > 2, is 



1 t *o - *2 t -2 (Xq - Xj) + x t - x 3 


x 2 - x 4 - 2(jCj - x 3 ) + 4(x 0 - x 2 ) 

' 3 ' 

Hence, y x = x 0 — x 2 , y 2 = — 2x 0 + Xj + 2x 2 - x 3 , and in general, 

y«= f, (-ly-Hxn-j- x n+2 -j), n= 1,2,3,.... □ 

7-1 

Example 5 Find the current in each step of the ladder network shown in 
Figure 5.9. 


R R R R 



R R R R 

Figure 5.9 
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Solution In the first loop 


3 Ri 0 - Ri x = V 


and in the other loops 

— Ri k + 4 Ri k+ i — Ri k+2 = 0. 

Let I(z) = Y,k=oh/ zk Z-transform of {i k }. Using the difference equations 

previously given and (6), we obtain 

h = 3 i 0 - V/R 


and 


I(z) - 4 z(I(z) - i 0 ) + z 2 (I(z) - i 0 - ijz) = 0. 
Upon substituting for i 1 and solving, we find that 

■(■•A) 


I(z) = i o- 


z 2 -4z + l 


The numbers i t , i 2 , ... are then obtained by expanding this rational function in 
powers of 1/z. One way to accomplish this is by using equations (12) and (13) of 
Section 5, Chapter 2. We first write 


m = to 


i + 



z 2 - 4z + 1 


The rational function 


— 1 + z ( 3 — 


/(Z) = 


i 0 R 


z 2 - 4z + 1 


has poles of order one at z x = 2 — y/3 and z 2 = 2 + y/3 with residues 


= Res (/;z,) = 


-, + ( W 3)^- a 

-2j3 


and 
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r 2 = Res (/; z 2 ) = 


- 1 + (2 + 



2^3 


Hence, for \z\ > z 2 , we obtain the expansion 

L *=i Z *J 

where 


= r iA 1 + r iA S 


* = 1,2, 3,.... 


□ 


EXERCISES FOR SECTION 5.5 


In Exercises 1 to 7, find the Z-transform of the given sequence {a,} and the region 
in which Z({a,}) is analytic. 


1 . dj = 



j even 
j odd 


2- a j = 


(- 1 )* 


1 


(2k + 1)!’ 


j even 

j = 2k + 1, fc = 0, 1,2, ... 


3. 

4. 

5. 

6 . 
7. 


2 J 



a J = * — 7 

J 7+1 


j odd 
j even 


Wj} = {bj} * {bj}, 

_ f4 J , j even 

° J |3~ J , j odd 


where bj = 1 for all j 


In Exercises 8 to 14, find the sequence {aj} given its Z-transform Z({a,}). 

8. Z({cij}) = cos- 

9. Z({dj}) = sinh - 

10. Z({ aj }) = Log{\ +-^j, \z\ > 1 

11. Z({aj}) = z(e 1/z — 1) 

12. Z({aj}) = (z 2 + z + l)/cos^j - A 
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13. 

14 - Z( «> = FT7=2 

15. Show that if {aj} * {bj} = {0}, then either a } = 0 for all j or bj = 0 for all j. 
(Hint: The hypothesis gives 

(E^)(eJj) = ° for all z with |z| > ro 

Hence, one or the other of the Z-transforms must be identically zero.) 

16. Let P(z) = A 0 + A x z + • • • + A N z N be a polynomial of degree one or more, all 
of whose zeros lie within the disc |z| < 1. Let {yj} be any solution of the system. 

N 

E 'Vj+» = x n> « = 0,1,2,.... 

j~0 

Show that if the forcing term {x„} is bounded (that is, |x B | < M for all n), then 
T(z), the Z-transform of { } , is analytic in the region {z: |z| > 1}. 

Solve the following linear systems. 

17. y„ - y n+ 1 = x„ + x B+1 + x n+2 ; y 0 = 1 

18. y„ + 2y n+1 + y n+2 = x„- x B+1 ; y 0 = 1, y, = 0 

19. y„ + y„+ 2 = X n ; y 0 = o,y 1 = l 

20. y„ - y n+1 - 4 y n+2 + 4y B+3 = x B + x B+1 ; y 0 = y 1= y 2 = 0 
21- y„ - 2y„ +1 =x„- 2x b+1 + x b+2 ; y 0 = 1 


5.5.1 The Stability of a Discrete Linear System* 

Let us look back at the linear difference equation in (7) and make three simplifying 
assumptions: first, that the initial conditions are all zero, y 0 = • • • = y P - x = 0; 
second, that in the forcing term (or input), we have x 0 = ••• = = 0; and third, 

that P ^ Q. Then we obtain a simple explicit representation for the Z-transform, 
Y (z), of the solution given by (8): 


Y(z) = F(z)X(z ) 9 


where 


F(z) = 


1o A J zJ 



(9) 


Equivalently, 
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y«=Y,fk x «-k, n = 0,1,2,.... (10) 

k = 0 

That is, the output {y n } of the system is given in terms of the input {xj} by the 
convolution equation (10). The rational function F given in (9) is called the system 
transfer function. The linear system is stable if bounded input always produces 
bounded output. The stability of the system obviously depends on the system 
transfer function F, and we shall discover a bit later in this section exactly what 
properties of F correspond to stability. But first we shall work out a few examples 
to get an understanding of some of the mechanics of stability. 

Example 1 x 0 = y 0 , x x — x 0 = y l9 x 2 — x x = y 2 , . . . , and, in general, 

Xn +1 - x n = y„ +l , n = 0,1,2,.... 

This is the system (7) with B 0 = —l,B l = 1, and A 0 = 0, = 1. Hence, the system 

transfer function is 


f ( z) = ^!±£ = i^Ui-i. 

z z z 


The system is clearly stable, since |x„| ^ M for all n gives \y n \ ^ 2 M for all n. 
Example 2 x 0 = y 0 , yi - y 0 = x l9 y 2 - yi = * 2 , and, in general, 
y n +i -y n = x n+ 1 , n = 0, 1,2,.... 


This is the system (7) with B 0 = 0,^ = l,and>l 0 = — l,A x = 1. The system transfer 
function is 


F(z) = Z = 1 + - + \ + ■ ■ ■ , 

— 1 + z z z 1 

and the solution is 

y n = x 0 + Xj + * * * + x„, n = 0, 1, 2 , ... . 

This system is clearly not stable, since the bounded input x„ = 1 for all n produce 
the unbounded output y n = n + 1 for all n. □ 

Example 3 x 0 = y 0 , y x - \y Q = x l5 y 2 - %y x = x 2 , and in general 


y«+i - ?y« = Xn+u n = 0,1,2,.... 


Once again comparing with (7), we find that A x = 1, A 0 = — j, and B 0 = 0,B 1 = 1. 
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The system transfer function here is 


m=— 


: 2z .11 

— ~ T — 1 + X h ~ A 7 + 

2+2 2z — 1 2z 4z 2 


The solution is y 0 = x 0 and 


^ = ^ + 2 X n-l + ~^n-2 + *** + ** = 0,1,2,.... 

The system is stable, since |xj ^ M for all n yields 


| y n \ ^Af + -M + -M + •••+— M < 2 M for all n. 


Example 4 x 0 = y 0 , ^ + y 0 = *i, y 2 + yi = x 2 ; generally, 
y n + 1 + ^ = ^+ 1 , n = 0,1,2,.... 

The system corresponds to (7) with A 0 = A x = 1 and E 0 = 0, B t = 1. The system 
transfer function is 


F(z) = 


z 

1 + z 



and the solution is 

y n = - X n -1 + ^n-2 -••'+(- 1)%, n = 0, 1, 2, . . . . 

This particular system is not stable, since the bounded input Xj = (— l) j+1 , j = 0, 1, 
2, . . . produces the unbounded output y„ = (— l)” +1 (n + 1). □ 

Conditions for Stability 

The fundamental question on stability is completely answered in the following 
theorem. 

THEOREM 1 The linear difference equation (10) with system transfer function F given in (9) 
is stable if and only if all the poles of the rational function F lie in the open disc 
{z: |z| < 1}. 

Proof Suppose first that all the poles of F lie in the open disc {z: |z| < 1}. Then 
there is a number r 0 < 1 such that all the poles of F lie in the disc {z: |z| ^ r 0 }; 
this is because F has only a finite number of poles. Hence, F is analytic on the 
set {z: |z| > r 0 }, including at oo, and so has a power series valid there, centered 
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at oo: 


F(z) — A 0 H H — y + * * * , \z\ > r 0 . 

z z 

However, F has the power series (in 1/z) representation (9), so Aj = for j = 0, 1, 

2, Thus, the series £yj/z j converges exterior to the circle |z| = r 0 and, by the 

basic properties of power series, is absolutely convergent on any circle of radius 
larger than r 0 . In particular, this holds on the circle |z| = 1. Consequently, 

S= t I fn\ 

n = 0 

is finite. Suppose now that \x k \ ^ M for all k. Then 


\y n \ = 


£ **/»-* 


k = 0 


< t \X k \\ f n - k \ 

k = 0 


I f n - k \ ^ MS, 

k= 0 

for each n = 0, 1, 2, — Therefore, the linear system is stable. 

Conversely, suppose that the linear system (10) is stable. We note first that if 
{y„} is a bounded sequence (say, \y n \ ^ M for all n), then the Z-transform Y(z) of 
{y n } satisfies 


\Y(z)\ = 


OO v 

E Jn 
-n 

n = 0 Z 


.=0 | Z |" 


00 1 I 2 I 


Izl > 1. 


In particular, the function Y(z) is analytic on the region {z: |z| > 1} because its 
power series in 1/z is absolutely convergent there. Since 


Y(z) = F(z)X(z), 

we see immediately that F has no poles in the region {z: |z| > 1}: just choose x 0 = 1 
and Xj = 0, j = 1, 2, Moreover, if F had a pole at a point X, |A| = 1, then 


F(z) = 


G{z) 

(z - X) m 


where G is analytic near X, G(X) # 0, and m ^ 1 (see Section 5, Chapter 2). Let 
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x k = k k , k = 0, 1, 2, . . . ; then 

2 2 ^ 

X(Z)= 1 + - + ^- + - 
z z 


z 

z — k ' 

The rule for the Z-transform of the output {y n } corresponding to this bounded input 
yields 


Y(z) = F(z)X(z), 


\z\ > 1 


= G(z)z 


1 


(z - xr 


\z\ > 1, z near A. 


Hence, 


iz-Ar 

By setting z = Xt,t> 1, we get 


Y ( z )\ > » z near A, |z| > 1. 


IWI> 


j|Q(A)l 

(t- i) m+1 ' 


This contradicts the estimate 


\Y(m< 


Mt 
t - 1 ’ 


obtained above, if t is near 1. We conclude that F has no poles on \z\ = 1, so all the 
poles of F lie within the disc {z: |z| < 1}. ■ 

Examine Examples 1 to 4 again in light of Theorem 1 and note the role that the 
location of the pole played. 

EXERCISES FOR SECTION 5.5.1 

1. Let p be a polynomial of degree N. Show that all the zeros of p lie within the disc 
|z| < 1 if and only if all the zeros of rational function 


lie in the left half-plane; that is, satisfy Re w < 0. 
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2. Let p be a polynomial of degree N\ show that 

q(w) = (w - 


is a polynomial of degree N or less in w. 

3. Let p and q be related as in Exercise 2. Find q(w) if p(z) is 

(a) p(z) = Az + B\ (b) p(z) = 27 z 4 - 24 z 3 + 18z 2 - 8z + 3; 

(c) p(z) = z 2 — z; (d) p(z) = z 3 — 3 z 2 + 3z — 2. 

4. Let q be given as in Exercise 2, and suppose that p and q have the same degree. 
Show that all the zeros of q lie in the left half-plane if and only if all the zeros of 
p lie in the disc {z: |z| < 1}. (Hint: Combine Exercises 1 and 2.) What can happen 
to the degree of ql Show that degree q is less than degree p if and only if p has a 
zero at z = 1. 

5. Use Exercise 4 and, if necessary, the Routh-Hurwitz criterion (Theorem 1, 
Section 1.1, Chapter 3) to determine whether all the zeros of the following 
polynomials lie within the disc {z: |z| < 1}. 

(a) p(z) = 5 z 3 + 3z 2 - z + 1; (b) p(z) = 10z 3 - 4z 2 + 2z; 

(c) p(z) = 27z 4 — 24z 3 + 18z 2 — 8z + 3; 

(d) p(z) = 59z 3 - 89z 2 + 37z - 7; 

(e) p(z) = 10z 3 + 6z 2 - 20z + 6. 

6. Test the following linear systems for stability: 

(a) y n - y n+ 1 - 4 y n+2 + 4y n+3 = x„ - x n+1 

(b) y n - y n + 1 + 3y n+2 + 5y„ +3 = x„ + 2x n+1 - x n+3 

(c) y n ~ y n + 1 - 4 y n+2 - 4 y n+3 = x„ 

(d) 3 y n - 8 y n+1 4- 18^+2 - 24y n+3 + 27y n+4 = x„ + x n+1 + x w+2 

(e) y n ~ 1 = x„ + x n+1 - x n+2 

(0 2 y n + y n+l =x n + 2x n+l 

(g) y n ~ 4y„+ 2 = 3x w + 2x n+1 

(h) 6y n - 20 y n+l + 6y n+2 + 10y n+3 = x w + x w+1 

Further Reading 

More on the Fourier transform can be found in Titchmarsh, E. C. The Fourier 
transform. New York: Oxford University Press, 1937; and Carslaw, H. S. Theory of 
Fourier series and integrals. New York: Dover, 1950. 

The Laplace (and Fourier) transform is covered in Sneddon, I. N. Fourier 
transforms. New York: McGraw-Hill, 1951; and LePage, W. R. Complex variables 
and the Laplace transform for engineers. New York: Dover, 1980. 

Several of the applications in the text come from Churchill, R. V. Operational 
mathematics. New York: McGraw-Hill, 1958; and Powers, D. L. Boundary-value 
problems. New York: Academic Press, 1972. 

A good reference for the Z-transform, including many applications, is Jury, 
E. J. Theory and applications of the Z-transform. New York: John Wiley, 1964. 
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APPENDIX ^ 

Locating the Zeros of 
a Polynomial 


A polynomial of degree d has precisely d zeros, counting multiplicities, in the 
complex plane. This appendix contains several theorems that help to locate these 
zeros. The first result is the “grandfather” of the others. 

THEOREM 1 If every zero of the polynomial p lies in the half-plane Re(y4z + B) > 0, then 
so does every zero of its derivative p'. 

Proof This result is called the Gauss* -Lucas* Theorem; the proof is not at all 
difficult. Write 


p(z) = a n (Z - Zj) m \ a / 0, 

1 

where z u . . . , z N are distinct points and m x , . . . , m N are positive integers. A simple 
computation yields 


p'(z) = " rrij 
p{z) rz-Zj 



Mjjz ~ z j) 

\Z - Zj \ 2 • 


Clearly, we need only look at those points b that are zeros of p' but not zeros of p. 
If b is such a point, then 


0 = Z tT ' l2 ( b - z i ) = bc 0 + Cl, 

1 \0 - Z j\ 

where c 0 = Yji m j\b ~ z j\~ 2 ls positive and = ~Yji m j z j\b ~ z j\~ 2 - Hence, 


♦ Karl Friedrich Gauss, 1777-1855. 
f Francois Edouard Anatole Lucas, 1842-1891. 
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R e(Ab + B ) 


= Ref — ,4^ 

V c o 



= — Re(-/lc 1 + Bc 0 ) 
c o 



1 N in . 

= ^?i^? Re, ' ,z ' +S)>0 ' 

There is another classical result on the location of the zeros of a polynomial, 
this time ensuring that they lie in a disc. This theorem is known as the Enestrom- 
Kakeya Theorem. 


THEOREM 2 Suppose that 0 < a 0 < < ••• < a n . Then all the zeros of the polynomial 

p(z ) = a 0 + a^z + • • • + a n z n lie in the disc (z: |z| < 1}. 

Proof Set q(z) = z n p(l/z) = a„ - h a n . x z + • • • + a Q z n \ we shall show that all the 
zeros of q lie in the set \z\ > 1. We begin by noting that 

(1 - z)q(z) = a„ + z(a„ - a„) + z 2 (a n . 2 - a„_,) 

+ ••• + z n (a 0 - a t ) - a 0 z n+1 . 


Thus, for |z| ^ 1, 

|1 - z\\q(z)\ >a n - \{a n - a n ^)z + •••+(«!- a 0 )z" + a 0 z n+l \ 

>a n - (a n - ) - • ' ' - (<*! - a 0 ) - a 0 = 0. 

Furthermore, equality holds in the second inequality only if |z| = 1 and all of the 
terms (aj — a ^ )z n ~ j have the same argument, j = 0, 1 , . . . , n\ this can only happen 
when z = 1. But at z = 1, p( 1) = a 0 + a x + • • • + a n > 0. ■ 


The Zeros of Cubic and Quartic Polynomials 

The familiar quadratic formula for finding the zeros of a second-degree polynomial 
has an extension (albeit not so simple), which yields the zeros of a third- or 
fourth-degree polynomial. These formulas (or better, techniques) date back to the 
sixteenth century. 

Cubic Polynomials 

We wish to find the roots of the equation 

z 3 + Az 2 + Bz + C = 0. (1) 

We begin by making the substitution z = w + d and then choosing d such that the 
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resulting quadratic term vanishes. Specifically, if z = w + d, we obtain 

w 3 + (A + 3 d)w 2 + (3d 2 + 2Ad + £)w + (d 3 + y4d 2 + Bd + C) = 0. 

The choice d = — X/3 yields 

w 3 + aw + b = 0 (2) 

with 

1 2 1 
a = B — - A 2 and b = — A 3 — + C. 

If it happens that a = 0, then the equation becomes 

w 3 + b = 0, 

and the roots are obtained easily. If a / 0, then let X be a square root of — a/3, and 
set w = X q. This substitution changes (2) to the equation 

q 3 - 3q + p = 0, (3) 

where /J = hi -3 . Long ago, someone noticed that the substitution q = p+l/p 
changes (3) into the very simple equation 

p 6 + Pp 3 + 1 = 0. (4) 

Indeed, this was the whole point of putting (2) into the form of (3). Equation (4) is 
nothing but a quadratic in the variable p 3 . Its zeros produce the q’s that solve (3) 
and so in turn produce the zeros of (2) and finally the zeros of (1). This three-step 
process yields the zeros of the general cubic polynomial (1). 

Example 1 The cubic z 3 + 6z 2 + 12z + 35 = 0 becomes 

w 3 + 27 = 0 (5) 

after the substitution z = w — 2. The roots of (5) are 

w = — 3 and ^(3 + i-J 27), 

so the roots of the original equation are 


z = — 5 and 


-(-1 ± iy/ 27 ). 


□ 
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Example 2 The cubic z 3 + 6z 2 + 4 = 0 is changed to the cubic 

w 3 — 12w + 20 = 0 

by the substitution z = w — 2. With a = — 12 and b = 20, we find that X — 2 and 
p = 5/2, so we must solve 

p 6 -0)p 3 + i=°. 

This gives p 3 = 2 or p 3 = 1/2; we work with the cube roots of 2, which are 
Vi = (2) 1/3 , y 2 = (2)- 2/3 (-l + iy/3), y 3 = (2f 2/3 ( - 1 - i^3). 

Hence, the roots of w 3 — 12w + 20 = 0 are 

1 1 1 

Wi = Vi + — , w 2 = y 2 +— , w 3 = y 3 +— , 

Vi 72 7i 

so the roots of the original equation are Zj = Wj — 2, j = 1, 2, 3. □ 

Quartic Polynomials 

We wish to find the roots of z 4 + Az 3 + Bz 2 + Cz + D = 0. We rewrite this as 

(z 2 +^z) =(^--5 )z 2 -Cz-D. (6) 

If the right-hand side of (6) is a perfect square (say, (Ez + F) 2 ), then we obtain two 
quadratic equations: 

A 

z 2 + — z = Ez -f F 
2 

and 

A 

z 2 + —z = -(Ez + F). 

Each of these equations has two roots, and these four numbers are the roots we 
seek. If the right-hand side of (6) is not a perfect square, we add w 2 + 2(z 2 + (A/2)z)w 
to both sides of (6). This yields 

z 2 + yz + wj = — B + 2wjz 2 + (Aw - C)z + (w 2 - D). (7) 

We now choose w such that the right-hand side of (7) is a perfect square. This will 
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be so if the discriminant of the right-hand side vanishes — that is, if 
(Aw 


-C) 2 - 4^j- - B + 2 w^(w 2 — D) = 0. 


( 8 ) 


This is a cubic in w and can be solved as outlined above. We can then take any 
root w* of this cubic, substitute it into (7), and then solve the resulting equation: 


z 2 +-z + w* = — -B + 2w* z + 


Aw * — C 




+ 2w* I 


This will yield the four zeros of z 4 + Az 3 + Bz 2 + Cz + D. 

Example 3 Find the zeros of z 4 + z 2 — 4iz — 4. 

Solution Here A = 0, so we obtain 

(z 2 ) 2 = z 4 = -z 2 + 4iz + 4 

= ( iz + 2) 2 . 

Hence, we must solve the two quadratic equations 


z 2 = iz + 2 

The solutions of these are 

i ± yg 

2 

respectively. Hence, 


and 


and 


z 2 = — iz — 2. 


— i ± 3i 


U -2 i, 


i + v^ 


and 


2 


( 9 ) 


are the four zeros of z 4 + z 2 - 4iz — 4. 


Example 4 Find the zeros of z 4 4- 2z 3 + 4z 2 + 2z + 3. 

Solution Here ((A 2 / 4) — B)z 2 — Cz — D = — 3z 2 — 2z — 3 is not a perfect square, 
so we must find a zero of the cubic (2w - 2) 2 — 4(-3 -h 2w)(w 2 — 3). One root of 
this is w* = 2. Putting this into (9), we obtain 


(z 2 + z + 2) 2 — (l)^z + 
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This yields the two equations 

z 2 +z + 2 = z+ l and z 2 +z + 2=— z — 1. 

The first equation has roots ± i and the second has roots — 1 ± iyjl. These four 
numbers are the zeros of the original polynomial. □ 

A final remark The reader may well draw the conclusion that the zeros of any 
polynomial may eventually be found by a succession of the steps that work for the 
quadratic, cubic, and quartic cases — that is, by a sequence of substitutions and 
extractions of roots. Quite surprisingly this is not the case if the degree is five or 
more. In fact, one of the more profound mathematical results of the early nineteenth 
century was that there is no formula of this type that will solve every fifth- (or higher) 
degree polynomial. 

Sturm Sequences 

Let p be a polynomial with real coefficients, and let a < b be two points on the real 
line with p(a) # 0 and p(b) # 0. We shall describe a simple technique that counts 
the number of distinct zeros of p in the interval ( a , b)\ the zeros are counted without 
multiplicity. 

We begin in a somewhat more general context. Let p l9 p 2 , ..., p m be poly- 
nomials with real coefficients satisfying these three conditions: 

(1) if p k {x 0 ) = 0 for some x 0 e (a 9 b) and some k 9 2 ^ k < m — 1, then 

Pk-i(Xo)Pk+i(*o) < 0. 

(2) p m (x) ^ 0 for a < x < b. 

(3) p x (a) ^ 0 9 pi(b) ^ 0; if Pi(x 0 ) = Oforsomex 0 e ( a 9 b) 9 then the sign of p 1 (x)p 2 (x) 
changes from minus to plus as x passes through x 0 from left to right. 

Let S(x) be the number of changes of sign in the sequence {Pi(x) 9 p 2 (x ) 9 ..., 
Pm(x)} for a ^ x ^ b. A zero of some p k {x) 9 1 ^ k ^ m — 1, can be counted either as 
a plus or a minus without affecting S(x), because of conditions (1) and (3). 

THEOREM 3 S(a) — S(b) is the number of zeros of on the interval (a 9 b). The zeros are 
counted without multiplicity. 

Proof Suppose that x is a point at which no p k is zero. Then by the continuity of 
p j9 there is an interval (x — d 9 x + 5) in which no pj is zero, so S(x) does not change 
in (x — <5, x + <5). Hence, any change in S(x) must occur at a zero of some p k . 

If p k (x 0 ) = 0 for k = 2, . . . , m — 1, then condition (1) shows that the number 
of sign changes in the triple p k - x (x) 9 p k {x) 9 p k+1 (x) remains exactly one for all x in 
some small interval about x 0 . Consequently, the only changes in S(x) can occur, if 
at all, at points x 0 , where Pi(x 0 ) = 0. By condition (3), however, we see that S(x) 
decreases by exactly 1 as x passes through a zero of from left to right. Thus, the 
theorem is proved. ■ 
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To fit the theorem to our context, we take Pi = p and p 2 = p', the derivative 
of p. Simple calculus shows that condition (3) holds; that is, that the sign of pp' 
changes from minus to plus as x passes through a zero of p from left to right. 
The remainder of the sequence p 3 , ..., p m are found by long division. Write 
Pi = <hPi — p 3 , where is a polynomial and degree (p 3 ) < degree (p 2 ). Continuing 
P 2 = <hP 3 ~ P 4 > where degree (p 4 ) < degree (p 3 ), and so on until the remainder 
is a polynomial of degree zero — that is, a constant. If the remainder is nonzero, then 
p m is this remainder, and (2) holds. If the remainder is zero, then p m is the previous 
remainder, which, therefore, divides p m - x exactly. There is just one point that 
deserves mention: It may happen that p m does not have degree zero; indeed, p m may 
have zeros in [a, b]. If this is the case, it is relatively easy to check that p m actually 
divides all the preceding polynomials p m _! , p m _ 2 , . . . , p 2 > Pi • Thus, p m appears as a 
factor in all the terms of the sequence {pj , p 2 , . . . , p w }; then the value of S(a) — S(b) 
is just the same as it is for the sequence 

^,il 

[l Pm Pm Pm J 


Further Reading 

An enormous amount of material on the location of zeros of polynomials is in 
Marden, M. The geometry of zeros of polynomials. Providence, R.I.: American 
Mathematical Society, 1966. 




APPENDIX 2 

A Table of Conformal Mappings 


z = x + iy, w = u 4- iv. Lowercase letters are mapped to uppercase letters, cross-hatched regions onto 
shaded regions. 


z-plane 

Mapping 

w-plane 


y 

w = e z 


V 

d e 

f 



•• 
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A Table of Laplace Transforms 
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Solutions to Odd-Numbered Exercises 


Chapter 1 

Section 

1.1 

1. 

(a) 

7-i (b) -i (c) -3 


(f) 

-i (g) 18 + 18/ 

3. 

(a) 

circle of radius 3 centered at 0 


(c) 

circle of radius 2 centered at — 2 


(d) 

perpendicular bisector of the line s 


(e) 

the two points 1 ± Jl (f ) 

5. 

(a) 

. . 3tc\ 

V (i) 2 ( cos — + ism— j (b) 


(c) 

1 (“•(-?) + '”(-!)) 


(e) 

5 (f) V6(cos 6 0 + i sin 0 O ), 


(8) 

lyjl ^cos ^ + i sin (h) 


+ 4 / (d) 4-12/ (e) 4/25 

(b) circle of radius 1 centered at 2 


(i) l(cos n + i sin n) 

7. The roots are z t = ( — b + yjb 2 — 4ac)/2a and z 2 = ( — b — x fb 2 — 4ac)/2a. These are 
complex conjugates because b 2 < 4 ac. 

9. |z| = 1 iff \z\ 2 = 1 iff zz = 1 iff z = 1/z 

11. | z + w| 2 — \z — w| 2 = \z\ 2 + 2 Re(zvv) + |w| 2 — (|z| 2 - 2 Re(zvv) -f |w| 2 ) 

= 4 Re(ziv) 

13. (a) Yes (b) No (c) Yes 

15. The lengths squared of the legs are |z| 2 , |w| 2 , |z — w| 2 . These are equal iff 
{ | z | 2 = |w| 2 = |z - w| 2 } iff {|z| 2 = |w| 2 = |z| 2 - 2 Re(zvv) + |w| 2 } iff 
{ |z| 2 = |w| 2 = 2 Re(zvv)}. 
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z 

2 

(xs 4- yt) 4- i(ys - xr) 

2 (xs 4- yt ) 2 4- (ys — xt) 2 

w 


s 2 + t 2 

(s 2 4- £ 2 ) 2 


x 2 s 2 + y 2 t 2 + y 2 s 2 + x 2 t 2 (x 2 -I- y 2 )(s 2 + t 2 ) x 2 4- y 2 
(s 2 4- t 2 ) 2 (s 2 + t 2 ) 2 s 2 -f t 2 

Ml 2 ' 


19. 

21 . 


cos nO 4- i sin n6 = (cos 6 + i sin 6) n 


n 




(cos 6) n k (i sin 6) k 


For k even, there is no factor of i; for k odd, there is a factor of i. 
For all complex A, 


0 ^ X \dj - kbj\ 2 = X \“j\ 2 " 2 Re A X ajbj + |A| 2 X \bj\ 2 


j = i 


= B - 2 Re AA + |A| 2 C. 


Apply the results of Exercise 20. 

23. Equality iff 1^ — Xbj\ 2 = 0 for some A and for all j iff a } = Xb p j = 1, . . . , n. 

Section 1.1.1 

1. (-z) 2 = ((-x) 2 - ( — y) 2 , 2( — x)( — y)) = (x 2 - y 2 , 2xy) = z 2 . 

3. (0, 1) = z 2 = (x 2 — y 2 , 2xy), so x 2 = y 2 and 2xy = 1. If x = — y, then — 2x 2 = 1, which is 
impossible. If x = y, then 2x 2 = 1. Hence, x = y = ± 1/^/2. 

7. z x z 2 = (x x x 2 - y x y 2 , x x y 2 + x 2yi ). Hence, \z x z 2 \ 2 = (x x x 2 - y x y 2 ) 2 + (x l y 2 4- x^) 2 = 
x\x\ -f y\y\ 4- x\y\ 4- x\y\ = (x 2 4- y\)(x\ + y\) = M| 2 |z 2 | 2 . 

9. If z x z 2 = 0, then 0 = |z x z 2 | = |zj |z 2 |. Hence, |zj = 0 or |z 2 | = 0. 


Section 1.2 


1. The y-axis 


3. The line y = 4x + 6 


5. 


4x 2 4y 2 

The ellipse 1 = — - H 

F 25 9 


7. The hyperbola 4 = x 2 — y 2 


9. The points z = + 1 

13. Re (z + 3) = 0 

17. Re((2 - i)z - 1) = 0 

19. |z — p\ = cx iff x 2 + y 2 — 2px 4- p 2 = c 2 x 2 


11. |z — (4 -h 01 = 2 



(a) 


0 < c < 1 gives 





p 2 c 2 

(1 - c 2 ) 2 


an ellipse. 


(b) c = 1 gives 2 px = y 2 4- p 2 , a parabola. 

(.) ,<c<» g i,. s (x + ? ^ T ) ! .p.[l +j? l TF ] + -J- T 


y 2 , a hyperbola. 
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21. (a) |z — oc| < 1 1 — az| iff |z — a| 2 < |1 — az| 2 iff |z| 2 + |a| 2 < 1 + |a| 2 |z| 2 iff 

|a| 2 (l — |z| 2 ) < 1 — |z| 2 iff 1 — |z| 2 > 0, since 0 < |a| < 1. The others are similar. 

23. z = cos^^ + + * sin {jo + k = 0, 1, 2, 3, 4 

25. z = cos^ + + i sin^ + k = 0, 1, 7 

27. Let n = 2m + 1 and let r 0 be the positive number with ro m+1 = |w|. The roots of z" = w are 


f / 7C Ink \ m .( n Ink Y) , „ 1 

= r 0 < cos + + i sm + >, k = 0, 1 , . . . , 2m. 

( \2m +1 2m + 1 / \2m + 1 2m + 1 / J 


The choice k = m gives a negative real root. 
29. The roots of z 2 + bz + c = 0 are 


— b + ^/fr 2 — 4c 


and 


*2 = 


-b-sfb 1 


4 c 


Zj and z 2 are complex conjugates iff 0 = Im^ + z 2 ) = — Im b and 0 = Re(Zj - z 2 ) = 
R t(yjb 2 — 4c). These give the conclusions. 


31. ^ 



a = 7r - 20 + 7c — 2\j/ = 2tt - 2(0 + \p). 
Hence, 9 + \ J/ = n — a/2, a quantity 
independent of P. 


33. The translation by p of C is the circle centered at z 0 + /? with the same radius. If the line is 
{z: Re(Az + B) = 0}, then the translation of if by is the line {w: Re(Aw + B — Af$) = 0}. 


35. 


L = {x + ia: — oo < x < oo}; 


1 i 


2 a + ix — a 

x + ia 2 a 


(2a) (x + ia) 


1 

2a 


37. C = {z: |z — c\ = r} = [c + re ie : 0 < 9 < 2 n}. 


1 c 


1 c 


c 2 — r 2 — c(c + re ie ) 

r 

z c 2 —r 2 


c + re ld c 2 — r 2 


(c 2 - r 2 )(c + re ie ) 

~c 2 - r 2 


Section 1.3 

1. (a) interior = {x > 2 and y < 4}; 

boundary = {x + 4j: 2 < x < oo} u {2 + iy: — oo < y < 4} 
(b) closed (c) interior is connected 
3. (a) interior = {x 2 < y}\ boundary = {x 2 = y} 

(b) open (c) interior is connected 
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5. (a) interior = {x 2 + y 2 > 2}; boundary = {x 2 + y 2 = 2} 

(b) closed (c) interior is connected 
7. (a) interior = {x < 0 and |z + 1 1 > 1}; 

boundary = {iy: — oo < y < oo} u {|z + 1| = 1} 

(b) neither open nor closed (c) interior is connected 
9. Let a = \a\e ie ° 

(a) {az + p: z in 1st quadrant} = j/f + se '*: 0 < s < oo, 0 o <\j/ < 0 o + ^ 

(b) {/? + se'*: 0 < s < oo, 9 0 < \p < 9 0 + n) 

(c) {P + se'*: 0^s< R\ol\; 0 ^ ^ 2n} 

11. A , C, D , £, G, and H are unbounded. 

13. Suppose that D u D 2 are open. Let peD x nD 2 . There is an r t > 0 such that {\z — p\ < r x } <= 

Dj ; likewise, there is an r 2 > 0 such that {|z — p|<r 2 }c:D 2 . Let r = minimum of r lf r 2 . Then 
{|z — p\ < r) lies inside both D t and D 2 . Hence, D x n D 2 is open. Next, let C,, C 2 be closed. 
Then (p\(Cj u C 2 ) = ((p\Cj) n (<f\C 2 ) and this is open, being the intersection of two open sets. 
Hence, C t u C 2 is closed. Likewise, (fXCCj n C 2 ) = ((p\Cj) u((f\C 2 ), and this is open, being 
the union of two open sets. Hence, C t n C 2 is closed. 

17. The ray {tz 0 : 0 < t > oo} is closed, so D is open. Any two points p and q in D can be joined by 
the union of one, two, or three line segments, in turn parallel or perpendicular to the ray. 

19. (a) Star-shaped with respect to 0 (b) not star-shaped (c) not star-shaped 

(d) star-shaped with respect to any x in (1, oo) 

21. If p' e C and |z 0 — p'\ < r, then the segment pp' lies in C and also in the set {|z 0 — z| < r}. 

Thus, there is a point of C closer to z 0 than p, a contradiction. 

25. Use the definition of the boundary B of D to show that the complement of B is open. 

27. Use 25 and the definition of the boundary. 

29. Use the definition of “interior point” of a set. 

Section 1.4 

1. 0 3. 0 5. No limit exists. 

7. 0 9. 2 

11. 1 at z 0 = 8; no limit exists at 8 + i. 

13. 0 15. Continuous everywhere 

17. Discontinuous only at all points of the line y = x 

19. Discontinuous only at all points of the circle |z| = 1, except z = 1 

21. 0 23. 4 

25. /, g continuous at z 0 means lim z _ Zo /(z) = /(z 0 ), lim z ^ Zo g(z) = g(z 0 ). Hence, 

lim z _ Zo (/(z) + g(z)) = /(z 0 ) + g(z 0 \ since the limit of the sum is the sum of the limits. 

Likewise, fg and l/g are continuous at z 0 . 

27. Let w = f(z); then /(z) = /(z 0 ) = w 0 , so lim 2 _ Jo g{f(z)) = lim^^ gi(w) = sK) = 

3(/(z o))- 

29. Outline. Fix any point z 0 of D and let c = u(z 0 ). Let z x be any point of D that may be joined to 
z 0 by a line segment 

L = {z(t) = (1 - t)z 0 + rz 1# 0 < t < 1}; 


see Exercise 20, Section 2. Let 
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A = {te [0, 1], u(z(t )) = c}. 


Since u is equal to c on some disc centered at z 0 , the interval [0, <5) lies in A for some S > 0; 

S is the radius of the disc. Since u is continuous at the point z(<5), we also have S e A. However, 
u is constant on some disc centered at z(<5), so u is equal to c on this (second) disc. Hence, there 
is a > S , so [0, ) lies in A. Continuing in this fashion, it becomes clear that A contains all 

points of [0, 1], and so u{z x ) = c, also. If z 2 may be reached from z l by a single line segment, 
the same argument shows that u(z 2 ) = c. Since a finite number of line segments may be used 
to join z 0 to any point of D, it follows that u(z) = c for all z in D. 

31. Converges, since 



33. 


Diverges, since 


2 + i 


1, so terms do not go to 0. 


35. Converges (ratio test). 

37. Converges; use the technique of Example 29. 
39. Converges (ratio test). 

41. Use the hint and the fact that |z| < 1. 


Section 1.5 

1 +i 


1 . 


5. 


S* 


3. log 2 -|- i 


i (f +2fert )’ 

exp ^ ^ + 2kitj [cos(log y/2) + i sinflog ^2)], k = 0, ± 1, ± 2, . . . 

9. log 4^/2 - ^ 

Mi + 2k + i sin 75[j + a]). k = 0, i 1, . . . 

13. 4 !^^ + i^— ^ + 2/c7r^|, k = 0, ±1, ... 


k = 0, ± 1, . 


7. 1-,^ 
2 2 


11 . cos ( 


15. log(^ z ) = wor e z = e w . So all solutions are z = w + 2nik, k = 0, ±1, 

17. 0 = cos z = cos x cosh y — i sin x sinh y iff [0 = cos x cosh y and 0 = sin x sinh y] 
iff [0 = cos x and 0 = sin x sinh y] iff [x = n/2 + nn, n = 0, ± 1, . . . , and sinh y = 0] 

iff [x = tt/ 2 -f nn y n = 0, ± 1, . . . , and y = 0]. Likewise, sin z = 0 only if z = nn, n = 0, ±1, 

19. cos(iy) = $(e l(iy) -f e~ l(ly) ) = {(e~ y + e y ) -> oo as y -► oo. Furthermore, |cos(x -I- iy)\ = 

\j(e l{x+iy) + e~ l{x+iy) )\ ^ \(e~ y + e y ) < e y if y ^ 0. Likewise, |sin(x + iy)| < e y if y ^ 0. 

23. On the line Im z = tt/ 2, the function e z has the values e x+lK/2 = e x e iK/2 = ie x and e x assumes 
all values in (0, oo). Likewise, e z maps to line Im z = —n/2 onto the negative imaginary 
axis. 

25. Follow the hint. 

27. Use the principal bran ch of lo g z. 

29. Let C = — i log (iz + y/\ — z 2 ); then 
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sin C = ic ) = ^7 (exp(log [iz + ^1 “ z2 ]) “ cxp(-log[iz + -z 2 ])) 


2i 


=ifiz + yr3? L == )«i 

2* \ iz + y/i — z 2 ) 2i _ 


_ 1 f — z 2 + 2\Zyj\ — z 2 -hi — z 2 — 1 


iz + yi - j 


_ 1 |~ 2iZy/i — z 2 — 2z 2 ~| _ z(yj 1 — z 2 + iz) _ 

2* L + yr^ 2 J iz + yi — z 2 




Section 1.6 
1 . 0 


20 

3. y(l+0 


5. -d-l) 


7. J yi z 2 dz = — J y2 z 2 dz — — §. They are equal because y = y x — y 2 is a closed curve and 
f y z 2 dz = 0, by Example 10. However, J yi z dz = i7r, while z dz = -in. 


9. (a) For k ^ 
/(x) dz = 


/. 


2k J 

d6 = —e ik9 
o 


|o=2jc i 

= tt[ 1 - 1] =0. 
n & 


11. /(x) dz = (u + ii>)(dx + i dy) = u dx — v dy + i v dx + u dy. Also, 
Jy Jy Jy Jy 

le-D'-K-s-e*®'-" 

du du 

13. In (8), replace u with — v— and replace v with v — . 

dy ox 


15. Establish the estimate: 


dz 


If u(z) 

I Jr« ( z — z o ) 2 

17. f Pdx + e</y= f ^-<fx + = f 

J y J r 0x dy J„ 

1 


(R ~ |z 0 i V 


2tt/?, by using (3). 


21. F(z) = 


dt 


[»(y(t))] dt = g(y(b)) - g(y(a)) = 0. 


m + 1 


m = 0, 1, 2, — 


Chapter 2 

Section 2.1 

1. (a)-(d) follow from (6) and the definition of these functions; (e) follows from (a), (b), and (4); (f) 
and (g) follow from the chain rule, (5). 

31 (3z 2 — 1) exp(z 3 — z) 5. — 12z 2 (z 3 + 100) -5 


7. e z cosh(e z ) 


9. 
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11. ^ sinh(2z) 

13. f(z 0 + h)= f(z 0 ) + hf'{z 0 ) + hE u E x -► 0 as \h\ -► 0 

g(wo + p) = g(w<>) + pg'{w 0 ) + p£ 2 > £ 2 -► o as \p\ -► 0; w 0 = /(z 0 ). 

Hence, 

g(f(z 0 + / 1 )) = g(f(z 0 ) + /i(/'(z 0 ) + £,)) = g(f(z 0 )) + h(f(z 0 ) + £ 1 )[fif'(w 0 ) + £ 2 ] 

= 3 (/(z 0)) + V'(z 0 )9'K) + hE i g’(w 0 ) + hf(z 0 )E 2 + hE 1 E 2 
= 0(/(z<>)) + fi/'(zo)0'( w o) + hE 3, £3 -» 0 as h -* 0. 

du du dv dv „ 

15. 0 = / on D so — = — = — = — at all points in D. 

dx dy dx dy 

As in Theorem 2, / is constant on D. 

17. Follow the hint. 

j 6 j t f(y(£)) dt = F(y(b)) - F(y(a)) = 0. 

23. Suppose the range of / lies in the straight line Re(Aw + B) = 0. Then p(z) = Af(z) + B is 

analytic, and Re p = 0. Hence, p is constant, and therefore so is /. A similar argument may be 
applied if the range of / lies in a circle. 

Section 2.1.1 

1. Globally sourceless and irrotational; G(z) = Jz 4 
3. Globally sourceless and irrotational; G(z) = sin z 
5. Globally sourceless and irrotational; G(z) = ^z 3 
7. Neither sourceless nor irrotational 
9. Use Exercise 21 in Section 1. 


2 , jn 


£'(y(t))/(t) dt = 


Section 2.2 


1. R = 1 


00 1 - 11 " 

7- L ( -rr-" 


3. R = 2 1/3 


9. X z 3 " 


5. R = 1 


ii. y — Z " +1 
. 4 *. 4" +1 


13. z 2 £ 0 ( 1)" z 2 (t {2j + 1} , (2n + ! _ 2/).) 


OO Q OO 

19. Let |z — z 0 | = s < R; then £ — |z — z 0 |" +1 < s £ which is finite by hypothesis. 

o n + 1 o 

21. (a) Follow the hint. 

(b) (n + 1 )p n+l /np = (( n + 1 )/n)p < £(1 + p ) when n > 2p/(l — p). Hence, {np n } decreases 
geometrically fast once n > 2p/(l — p). 
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(c) If 1 < M, then 1 < Af 1/n ^ n 1/n once n > M. But n 1/n - 1 by (a). If 0 < M < 1, then 
1 ^ (1 /M) 1/n ^ n 1/n , n large. 

23. Use the ratio or root test on the given series. 


Section 2.3 


3. 2 ; zi 


- b 1 

13. By Cauchy’s Theorem, 


0 = \ e lz dz = e ix dx + e i(Re i 


Re 1 ® dd + f° e ««i^7v/2)) 2 i±! dt 

J* J2 


The middle integral is 


exp [iR 2 (cos 26 + i sin 20)~\ie ie R dO. 


This is estimated above by 


R exp [-R 2 sin 20] dQ < R exp[-2R 2 0/n'] dO < 


Let R oo; we obtain 


-f 


[cos(x 2 ) + i sin(x 2 )] dx 


-sr-" 


Use Exercise 20 and separate real and imaginary parts. 

19. Follow the hint. 

21. (c), (d) Cauchy’s Theorem and Formula 

Section 2.4 

1. Zeros of order one at nn, n = ±1, ±2, ... 

3. Zeros of order three at — 2 and 1 

5. A zero of order four at 0; zeros of order two at 2nn, n = ±1, ±2, . . . 

7. Zeros of order one at ni(\ -l- 2n), n = 0, ± 1, . . . , and at log 4 + 2nim, m = 0, ± 1, . . . 


9. Y — — ; valid everywhere. 
i k\ 

11. ll(z — 1) + 9(z — l) 2 + (z — l) 3 
13. i + Z(-i; 



Solutions to Odd-Numbered Exercises 405 


15. £?(-iy* 2 '[(2;)ir(r-*) 2 ' 

17. /(z) = (z - z 0 ) m g(z ); s(z 0 ) # 0. Thus, /'(z) = (z - z 0 ) m 1 [«0(z) + (z - Zo)s'(z)] = 
(z - Zof'Mz); /i(z 0 ) = mg(z 0 ) * 0. Likewise, / 2 (z) = (z - z 0 ) 2m g 2 (z); g 2 (z 0 ) ± 0. 

M 

19. |/'(z 0 )| < 1! — if |/(z)| ^ M for all z; let s -► oo. 
s 

n\ 

21. For n> m y |/ (n) (z 0 )| < — As m if M = s > R 0 ; let s -> oo. 


23. Write G(z) = £ c k z k for |z| < 1 /R. Set w = 1/z; then 
o 


F(m’) = C(z) = E c i z ‘ = Z c »-T> |w| > R. 

0 0 VV 


Furthermore, if 0 < r < 1/R, then 


c k 


d f. Let C = l£l = s = - > R; therefore, 
{ r 


= _L f 

2™Jia=rC‘ +1 
= ^~. f FitK'-'dZ, k = 0,1,2,.... 

2711 Jh-. 


25. Write /(z) = 0 k z*; substitute into the differential equation and collect equal powers of z. 

This gives equations for a 2i a 3 , . . . , in terms of a 0 and a x : 

(-1)* (-1)* 

a 2k = —a 0 B 2k and a 2 .. t = 0. B 2k . 

2k (2 Ac)! 2k+1 (2/c+l)! lP 

27. Set </(z) = exp[ — j* o A(w) dw]. Then 

(MOO = f\z)g(z) + /(z)gf'(z) = A(z)/(z)0(z) - A(z)g(z)f(z) = 0. 

Hence, f = C/g = C exp[J* o A(w) dw ]. 

29. Compute J' y , J", substitute into the given equation, and compute. 


Section 2.5 

1. A removable singularity at 0; the value at 0 is 1. 
3. A removable singularity at 1; the value at 1 is 4. 
5. A pole of order one at — 2 


111 - 1 

1 z + 2 + 6 Z + ?(TT2j! 


-1 00 (z-n) 2k+1 


z k ; Res(/;0) = 1 

Res(/ ; n) = - 1 


be — ad 1 a 
c 2 z + d/c + c’ 


Res 


H)= 


be — ad 


11 . 


(all if c # 0). 
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13 ‘ I + J + TIo z2 + '" : Res(/:0) = a 

15. /(z) = (z - z 0 )~ l g(z), l Js 1. Thus, f'(z) = (z - z 0 )~‘[g'{z) - l(z - Zo) _1 fil(z)], and 

/'(z) _ g'(z) | -/ 

/(z) g(z) z - z 0 ‘ 


17. Follow the hint: If g is bounded near z 0 , then z 0 is a removable singularity for g; let A = g(z 0 ). 
Next, /(z) = w + 1 /g(z). If g has a zero at z 0 (A = 0), then / has a pole at z 0 . If A # 0, then / is 
bounded near z 0 . 

19. Let y be the circle |z — z 0 | = s, 0 < s < r. Then for any integer m. 


= Lj* s ~ m e im *^Z a n s"e‘" a 'jse ie tW 

= f a„s-'"s” +1 L f 2 %«" +1 -’"' # d0 = a m _ 1 . 

-oo zn Jo 


21. By (5), 


Res(F;z 0 ) = -l T f F(z)dz=^{ 

2nl J|*-Zol=s 2m J|i-iol=s 

1 C 2K 

-sj. °< 


G'(z 0 + se l6 )se ie dO 


G'(z) dz 


= L [G(z 0 + se 2ni ) - G(z 0 4- se‘°)] = 0. 


23. In 1 < |z| < 2 


(a) Z a » z "> 



In 2 < |z| < oo, 



(b) In 0 < | z | < 1, 



n = - 1 , - 2 ,... 

n = 0, 1, 2, . . . 

(- 1 )* 4 , , 

^ h ^*+2 » /c — l, 2, — 


00 

Z a * z ‘’ 

0* = < 

f(T 

w 


k= -1, -2, 

— OO 


1(1 


*-0,1, 2,.. 


In 1 < |z| < 3, 
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k= -1, -2,... 




In 5 < |z| < oo, £ 4, = 2"- 1 - 4(3)" -1 + 5- 1 , n = 1, 2, 3, ... . 

1 2 " 

25. oo is removable for / iffO is removable for g(z) = f(l/z) iff g is bounded near 0 iff /is bounded 
near oo. 

27. (a) pole of order two at oo; 3z 2 + 4 — 1/z 

(b) pole of order two at oo; — z 2 + 5z — 4 

4 2 4 3 

(c) pole of order one at oo; z + 4 H |--r H 


1 2 7 

(d) zero of order two atoo; — r + -^ — z + 

*7^ 


z z z" 


(e) removable singularity at oo; value is 1; 1 -I- z 1 + + 


(f) essential singularity at oo; 1 — z 2 -h — — — -h - 


(g) pole of order three at oo; z 3 + 3z H f- — r 


(h) removable singularity at oo; value is 0; z 1 — — + — — 

z" 2 z~ 4 /1\ 

(i) removable singularity at oo; value is 1; 1 — — cos - 

2! 4! \z ) 

29. First, G(z; u ) = exp[(u/2)(z — 1/z)] = exp[(u/2)(z — 1/z)] = G(z; u) if u is real. Hence, J n (u ) is 
real if u is real. Apply (19) with s = 1. This yields 


J n (u) = R e(JM) = ^ 


f 2 * 

. I e Husin 

Jo 


_\_ j* 2 ’ 

Jo 


cos(u sin 6 — nO) dO. 


31. £ = G(z; u) = exp ^z - = G^-^; 


(u) — 


= z - irz". So = ( - !)"./». 


Section 2.6 




ab{a + b) 
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7. —e p cos a 
P 

ll. 

1 — ar 


n\T - 1] 


n sin cok 
sin co sin nk 


21. Follow the hint. 

23. Use the technique of Examples 1 and 2; the poles in U have order two (for (a)) or three (for (b)). 
25. Use (1 1) to write g = h + Y,i Pj> where P } is a polynomial and h is analytic in D. 

cos nz 

27. C(z) = it cot nz = n— has a pole of order one at each integer. Furthermore, 

sin nz 

cos nz n cos nk 

Res(C; k) = lim (z — k)n— = lim (cos nz) — = n— — = 1. 

sin nz z~*k sin nz (sin 7rz) (fc) 


C(z)/(z) dz < ( — 1 length (y N ) < — -+ 0 as N -► oo. Now apply the Residue Theorem. 


1 / n cosh na 1 


2 \a sinh na a 2 


33. In 32, the left-hand side goes to zero as N oo; write the sum over k = 1, . . . , N. 


Chapter 3 

Section 3.1 

1. One zero in first quadrant 
3. One zero in first quadrant 
5. Two zeros in first quadrant 
7. Two zeros in the upper half-plane 

9. On the imaginary axis, /(z) = z 4 — 5z 2 -I- 3 — e~ z has no solution, since \e' iy \ = 1 while 
y 4 + 5y 2 + 3^3. Let g(z) = z 4 — 5z 2 -I- 3. Then \f — g\ < \g\ on the contour in Figure 3.4. 
g has two zeros in the right half-plane. 

11. sin z has zeros of order one at z = kn, k = 0, ±1, The square of an analytic function can 

only have zeros of even order. 

13. z 4 — 2z — 2 has four zeros in \ < \z\ < 

15. 4z 3 — 12z 2 + 2z + 10 has two zeros in \ < \z — 1 1 < 2. 

17. (a) No solutions ~{b) No solutions (c) One solution 

19. Follow the hints. 

21. p — q is a polynomial of degree n with n + 1 zeros. 

23. The hint shows how. 

25. g has no poles, so it is entire. 

27. The hint has it. 
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29. 


31. 


C(z) 

R(z) — a = 


_ a 0 /z w 4- 

V z " + • ' ' + b M 
P(z) - afi(z) 

< 2 ( z ) 




as |z| -> oo. 


Now deg(P — aQ) = max(N, M) except if M = N and ab N = <x N . In this case, 
deg(P - a. Q) < N = deg Q = max(N, N). 

33. Use Cauchy’s Formula: Let y be a contour surrounding t. Then 


35. 


1 1 f ' 

2" 2tt7 J, (vv~- 


- 1)" lid" 

dw = ( vv 2 — 1)" 

z)" +1 2" n! dw” 1 ' 


= F„(z). 


Z = Z | ( z + \/z 2 - 1 cos d0 

1 f * 2jt 

= — I ? "( z + V z2 “ 1 cos ^)" d® 

Jo 

= _1_ f 2 " 1 ^ 

Jo 1 — t(z + >Jz 2 — 1 cos 6) 


__1_ f 2 * 1 

2tt J o a — b cos 6 


dO , 


with a = 1 - rz, b = z 2 - 1. Now use Exercise 7, Section 2.3, to evaluate the integral. 


Section 3.1.1 


1. (») 

Not stable 

(b) 

Stable 

(C) 

Not stable 

(d) 

Not stable 

(e) 

Not stable 

(f) 

Stable 

(g) 

Not stable 

00 

Not stable 

(0 

Stable 

(j) 

Not stable 

00 

Not stable 

A) 

Stable 

3. (a) 

Stable 

(b) 

Stable 

(C) 

Not stable 

(d) 

Not stable 

(e) 

Stable 

(f) 

Not stable 


7. Check Theorem 2, Section 3.1, the argument principle. 


Section 3.2 

1.1 3. i 

5. S is not continuous at z = 1. 

1 f 2 * 

7. 0 = Re F(z 0 ) = — Re F(z 0 + re lt ) dt. 

2^ Jo 

Hence, Re F must be both positive and negative somewhere on the circle |z — z 0 | = r. 

9. Use minimum modulus. 

11. Follow the hint. 

13. The function g(z) = f(z)/M is bounded by 1 in \z\ < 1. Let a 0 = g(z 0 ) and i j/{z) = 

(z — a 0 )(l — a 0 z) -1 . Then h = \jj o g is also bounded by 1 and is zero at z 0 . Use Exercise 12 
with z 0 in place of a. 
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15. Follow the hint. 

17. Let h = g/f and use the maximum-modulus principle for h on y. An example of failure: 
f(z) = z, g(z) = 1, and y = {w: |w| = 1}. 

19. p{z) = (p( — z)) = p{z)- Let Q(z) = Y,o a k zk \ then Q = Q if and only if a k is real for k even and 
pure imaginary if k is odd. 

21. p stable implies that p(z)/p(z) is analytic on Re z > 0 and continuous on Re z ^ 0. Apply 
maximum modulus to p/p on the contour {Re ,r : — n/2 ^ t ^ n/2) u {iy: — R}; let 

R -* oo. Conversely, if |p(z)| ^ |p(z)| for Re z ^ 0, and p and p have no common zero, then p 
has no zero in {Re z ^ 0}. 

23. p stable implies r = p/p maps {Re z > 0} into {w: |w| < 1}. This implies that 

R = (1 — r)/(l + r) maps {Re z > 0} into {Re £ > 0}, so R is positive. The converse is similar; 
use the results of Exercise 21. 


Section 3.3 


1. Compute 


3. Compute 


5. (a) 2(1-0 


z + 1 


z — 1 ’ 


2 any real number 


(b) z -I- 1 (c) iz + \ 


(d) 

7. (a) 


z-z 0 

r 

(1 ~ i)z 

z — i 


(e) 4i — 4 + - 

z 


(b) 


z + 1 


(C) 


z -I- 4 
2z + 2 


(d) 


z — 1 

Z + 1 


9. (a) Fixed points at 0, — 1; sink at 0; source at — 1 

(b) Fixed points at ±2; sink at 2; source at —2 

(c) Fixed points at 1, oo; source at 1; sink at oo; straight-line motion outward from z = 1 

(d) Fixed points at 0, oo; source at oo; sink at 0; inward clockwise spiral to origin 

(e) Translation to the right; dipole at oo 


cl -f- b 

11. Solve 7(1) = — — : = 1 


c + d 

13. Use the results of Exercise 1 1. 


and 


T(- 1) 


-a + b 
— c + d 


15. 


Write S(z) = 


az + b 
cz -f d 


and solve z = S(S(z)) for a, b , c, and d: 


S(z) = 


az + b 
cz — a' 


where a 2 + be ^ 0. 


17. Follow the extensive hints. 

19. (a) and (c) are clear from the definition. (b) If L is the real axis, then d = \lmz\. 

23. A reflection over a line: z* = 2z -h h, |2| = 1; a reflection over a circle: w* = a + R 2 /(vv — a). 

Putting two such transforms together produces Az + B or (Az -I- B)/(Cz + D). 

25. Given a, find a, b with (aa + b)/( — bct + a) = 0 and \a\ 2 + |b| 2 = 1. Take a = (1 + |a| 2 ) -1/2 and 
b = —act. 

27. If S is analytic and preserves chordal distance and S(0) = 0, then 

x(z, 0) = x(S(z), S(0)) = x(S(z), 0), 


so 
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M 2 = \S(z)\ 2 

1 + |z| 2 1 + |S(z)| 2 * 

This gives |z| 2 = |S(z)| 2 . Schwarz’s Lemma (Theorem 2, Section 3.2) implies that S(z) = 2z, 

w = \. 


Section 3.4 

1. z 2 = w 2 iff 0 = z 2 — w 2 = (z + w)(z — w). If z + w = 0, then Re z = -Re w, which cannot 
happen. If U is open and strictly bigger than {Re z > 0}, there is a z 0 e U with Re z 0 < 0. 
Hence, — z 0 e (Re z > 0}, and ( — z 0 ) 2 = z\. 

3. (a) Let a 0 = /( 0); by Theorem 1, Section 3.2, there is a S > 0 such that the disc 

(w: | w — a 0 | < <5} is a subset of {/(z): |z| < 1). Hence, |/(z) — a 0 | ^ S if |z| ^ 1. (Why?) 
Show that (/ — a 0 ) _1 has a removable singularity at oo. Conclude that / has a pole at oo 
of order m, m ^ 1, and so is a polynomial of degree m. Then deduce that m = 1. 

(b) Compose with a linear fractional transformation so the pole is at oo. Then apply the 
result of 3(a). 

5. The quadratic z 2 — 2 wz + R 2 = 0 is left unchanged by the substitution of R 2 /z for z. Hence, its 
two roots z 1# z 2 are related by z t z 2 = R 2 . Therefore, these roots lie on opposite sides of the 
circle \z\ = R, or both lie on the circle |z| = R and are complex conjugates of each other. The 
latter holds if and only if w e [ — R, R]. 

7. (a) See Figure 3.16 with 2 in place of — 1, 1, respectively. 

(b) See Figure 3.19 translated over one unit. 

(c) This is a dipole at 1 with circles centered on the real axis and on the line Re z = 1. 

(d) See Figure 3.15 moved over and up one unit: z 2 — 2z = (z — l) 2 — 1. 

9. Write p(z) = n r t (z - z k ) mk ; y t = {z: U\ |z - z k | mk = e}. For the product to be small, one factor 
must be small, so z is near some z } (and so the other factors are bounded). For the product to 
be large, one factor is large (and so all the factors are large). Let n = degree p. Then 


\m 


-1 


as R = |z| -► oo, 


so y t is “almost” the circle |z| = R if R is big. 

11. Follow the suggested route. 

13. g(z ) = z + e z so g f (z ) = 1 + e z and Im[gf'(z)] = e x sin y > 0 if 0 < y < n. Now apply the 
results of Exercise 12 with / = —ig to see that g is 1 — 1. 

15. Follow the suggestions. 


Section 3.4.1 

1. G(iy ) = -i(y 2 + (1 /y 2 )) e ( — oo, - 1] if 1 < y < oo; G(e id ) = cos 20 e [— 1, 1] if tc/2 ^ 0 ^ 0; 
G(*) = 2 C * 2 + ( I/* 2 )) e [1, 00 ) if 1 ^ x < 00 . Hence, G maps the boundary of D onto the real 
axis. G is also 1 — 1, since G(z) = G(w) iff z 2 — w 2 = z~ 2 w~ 2 (z 2 — w 2 ) iff z 2 = w 2 (since \z\ > 1, 
|w| > 1) iff z = w (since Re z > 0, Re w > 0). The streamlines are T c = {z: z 2 = t + ic + 
iy/l — (t + ic) 2 , — 00 < t < 00 }, c > 0. 

3. Refer to Exercise 5, Section 3.4, for the properties of K. The streamlines are 


r c = 



— 00 < t < 00 


}■ 


0 0. 


5. G(z) = G(w) iff (1 — z 2 ) 2 = (1 — w 2 ) 2 iff (z 2 — w 2 )(z 2 + w 2 ) = 2(z 2 — w 2 ) iff either z 2 = w 2 or 
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z 2 + w 2 = 2. But z and w are in the first quadrant, so 0 < Im (z 2 + w 2 ). Hence, z 2 = w 2 , so 
z = w, since Re z > 0, Re w > 0. Next, G(iy ) = —(1 4 - y 2 ) 2 e ( — oo, — 1] if 0 ^ y < oo; G(x) = 
-(1 - X 2 ) 2 6 [- 1, 0] if 0 < X < 1; G(x + i^/x 2 - 1) = 4xJ7 2 - 1 e [0, oo) if 1 < x < oo. 
Hence, G maps the boundary of D onto the real axis. 

7. 

(See Fig. 3.16.) The streamlines are the circles arg[(z — l)/(z + 1)] = c. 

9. See Figure 3.16 with p , q in place of — 1, 1, respectively. 

11. Set y(t) = H(u(t)); then G(y(t)) = u{t) e L, so Im G(y(t)) = c 0 . Moreover, y'(t) = H'{u(t))u'{t) = 
f'(y(t)), so y parametrizes the curve. 


Section 3.5 


1. </>{z) = z 2 


5. </>{z) = - 


3. </>(z) = i 


2 - i + z 
2 + i — z 


7. ^(z) = — + arcsin(e z ) 


9. ^(z) = —(Log z) — 1 
n 

13. /(z)= -iS(z 2 - 1) 3/4 


11. /(z) = arcsin z 


15. /(z) = 


z + 1 + Log 


V * + 1 - 1 


ui)l 

1 + 1/J 


17. Write / = u + iv; the change-of-variables formula gives 


l (D) = 1 du dv = det ( Wjc ) dx dy (apply Cauchy-Riemann) 

JJd J J|z|<1 

= f f ("I + wj) ^ = CC |/'(z)| 2 Jx dy. 

JJm<i JJw<i 


19. If {\</>(z k )\} does not converge to 1, then there is a subsequence {z ki } with <!>(z ki ) -► q, \q\ < 1. 
This contradicts Exercise 14, Section 4. 


Chapter 4 

Section 4.1 

1. (a) u is harmonic; v = 4x 3 y — 4xy 3 . 

(b) u is harmonic; v = [sin(2xv)] [e** ,2 ]. 

(c) u is not harmonic. 

(d) u is harmonic; v = [cos(x 2 — y 2 )] [sinh(2xy)]. 

(e) u is not harmonic. 

3. Take /(z) = z on 0 < \z\ < R and apply the conclusion of Exercise 2. 

5. (a) A function u of 6 alone is harmonic iff u = A + BO. 

(b) A function u of r alone is harmonic iff u = C + D log r, 0 < r < oo. 
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7. This is a computation. 

9. If z = re", then * ~ ^ T = Re (L^Y 

1 - 2r cos 0 + r 2 \1 - z) 


11. Compute Au and set it equal to 0. 

13. Given <5 > 0, choose r > 0 such that \u(z)\ < S if \z\ < r and Im z ^ 0; this is possible by 
continuity. Let 

x 2 -f- y 2 

V t (x, y) = u(x, y)-e log 1 — ; 


consider V t on the contour shown. For large R y V e is negative on the large semicircle; V t is also 
negative on the segments ( — R, — r) and (r, R). On the small semicircle, V t equals u and so is 
less than S. Hence, V t < S on D by the maximum principle. Let R-> oo; then e J 0. This gives 
u < S on {z: Im z > 0, \z\ > r}. Let r 1 0 and S 1 0. Then repeat the argument with — u in place 
of u. 


iR 



15. Let / be analytic on \z — z 0 \ < S with u = Re /. Then g{z ) = f(z) is also analytic on 

I z - z 0 \<S (why?), and f(x) = g(x\ x 0 - S < x < x 0 + S. Hence, g = /, so Re g = Re/ = u. 
17. Follow the numerous hints. 


Section 4.2 

1. r 0 = {z: | z - ia 0 | = JR 2 + ag}. Thus, if ~ is one of <, =, >, then | z - ia 0 | 2 ~ R 2 + al iff 
\z\ 2 - 2 Re(ia 0 z) + ag - R 2 + aj iff |z| 2 - 2ya 0 - R 2 ~ 0. 

3. Let h be another analytic function outside T with h{z) = a + ( c/lniz ) + • • *, Im H = 0 on T, and 
H' = h. Then g - his analytic outside T; near oo, g{z) — h{z) = a 2 /z 2 + • • •, and g — h has a 
single-valued indefinite integral J. Therefore, Im J = 0 on T, so J is a real constant. This gives 
0 = J' = g-h. 

5. The flow has a source at - 1 and a sink at 2, |A| = 1, A # - 1. Thus, 


7. Let the sources be at ± n + ip; then F(z) = — |^Log jsin 2 ^ - sin 2 ^ j 


9. Let the source be at x 0 , x 0 e ( — n, n); then 


F(z) = ® Log {sin (|) - sin (y)| . 


11. (a) z 2 + l is a conformal mapping of the first quadrant onto the upper half-plane U. Log w is 
a conformal mapping of U onto the strip S. 
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(b) There is a source of strength n at z 0 = i. 

(c) If p is a point in the boundary of the first quadrant, then Log(z 2 — p 2 ) gives the potential 
of a flow with a source at p. 


13. potential = ^(z) 


* Co l', log |rb 


0 R'[ !Lo8 (Hf)]' 


= (2 + y)c 0 - c 0 log| 1 - z 2 | - c, 


15. </>(z) = ( a 2 — b 2 )* 1 [az — b x /z 2 — (a 2 — b 2 ) ] maps the region in the upper half-plane and 
outside the ellipse onto the upper half-plane. 

17. Use the conclusion of Exercise 16 for each term. Write 

,) X 2 h-h , *!-*» 1 

2ni (z — Zj)(z — z 2 ) 2ni z —z l ‘ 

For |z| large, the first term is very small in comparison to the second, so the direction of the 
flow given by g is determined by the sign of K x — X 2 : clockwise if K x > K 2 , counterclockwise 
if K x < K 2 . 

19. Assuming that the origin is midway between the edges of the plates, the potential is 


G(z ) = H±^ + !j-2o R efarcsini 

n n \ a 


Section 4.3 

1. Let the arc for temperature T x be {e ie : 0 ^ 6 < 6 0 }. Then 

^ ^ Ti — T 2 f.l + z .1 + £?*<> 

T b )=T 1 + ^^A r 8 


3. (a) Choose M so that |w(r)| < e/4 if \t\ > M. Then 


ir * ™ T <fc+ if 

* J-oo (O’ — 0 + * KJm 


t|w(t)| e 1_ 

(cr — f) 2 + t 2 < 4 n 


1 f" t . 

n]^(o-t) 2 + x 2 * I 


Moreover, 




r (<T - t) 2 + T : 


(ICI - M) 2 


if | Cl is very large. 
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(b) The difference, h = W — W lf is harmonic on {x + iy: y > 0}, is 0 on {y = 0}, and is 
bounded, since both W and W x go to 0 at oo; now apply Exercise 13, Section 4.1. 

( «) J> (;J" 

= [ k(r)| dt. 

J —oo 

5. (i) u is continuous at e i6 °. 

(ii) Apply (ii) from Exercise 4. 

(iii) |u(e ir ) — u(e id °)\ < 6/2, since \t — 0 O \ < S/4, and (ii) from Exercise 4 holds. 

(iv) The integral of a function is less than the maximum of the function times the length of 
the interval. 

(v) Apply (iii) of Exercise 4 and (iv). 

(vi) Combine the two estimates on I x and I 2 . 

7. Let u = Wj + u 2 , where 

Ui( x >y)= fi (0 *1 7 zi T”7 h. 

Jo l(x-t) 2 + y 2 (* + 0 2 + y 2 J 

and 

„(x. * - J* +v - 


9. K(z) 


-IP 

2* Jo 


2n \z\ 2 — 1 

iTTS Ti 2 dO, \z\ > 1. 


\ze ie — 1| 2 


11. u(re ie ) = Re((l + z)/( 1 — z)), z = re i0 ; if 6 ^ 0, then cos 6 ^ 1, so lim r |, u(re w ) = 0. Follow the 
hint for the “hot spot.” 

„ ^ 1 " A y L , f 1 if Xj is “hot” 

13. T(x + ry) = - ^ 4;- -j , — 2 . where ^ „ . .„ 

7T ' (x — x,) z + y l J ( — 1 if Xj is cold . 

15. Follow the hint. 

17. I e ike d6 = = \-le lk2n - e°l = 0 if k * 0. 

Jo ik |o ik 

19. m = Re = Re[(1 + re>$)(l + ^ 


+ r 2 e 2 ' + •••)] 


= Re(l + 2re l> + 2r 2 e 2ie + •••) 

= 1 + r{e id + e~ id ) + r 2 (e 2id + e~ 2ie ) + ■ 

00 

— £ r^e ind . 
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I* 2k / oo \ / oo \ 

21. I U(re ie )V(re ie ) d0 = I f £ H £ r im ^(m)e~‘ m<l jd6 

= £ £ r H r w <J(n)0fi) j e i{n ~ m)e dd 

-00 -00 Jo 

= 2n £ r 2|n| ti(/i)ij(nj, by Exercise 17. 

—oo 

23. Do what is suggested. 

25. Use the reflection principle to show that /(f) = f{z) and then that /( — z) = f(z). Hence, 
/( — w) = /(w), as well. 

27. Let 


z = ^(w) = 


iw + 1 
iw — 1 ’ 


(j> maps the upper half-plane onto the disc {|z| < 1}. Set R = </>° M; then R is rational, and 
\R(e l6 )\ = 1 for all 6. Let a l9 ...» a p be the zeros of R in {|z| < 1} and b u ..., b q be the poles of 
R in {\z\ < 1}. Show that 


R(z) = *f\ 

i 


2 - a i A 1 - b kZ 
1 -ajzY z-h 9 


W = l. 


Then recover M: M = </> 1 ° R. 

29. One method is outlined; here is another. Let 


m = 


iw + 1 
iw — 1 


Then g(w) = </>~ l (/(^(w))) is analytic on the upper half-plane, real on the real axis (except for 
those points x where /($x)) = 1). By the reflection principle, g extends to the lower half-plane. 
Hence, / extends analytically across the unit circle, except possibly at a finite number of points 
where / might have a pole. But / is continuous at all points of the unit circle. Hence, / extends 
analytically over the unit circle. Now apply the argument used in the solution to Exercise 27. 


Section 4.4 

1. Note that log[(x — t) 2 


+ y 2 ] is a harmonic function of (x, y) for each t, so 


A u 


=±P 

2 n J_ 


g(i)A(log[(x — r) 2 + >’ 2 ]) dt = 0. 


Furthermore, 


du 

dy 



9(t) 


y 

(x - t) 2 + y 2 


dU 


the Poisson integral of g , so 
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lim — (x, y) = g(x). 
yi o oy 


3 . 


du 

As in Exercise 1; Aw = 0, and — = Poisson integral of g — 

dy 


2Ay 

x 2 + y 2 ' 


Finally, 


Mx,y)| 


= J- 

“ 2* J_ M 


0 (t)[log{(x - t) 2 + y 2 } - log(x 2 4 - y 2 )] dt 


I 1 0(0 1 dt\ max log 
L 2]l J-M J|<KM| 


(x - t) 2 + y 2 


x 2 + y 2 


< C max | log ( 1 - ^ — 


but |log(l — <5)| ^26 for small S 


^2|z|M + M 2 A 
< C r~r^ > 0 as z -► oo. 


M 2 


u(x, y) = - f fit) f * 2 

* Jo liy - 0 2 + X 2 


(y + r) + X 


¥ 


„ , r, + t 2 t 2 - 

7. T(x,y) = 1 2 + 


-r. r . A 2 -^ 2 M 

Re arcsin — r— - — . 

n L V W ) J 


9. Let the circles be centered on the real axis and internally tangent at z 0 = 1 (see diagram). 



^ (l-a)K 0 - (1-6)7, ( (1-<i)( 1-&) /t , f ,^ 

</>(z) = i i + z I ( F o “ V\) Re 


6 — a 


b — a 




2 /I -h z\ 

11. 7(z) = T, + -(7i - 7i) ArgU— ) 

13. Write z = re lt and a = \a\e ld ; then 


2g(re u ) = log(l - 2r\a\ cos (6 — t) + \a\ 2 r 2 ) — log (r 2 - 2 |w|r cos (0 — r) + M 2 )- 


Now compute. 
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15. v(z) = ^[Argf^/l + e 2z - 1) - Argf^/l + e 2z + 1)] 


Section 4.5 

1. G — Gj has no singularity, is harmonic and bounded on D, and vanishes on the boundary of D. 


3. 


5. 


G(z; p) = log 

z-p 

z-p 

G(z; p) = log 

z 2 -p 
-2 


7. 


9. 


G(z; p ) = log 
G(z; p ) = log 


e z — e p 

+ yp 


11. The response at q to an impulse at p equals the response at p to an impulse at q. 


b — a a + b 

13. (a) 1 (b) r 0 (c) — (d) — 


15. Let h be continuous on the unit circle; then H(re ie ) = (l/2n)$l n h(e lt )P r (6 - t) dt is harmonic in 
\z\ < 1, and by (10) of Section 3, lim r f] H(re id ) = h(e i0 ), all 0. Take 6 = 0. 

17. Follow the hint. 


Chapter 5 

Section 5.1 


1 . 


3. 


Note: 6(0) = 0; 





b cos bx 





1 sin x 
x 


sin xb 

x J’ 


X # 0 


5. u(x) = ^exp[2(2/x - |x|)] 

7 . d(x) = 

9. <}(*)= 

x 

, 1 . 

13. (ii) Make the change of variables a + t = s. 

(iii) Make the change of variables s = tb. 

(iv) Use the conclusion of Exercise 16, Section 5.2, that u(x) -♦ 0 as |x| -► oo. 
Then integrate by parts. 
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15. Set f(z ) = e ixz /(\ + z 4 ) and integrate / over the contour in Figure 5.2a if x < 0 and the 

contour in Figure 5.2b if x > 0. When x < 0, / has poles of order one at y = and iy and 
the Residue Theorem gives v 

u(x) = 27r/(Res(/; y) + Res(/; iy)) 


Likewise, if x > 0 


= — {cos (x/^fl) + sin(x/ v ^)}, x < 0 


u(x) = — -e JC/ v^{cos(x/ v /2) - sin(x/ v /2)}. 

V* 


17. Just compute. 


19. 


|m(x, y)\ dx 


(x — t) 2 -I- y 2 


■ 11 I/(,,I {; 11 

=1 


\m\ dt = M 

J -QO 

21. Follow the hints. 

23. u(x,t) = JP g(x-QdC 


• o 

1 


g(t) log((x - t) 2 + y 2 )dt 

27. Following the hints, the equation simplifies to 

, d 2 u d 2 u 


2 


du 


= — + 2b— + au. 


dx 2 dt 2 


dt 


Let U(t) = J 0 ^ w(x, t)e~ lxs dx, s fixed. Then u " + 2 bu' + (a + c 2 s 2 )u = 0, s o U (t) = 

A exp(y! t) + B exp(y 2 1), where y x = — b + Jb 2 — a — c 2 s 2 , y 2 = —b — yjb 2 — a — c 2 s 2 are 
the two roots of r 2 + 2 rb + (a + c 2 s 2 ) = 0, and A and B are found from initial conditions to be 


A = 


12 f(s) - §{S) 


B = 


^(s) — yi /(s) 


y 2 - 7 i y 2 - Vi 

(ii) In the case that RC = SL, we find that b 2 = a\ then U = H simplifies to 
m = (y 2 - y,)- l e~ bt [{y 2 f(s) - §(s))e itcs + MW - V, 

= (y 2 - y\ )~ l e~ ht { l(y 2 f - 0) * W + [(0 - Vi /) * $c!f W}> 


and consequently, 
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u(x; t) = [y 2 f(* + tc) - y,/(x - tc) + g(x - tc) - g(x + tc)]. 

“ ?1 


Section 5.2 


1. Let u(t) = 


1. \t\ < a 

0, 1 1| > a’ 


_fi, 1*1 <0 

jo, \t\ > p. 


Then by (3), 


/*ao /•ao Cat 

4 n min(a, /?) = 2n \ uv = I = 4 

J -00 J -00 J -I 


sin ax sin /?x 




5. Take u(t) = 1 ; tf(x) = tkTH 


Hence, 2tc 


, (1 + t 2 ) 2 


■ J n 2 e 2|x| dx = t: 2 

J -00 


The value of the desired integral is n/2. 


7. u(t) = — [arctan(4 + t) + arctan(4 — r)] 
2n 


9 ‘ 12^ 3<T “ 3ff2 + 


11. By Exercise 8, t2(z) is entire. Hence, t2 = 0, so u = 0, by the Inversion Formula. 
13. In (2), replace u with u + v; expand and use the known equality for u and v. 

15. Follow the given steps. 


f M 

17. Let J = lim 

M->00 J —A# 


MOI dt. 


Then for A, B ^ M 0 , e > 


I'M o r-B fo> 

J - l«(t)l dt >\ + 

J— Mq J — 00 J A 


19. Since |u(t)| ^ |t;(t)| for — oo < t < oo. 


|u(t)| dt < |t?(t)| dt ^ C for all M. 


21. Let y be a triangle in the strip t, < Im z < t 2 . Then 


J t2(z) dz = J £ J u(t)e izt dt j dz 

= | u(t) JJ* e~ izt dz J dt= j u(t) Odt = 0. 
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23. Use the Riemann-Lebesgue Lemma (Exercise 15) with 


This gives 


— cc < t < S 


™(t) = < u(x + t) 


, S ^ t < oo. 


0 = lim Re n>(M) = lim 


r°° u{x - 
Js ~ 


+ t) . 

sm Mt dt. 


Similarly, 


25. Combine 23 and 24: 


Af-^oo J -oo t 


sin Mt C *u{x + t) . r°°u(x- 

+ r dr = sin Mt dt + 

* J-CO * J# * 


-sin Mr dr 


f'ufx + t) - u + (x) . 

+ — — sm Mt dt 


r°n(x + t )- U -(x), nMt(ft 

J-* t 


+ [« + W + “ to] f ~~—dt. 

Jo t 


The first four terms are small if S is small and M is large. The fifth integral converges to 


sm x , Ti 

dx = - 

x 2 


as M -► oo, S fixed. (Make the change of variables s = Mr.) 


Section 5.3 


L ( ^ )(s) =^ 


3. (JSf«)(s) = 


(B + s) 2 + A 2 


5. (^u)(s) = ~[e~ as - e~ bs ] 
s 


7. (&u)(s) = -T [1 - sae~ sa - e" 5 *] 
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9. (j ¥u)(s) = ^ 


sin t 


,L — = *?o (_,)t (2 TM)! ; "“‘’I t2ke ~* dt = 

Hence, 


■i: 


m 


& 

Furthermore 




t 2k e * dt 


\ f. (~if 
) V 2k + 1 ' 


-(2*+l) 




-2k~ 2 _ 


-1 

/TT’ 


1 < s < oo 


d 1 

= —arctan-, 1 < s < oo. 
ds s 


13. u(t) = 


r(sin At) 
2 A 


15. «(t) = 7tV 
6 

17. u(t) = ie~“ 

19. £Cu is entire by Morera’s Theorem. Furthermore, 


(*«)(*)= r u(t)e-*dt= f\t)g(-l)^£* 
Jo Jo o K. 

oo o* f 


u(r)r dt. 


21. e< z_1 > ,0 8 r is an entire function of z; T(z) is defined for Re z > 0 and analytic there, by Morera’s 
Theorem. 

23. Integrate by parts. 

25. For n = 1, T(l) = J e~ l dt = 1. Use induction and Exercise 23 for n ^ 2. 

27. Follow the suggestion. 

29. Again, follow the suggestions. 


Section 5.4 

6 f 3 17 

1. u{t) = -e _r + 2e f < --cos t -f — sin 1 

3. u(t) = e _r2/2 
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f sin t , 


5. 



O^t^n 
n < t < oo 


7. 


m(x; r) = 



if x > t 
if x ^ t 


9. Case 1 : co is not an integer multiple of n. Then 


u(x, t) = 


sin cox sin cot 
sin co 


oo 

+ 2 60 £ — 2 2~T S * n W7rx S ^ n nnt - 

n=l 60 — n 7T 


Case 2: co = 7c (representative of co = mrc). 


u(x, t) = — 2t sin 7rx cos nt — x cos ttx sin nt — — sin ttx sin Ttf 

2tt 


2 ( — 1)" sin nnx sin nnt 

+ Jt „= 2 n 2 — 1 


x r, e -x^ks 

11. u(x, t) = —= — ds 

yjnk Jo yjs 


Section 5.5 


1. Z{{aj}) = - 


z 2 -V 
3. Z({dj}) = e 2 '\ z # 0 


z|> 1 


5. Z({cij}) = z Log 


7. Z({a,.}) = 


(- 0 - 


M>1 


3 z 


9. 


0, 


z 2 — 16 9z 2 — 1 ’ 

j even 


M > 4 


2 j 

• j- 0(1(1 


11. a,= 


1 


J 0+1)! 

13. d 0 =d t = 0; dj = j - 1, j = 2, 3, 4, . . . 

15. {a,} * {i*} = {0}, so 0 = Z({0}) = Z({ aj } * {&,}) = Z({« J -})Z({fe J }). Since Z({ aj }) and Z(to}) 
are both analytic, one or the other must vanish identically; for that one, all its coefficients 
must be zero. 


17. y 0 = 1; y r +t = - £ to + x k+i + x k+2 ), r = 0, 1, 2, . . . 

k = 0 
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19. y o = 0; y, = 1; y 2 = *o + 1; y 3 =-l+x,; generally. 


(_1)«-*(X 0 + 1) + £ (-l^Xr-a-2. 
k = 0 

1 + £ ( l)*X r — 2fc— 2, 

k=0 


r = 2m, m = 2,3, ... 


r = 2m + 1 


21. y 0 = 1; 


JV+I = “ E 


*Jk “ 2x t+ i + X t+2 


r = 0,1,2,... 


Section 5.5.1 


1. 


/w+ 1\ 


if and only if 


w + 1 
w — 1 


< 1 if and only if Re w < 0 


3. (a) q(w) = (A + B)w + (A - B) 

(b) q(w) = 16 [tv 4 + 4 w 3 * 5 + 9w 2 + 8w + 5] 

(c) <j(tv) = 2tv + 2 

(d) q(w) = — w 3 + 3w 2 — 3tv 4- 9 

5. (a) p has a root at — 1. 

(b) All roots within {z: \z\ < 1} 

(c) All roots within {z: \z\ < 1} 

(d) One root outside {z: |z| < 1} 

(e) Some root outside {z: \z\ < 1} 
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absolutely convergent series, 38 

absolutely integrable, 344 

absolute value, 1, 3 

additive identity, 1 1 

additive inverse, 1 1 

analytic function, definition of, 77 

angle between curves, 209 

aquifer, 305 

arc-length, 72, 259 

area formula, 244 

argument, 7 

argument principle, 175 

associative, 1 1 

Bernoulli’s law, 270-271 

Bessel functions, 135, 153, 353, 356 

beta function, 355 

biharmonic function, 280, 329-330 

binomial formula, 98, 103, 105 

boundary, 24 

boundary point, 24 

boundary-value problem, 298-307 

bounded set, 28, 192 

branch of log z, 46 

Cauchy estimates, 133 
Cauchy-Goursat Theorem, 119 
Cauchy- Riemann equations, 80, 

82 

Cauchy-Riemann equations in 
polar coordinates, 86 
Cauchy’s Formula, 111, 123 
Cauchy’s Theorem, 107 
causal functions, 347 
center of a power series, 93 
chain rule, 78 
charge density, 260 
chordal distance, 207 
circle, 16-20, 21, 199, 243 
Circles of Appolonius, 20 
circulation, 271-274 
circulation of a linear fractional 
transformation, 201 


closed curve, 56 
closed half-plane, 27 
closed set, 25, 191 
coaxial, 299 
commutative, 1 1 
complex conjugate, 2 
complex Fourier transform, 
336-339 

complex number, 1 
complex plane, 9 
complex potential, 132, 219 
concentrated force, 309 
concentration function, 278, 304 
conformally equivalent domains, 
225 

conformal mapping, 209, 210-211, 
221,224-241 
table of, 389-394 
connected set, 25-26 
conservative field, 88 
continuous at a point, 36, 42, 79 
continuous function, 36-37 
continuous on a set, 36 
convergent sequence, 33 
convergent series, 37-38 
convex set, 27 
convolution, 325, 367 
cos z, 48, 100 
cosh z, 54, 126 
Coulomb’s Law, 255 
cross-ratio, 206 

cubic polynomial, 253, 382-383 
curve, 56-59 
closed, 56 
orientation of, 59 
piecewise smooth, 57 
simple, 56 
smooth, 57 

definite integrals evaluated by the 
Residue Theorem, 155-156 
degree of a rational function, 181 
de Moivre’s Theorem, 6, 10 


derivative of a power series, 97 
differentiable at a point, 77 
differential equation in the 
complex plane, 134 
differential equations solved by the 
Laplace transform, 356-364 
diffusion, 278, 303-305 
dipole, 203 

directional derivative, 71 
Dirichlet problem, 298-301, 334 
discrete Laplace transform, 366 
divergent sequence, 33 
divergent series, 38 
domain, 27 

domain of definition, 30 

electrostatic field, 255-260 
electrostatic potential, 258, 260, 

308 

energy integral, 249 
Enestrom-Kakaya Theorem, 382 
entire function, 77, 130 
equation 

Cauchy-Riemann, 80, 82 
heat, 327, 334, 365 
Laplace, 81, 245 
linear difference, 369, 376 
telegraph, 334 
Vol terra integral, 364 
equilibrium point, 258 
essential singularity, 137, 150, 152 
exact differential, 75 
exponential function, 43-45, 78, 
100 

exponential growth, 346 

falling string, 364 
feedback control system, 190 
field, 11 

fixed point, 181, 198, 205 
flow, 87, 131,261-278 
flux, 88 

fluxless field, 88 
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forcing function, 369 
formula 
area, 244 

binomial, 98, 103, 105 
Cauchy, 111, 123 
Fourier inversion, 335, 345-346 
Laplace inversion, 349 
Poisson integral, 286-291 
Routh-Hurwitz condition, 188 
Fourier coefficient, 296 
Fourier inversion formula, 335, 
345-346 

Fourier series, 296 
Fourier transform, 320-342 
Fresnel integrals, 117 
function 
analytic, 77 

Bessel, 135, 153, 353, 356 
beta, 355 

biharmonic, 280, 329-330 
causal, 347 

concentration, 278, 304 
continuous, 36 
definition of, 30 
entire, 77 
exponential, 43 
forcing, 369 
gamma, 354 
Green’s, 311-314 
harmonic, 73,81,245-252, 
284-293, 296-297 
Heaviside, 347 
impulse, 309, 316 
inverse trigonometric, 52-53, 56 
logarithm, 45 
periodic, 49, 352 
piecewise continuous, 287 
positive rational, 196 
potential, 260-261 
rational, 37 
response, 369 
stream, 222, 261 
stress, 279 
trigonometric, 48 

Fundamental Theorem of Algebra, 
179 

Gamma function, 354 
Gauss- Lucas Theorem, 381 
generating formula for Legendre 
polynomials, 182 
geometric series, 39 
gradient, 219, 258 
graph, 32, 249-252 
Green’s Formula, 71-72, 310 
Green’s function, 311-314 
Green’s Identity, 74, 281 
Green’s Theorem, 65-70, 90 
groundwater flow, 305 

half-plane, 27 


harmonic conjugate, 81, 247, 296 
harmonic function, 73, 81, 245-252, 
284-293, 296-297 
heat equation, 327, 334, 365 
heat kernel, 329 
Heaviside function, 347 

ideal fluid, 261 
imaginary axis, 9 
imaginary part, 1, 9 
improper integral, 344-345 
impulse function, 309, 316 
infinite series, 37-40 
initial conditions, 184, 347, 356, 

369 

input, 369, 374 
inside of a curve, 57 
integral representation of 

harmonic functions, 284-291 
interior point, 22 
inverse trigonometric function, 
52-53, 56 
inversion, 22, 200 
irrotational flow, 88, 90 
isolated singularity, 135 
isolated zero, 172 

Jordan Curve Theorem, 56 
Jordan’s Lemma, 159 
Joukowski airfoil, 275-278 

Kelvin’s Minimum-Energy 
Theorem, 281 
kernel 
heat, 329 

Poisson, 114, 118, 286 
keyhole contour, 58, 165 
kinetic energy, 281 
Kutta-Joukowski Theorem, 274 

ladder network, 371 
Laplace inversion formula, 349 
Laplace’s equation, 81, 245 
Laplace transform, 346-352 
table of, 395 
Laplacian, 72, 310 
Laplacian in polar coordinates, 252 
Laurent series, 141-149 
law 

Bernoulli’s, 270-271 
Coulomb’s, 255 
Legendre polynomial, 182 
Legendre’s differential equation, 

182 

leminscate, 218 
level curve, 212 
lifting force, 274 
limit, 33-36, 318 

linear difference equation, 369, 376 
linear fractional transformation, 
31,85, 196-204,211,246 


line integral, 60-65 
Liouville’s Theorem, 130, 133 
locally irrotational, 90 
locally sourceless, 90 
local maximum, 191-192 
logarithmic capacity, 316 
logarithm of an analytic function, 
131 

logarithm of z, 45-48, 83 

maximum modulus principle, 191, 
192, 193, 248 

Mean- Value Theorem, 193, 248 
modulus, 1 

Morera’s Theorem, 129 
multiplicative identity, 1 1 
multiplicative inverse, 1 1 
multiplicity of a zero, 171 

Neumann problem, 301-307, 309 

normal derivative, 71-72, 301 

nth root, 14 

nth partial sum, 37 

Nyquist stability criterion, 190 

one-to-one, 45, 191, 196, 210, 

225 

open disc, 22 
open half-plane, 27 
open mapping, 191 
open set, 22, 30 
order of a pole, 137 
order of a zero, 128, 171 
orientation of a curve, 59 
output, 369, 374 
outside of a curve, 57 

parametrization of a curve, 57 
Parseval’s equality, 297, 335 
period, 352 

periodic function, 49, 352 
permeability, 301-304, 305 
piecewise continuous, 287 
piecewise smooth curve, 57 
piecewise smooth function, 319 
point at infinity, 28 
Poisson integral formula, 286-291 
Poisson kernel, 114, 118, 286 
polar representation, 4-5 
pole, 137 

polygon, 225, 227-230 
polygonal curve, 25, 29 
polynomial, 37, 78, 155, 179, 253, 
381-387 

positively oriented, 59, 65 
positive rational function, 196 
potential function, 260, 261 
potential theory, 260 
power of a complex number, 46 
power series, 93-102, 123, 132 
principal part, 144 
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principle 

branch of log z, 46 
maximum-modulus, 191-193, 
248 

reflection, 291-293, 297-298 
product rule, 78 

quadratic formula, 9, 21 
quartic polynomial, 384-385 
quotient rule, 78 

radius of convergence, 95, 106 
range, 30 

rational function, 37, 78, 147, 181, 
196, 376 
ratio test, 42 
real axis, 9 
real number, 1 
real part, 1, 9 
reflection, 206 

reflection principle, 291-293, 
297-298 

removable singularity, 136, 272 
residue, 138, 139 
Residue Theorem, 154, 169 
resonance, 364 
response function, 369 
reverse orientation, 59 
Riemann Mapping Theorem, 225, 
312 

Riemann-Lebesgue Lemma, 343 
root, 13-14, 178 
root test, 42 
Rouche’s Theorem, 177 
Routh-Hurwitz conditions, 188 

scaling, 22 
Schwarz-Christoffel 

transformation, 225, 227-241 
Schwarz inequality, 10 
Schwarz Lemma, 193 


separation of a point and a convex 
set, 30 

shifting theorem for the 
Z-transform, 369 
simple curve, 56 
simply-connected domain, 107, 
225,312 
singularity 
at infinity, 152 
essential, 137, 150, 152 
isolated, 135 
removable, 136 
sinh z, 54, 126 
sink, 202, 265, 269 
sin z, 48, 100 
smooth curve, 57 
source, 202, 264, 269 
sourceless flow, 88, 90 
spiral vortex, 283 
stability, 183-185, 375-378 
stable polynomial, 185-188 
stagnation point, 91, 275 
star-shaped set, 29 
straight line, 13, 21, 199 
strain energy, 249 
stream function, 222, 261 
streamlining, 220 
stress function, 279 
Strum sequence, 386-387 
summation of series by residues, 
168 

system transfer function, 375 

telegraph equation, 334 
temperature distribution, 254-255 
theorem 
Cauchy, 107 
Enestrom-Kakaya, 382 
Gauss-Lucas, 381 
Green’s, 65-70 
Jordan Curve, 56 
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Kelvin’s Minimum-Energy, 28 1 
Kutta-Joukowski, 274 
Liouville’s, 130 
Mean- Value, 193, 248 
Morera’s, 129 
Residue, 154 
Riemann mapping, 225 
Riemann-Lebesgue, 343 
Rouche’s, 177 
Schwarz Lemma, 193 
shifting for Z-transform, 369 
thermal conductivity, 255 
transform 

complex Fourier, 336-339 
Fourier, 320-342 
Laplace, 346-352 
Schwarz-Christoffel, 227-241 
Z-, 365-373 
translation, 22 
traveling wave, 364 
triangle inequality, 12 
trigonometric functions, 48-52, 
157, 161 

unbounded set, 28 
upper half-plane, 221, 288 

vector field, 88 

Volterra integral equation, 364 
vortex, 282, 283 

wave equation, 333, 365 
work, 88 

zeros of an analytic function, 128, 
171-179 

zeros of a polynomial, 154, 179, 
185-188, 381-387 
Z-transform, 365-373 
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